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Introduction: This thesis is concerned with the development of the theory
of T-compleres and their applications to topology.

Recently R. Brown and P.J. Higgins have been working on generalisations of
the theorem of Seifert-van-Kampen to two dimensions [4] and to higher dimen-
sions [3]. In their generalisation the space with base point of the Seifert-van-
Kampen theorem is replaced by a filtered space X : Xg C X3 C---C X,, C---
and the fundamental group (or more generally groupoid) is replaced by the ho-
motopy crossed complex 7, (X) which in dimension n > 2 is the usual relative
homotopy groups m, (X, Xn—1,a) (a € Xo) and which has the usual boundary
maps and operations of the fundamental groupoid. There is in fact a category
C of crossed complexes which have the formal properties that 7, (X) enjoys, and
this category includes the category of chain complexes of modules over groups.
We note that crossed complexes were originally defined by Whitehead [5] and
called by him homotopy systems.

A crucial aspect of the work of [3] is to replace the crossed complex 7, (X) by
what the authors call an w-groupoid p(X), see [2], and a key result of their theory
is that the categories of w-groupoids and of crossed complexes are equivalent.
The w-groupoid p(X) behaves better with regard to subdivision and concepts
such as the homotopy addition lemma, than does 7, (X).

In [2] w-groupoids are defined as certain cubical sets with extra elements of
structure. However because of the importance of simplicial theory for mathe-
matics it has seemed desirable to have a simplicial version of w-groupoids.

The key step for this was taken by M.K. Dakin [1] in defining a T-complez.
T-complexes are special Kan complexes K with certain special elements in each
dimension for n > 1. These special elements are called thin and satisfy the
following three axioms:

T.1 Every degenerate element is thin.

T.2 Every box in K has a unique thin filler.
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T.3 A thin filler of a thin box has a thin shell.

( By a box in K is meant a collection of elements xg,...%;—1,Zit1,..., T, such
that x; € K,_; for j # ¢ and these elements are to satisfy the compatibility
condition dyx; = d;_1x), for j >k and j, k #i. )

The three axioms for a T-complex were first stated by Dakin as an analysis
of properties of the nerve K of a groupoid. For such a K every element of K,
is thin for n > 1.

Dakin [1] showed also how to associate a crossed complex to a T-complex.

In chapter 1 we prove the important result that the categories of T-complexes
and crossed complexes are equivalent. The proof is an generalisation of the the-
ory of Dold-Kan relating simplicial abelian groups and chain complexes. How-
ever our proof is considerably more complicated than that of the Dold-Kan
theorem as among others it incorporates the relative homotopy addition lemma.

The theory developed in chapter 1 shows that T-complexes have a very rich
algebraic structure and this is one reason for investigating such objects.

In chapter 2 we define the notion of a special filtered Kan compler. Given a
filtered Kan complex K : Ky C Ky C --- C K,, C --- we show how to associate
a Kan complex R(K) and a T-complex p(K) to such an object.

We relate this theory to the work of R. Brown and P.J. Higgins [3]. They
construct for a filtered space X : Xg € X; C --- C X,, C --- a cubical Kan
complex R(X) and by imposing a relation of filtered homotopy on R(X) obtain
a cubical T-complex, provided each loop in X is contractible in X;. We show
in the simplicial context that the analogous R(X) can be given the structure of
a special filtered Kan complex K such that R(K) = R(X) and p(K) = p(X).
This gives the important geometric example of a T-complex.

A consequence of our results is that, in analogy to the Brown-Higgins result,
the crossed complex associated to the simplicial T-complex p(X) is essentially
the homotopy crossed complex , (X).

In chapter 3 we apply our theory developed in chapters 1 and 2 to the
category of simplicial groups. This category has found many applications in al-
gebraic topology and other areas. This suggests the question of the relationship,
if any, between T-complexes and simplicial groups.

In this chapter we define the notion of a group T-complex in the category
of simplicial groups and obtain an explicit formula for determining when a
simplicial group is a group T-complex. It then turns out that every simplicial
abelian group is a group T-complex.

We next show that every T-complex contains a group T-complex and this
leads us to define a new category whose objects are certain group T-complexes
over a groupoid. We then show that this new category is equivalent to the
category of T-complexes.

Finally in chapter 4 we prove some miscellaneous results about T-complexes.

Appendix: (reprint from page 76 to ensure legibility)
The proof of the uniqueness in theorem 9.1 of chapter 1.

Let f,f : (J,8) — (K,T) be two morphisms of T-complexes agreeing on
N(J,8). Then we must show that f = f. We use induction. We assume that
fi = fi for 0 <i <n—1. Then we must show that f, = f,,. By theorem 9.1 for
u€ Jy_1 f¥ = fu. But for x € J,,, sp_oznxl[z,_1] € Jin—2%—1%n and so we



have that f,(sn_22nzl[2n_1]) = fu(Sn_oznxI[z,_1]). Then by 7.8(1) of chap-
ter 1 it follows that s, 2 fn_ 10 frtI[fn_1Zn_1] = Sn—2fn1Tn faZl[fn_12Tn_1]-
Now by our inductive hypothesis and lemma 8.4 we have that f,z = f,z as
required.
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INTRODUCTION

This thesis 1s concerned with the development of the theory of

T-complexes and their applications to topology.

Recently R. Brown and P.J. Higgins have been working on gengralisations
of the theorem of Seifert-van Kampen to two dimensions [4] and to higher
dimensions [(3]. In their generalisation the space with base point of the
Seifert-van Kampen theorem is replaced by a filtered space
X : XO c X1 L Xn < ... and the fundamental group (or more generally
groupoid) is replaced by the homotopy crossed camplex 7, (X) which in
dimension n22 1is the usual relative homotopy groups Wn(Xn,Xn_l,a) (anO) and

which has the usuval boundary maps and operations of the fundamental groupoid,

There is in fact a category C of crossed complexes which have the fommal

properties that m (X) enjoys, and this category includes the category of
chain complexes of modules over groups. We note that crossed complexes were
originally defined by Whitehead [5] and called by him hanotopy systems.

A crucial aspect of the work of [3] is to replace the crossed complex
7, (X) by what the authors call an w-groupoid p(X), see [2], and a key
result of their theory is that the categories of w-groupoids and of crossed
ccmplexes are equivalent. The w—groupoid p(X) behaves better with regard to
subdivision and concepts such as the hanotopy addition lemma, than does T (X,

In [2] w-groupoids are defined as certain cubical sets with extra
elements of structure. However because of the importance of simplicial
theory for mathematics it has seemed desirable to have a simplicial vérsion

of w—groupoids.
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The key step for this was taken by M.K. Dakin [1] in defining a T-complex.
T-complexes are special Kan complexes K with certain special elements in
each dimension for uxzl. These special elements are called thin and satisfy
the following three axioms :
T.1 Every degenerate element is thin.,
T.2 Every box in K has a unique thin filler.
T.3 A thin filler of a thin box has a thin shell,

in K is mea a col tion of elements S & X, e sX

( By a box in is nt collec n e X X% X

such that xjeKn_ for j#i and these elements are to satisfy the campatibility

1

condition dkxj ='dj_1xk for j>k and j,k#i.)

The three axioms for a T—complex were first stated by Dakin as an
analysis of properties of the nerve K of a groupoid. For such a K every
element of Kn is thin for n>1.

Dakin [{1] showed also how to associate a crossed complex to a T-camplex.

In chapter 1 we prove the important result that the categories of
T-complexes and crossed complexes are equivalent., The proof is a
generalisation of the theorem of Dold-Kan relating simplicial abelian groups
and chain complexes. However our proof is considerably more complicated
than that of the Dold-Kan theorem as among others it incorporates the relative
honotopy addition lemma.

The theory developed in chapter 1 shows that T-ccuplexes have a very
rich algebraic structure and this 1s one reason for investigaﬁing such objects.

In chapter 2 we define the notion of a special filtered Kan complex.

Given a filtered Kan complex K : KO <K, ... ¢< K_1 € ... we show how to
B L

associate a Kan complex R(K) and a T-complex p(K) to such an object.



iii
We relate this theory to the work of R. Brown and P.J. Higgins [2].

They construct for a filtered space X : X «c X1 S +vo X < ,,. a cublical

0 n

Kan complex R(X) and by imposing a relation of filtered homotopy on R(X)
obtain a cubical T~complex , provided each loop in XO is contrac;ible in Xi'
We show in the simplicial context that the analogous R(X) can be given the
structure of a special filtered Kan complex K such that R(X) = R(X) and
p(K) = p(X). This gives the important geometric example of a T-cumplex.

A consequence of our results is that, in analogy to the Brown-Higgins
result, the crossed complex associated to the simplicial T-cemplex o (X)
is essentially the homotopy crossed complex m (X).

In chapter 3 we appiy our theory developed in chapters 1 and 2 to the
category of simplicial groups. This'category has found many applications

9 URsTIaN of the_
in algebraic topology and other areas., This suggests th%Arelationship,if

any , between T-complexes and simplicial groups.

In this chapter we define the notion of a group T~complex in the

category of simplicial groups and obtain an expl%cit formnula for deterﬁing
when a simplicial group is a group T-complex. It then turns out that every
simplicial abelian group is a group T—canélex.

We next show that every T-complex contains a group T-complex and this
leads us to define a new category whose objects are certaia group T-ccmplexes
over a groupoid. We then show that this new category is equivalent to the
category of T-canplexes.

Finally in chapter 4 we prove sane miscellaneous results about T-complexes



PRELIMINARIES

Let X = ((Kn)nzo’di’si) be a simplicial set. Recall that a simplicial

set K is said to be a Kan complex if for every collection of n elements

LY RRRIE SR SRR N in Kn which satisfy the camnpatibility ceundition

d

-1
f<j = dj__l:xi for i<j, izk, j#k, (for the sake of brevity, we say that in
this case, C{O’""xk—l’—’xk+1""’xn) constitutes a bax .) there exists

an element xsKn such that dix =X i#zk, For such an x we say that = is a

filler of our box. By a shell in K is meant a collection of n+l elements

X 4eea5%_ 1n K which satisfy the canpatibility condition dixj = d 1<j .

0 n n-1 j-7° i

By A(n) is meant the free simplicial set with one generator s of
dimension n. By A(n,r) is meant the r skeleton of A(n). If A is a proper
subset of the set {0,...,n}, then ;A(n) denotes the subcmmplex of A(n)

n . . . & -
generated by all did for 1eX., For convenience we write A (n) for

K{o’""k—i’k+1""’n}(n). Recall that A(n)xA({1l) is generated by the elements

n ’ i, . _
(sid ’Sn"'si+1si-1"'305 Y L= 0,...,0.
By a groupoid is meant a sextuple (G,H,dl,dogn,s) in which G,H are sets,
dl’do : G—>H are respectively the initial and final maps, m is the partial
canposition on G and s :H——>G is the identity function; these data are to

satisfy the usual axiams.

The following definition is due to Dakin [1]
Definition.
A T-canplex consists of a pair (K,T) where K is a simplicial set and

T = (T))

o1 is a graded subset of K with TncKn' Elements of T are called thin

and the following & icms are satisfied:



T.1 Every degenerate element is thin.
T.2 Every box in K has a unique thin filler.
T.3 A thin filler of a thin box has a thin shell,
Then T-camplexes are the objects of a category T in which the morphisms
are simplicial maps preserving thin elements.
By a T-canplex of rank n is meant a T-canplex (K,T) such that Km = Tm

for m>n.

The following definition is due to Brown-Higgins [2] and is a

generalisation of a definition of Whitehead {5].

Definition.
A crossed canplex ¢ is a sequence 5
8 ) § 1
. n 3\ 2 _
\ AN Y N \ \
v > C; >Chmq Neas > Cq 3¢y >Cy - > S
0

and satisfying the following axioms:

C.1 (cl,c 61,60) is a groupoid with objects in o initial and final maps

O’

61,60 respectively. We write cl(a,b) for the collection of arrows fram
atob (a,beco) and cl(a) for the group cl(a,a).

C.2 For nx2, . is a fanily of groups (cn(a))aec and for n=3 these groups
0
are abelian.

C.3 The groupoid c, operates to the right on each > n=2, with an action
cc,p)k———}:<p for xecn(a), pecl(a,b). Then xpscn(b) and the usual laws hold.

S . . . . .
C.4 For n22 Gn : cn-———)cn_1 is a morphism of groupoids over <, which

preserves the action of ¢,, where c, operates on the groups cl(a) by

1 1

conjugation.

.

c.5 If xec, then Szx operates trivially on <, for n23 and operahes on c, by

conjugation by x.
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C.6 66 ~is trivial for n22.
n o+l

We remark that these aziams imply that for acc (cv(a),cl(a),57) is

O,
a crossed module (originally defined by Whitehead in [ 57 J.

Then crossed canplexes are the objects of a category £ in which a

P
» -

morphism £ : c————}c of crossed canplexes is a family of maps fn : Cd-_—->cn
for n>0 campatible with all the groupoid structures, the maps ¢ and the

action of ¢ on c..
1 1

Notation.,
Throw hout the rest of this thesis we will adopt the following notation.

Let K = ((Kn) ,si) be a simplicial set. Then for xeKn we write

nzo’di

Bx for s....s.x.
1 1 i

x. for d.x, d’% for d,...d.x and s
i i b i 1
We will sometimes refer to dix or x, as the i face of x and elements
of the form 5,% will be called degenerate,

As a standard source of reference we refer the reader to May,J.,P., :

Simplicial objects in algebraic topology. Princeton : Van Nostrand Co.,Inc.1967



CHAPTER 1

In this chepter we shall prove that the categories of T—complexes
and crossed conplexes are equivalent. To modify this problem consider
the following.

Definition

A T-canplex (K,T) is said to be connected if for every pair (a,b) in KO
there exists an element paK1 such that Py = a and Py, = b.

Proposition.

Every T~canplex is the disjoint union of connected T-canplexes.

Proof. Let (K,T) be a T-cauplex. Then we let (Kz)ael be the connected

canponents of KO, indexed by I. Since every bax in K, has a filler, it

B
0

R =

follows that K _nK. is empty for «z8 and so KO = y K , We now define for

<10

O R

f

x<

0
« « . x® _« B8 B
clear that (K ,T ) is a well defined T-camplex such that (K .,T )n(K",T")

n=1 and «cI, K = {xeK_ : d% eK and for n>1 T = K AT . Then it is
n 0 n n n

=]

is empty for «==zB. Hence (K,T) = KgI(Kx,Tm). This conpletes the proof.

It now follows that to prove the equivalence of the categories T and
C it is sufficient to prove that the category of comnected T-canplexes is
equivalent to the category of connected crossed canplexes ( crossed
canplexes whose groupoid structure in dimension one is connected.) Hence
throug hout the rest of this chapter, whenever we refer to a T~§onplex

( crossed canplex) we will mean a connected T-camplex ( crossed canplex).

The proof that the categories T and C are equivalent will be divided

up into twelve sections.



In sec;ion 1 we show that for a T-camplex (K,T),'(Kn,Kn_i,dn,dn_l)

can be given a groupoid structure. We note that this result was proved by

Dakin [1]. Then for ueKn_ we let K2 be the group of arrows fran u to

i
itself.

. . . n |
In section 2 we comnstruct an isanorphism hn[u,v] : Ku————}ﬂv

( u,veKn_1 ).
In section 3 we define, for n23 and aeKo, abelian subgroups

K™ (4) K n-1
a 5, 2
In section 4 we define hanomorphisms § Kn-1 ———}Knﬁlz such that
n s, @ s, @

§ 8 trivial. Thus we have constructed a sequence :
n o+l 5 5 5 d
L \ (¢ n N \ (w3 3 % 2 2\, Oé
* /(Ka(A))asKo Z4a ’(Ka(A))asKo (Ka)aeKO ; I\1 d1 KO

of groups and hanamorphisns which we denote by N(X,T).

In section 5 we define for p,qeK, with Py = 4y en iscmorphism

1
¢ KZn-Zﬁ——-}K:n-qu . Then using ¢ and the hanamorphisn h, defined in
0 0

section 2, we define an action of K, on KZ for aeKO.

1
In section 6 we do‘the technical work which enables us to prove in
section 7 that N(K,T) is a crossed complex, We note that Dakin [1] has shown
how to associate a crossed canplex to a T-complex. We then define a fuunctor

N : T—>C.

In section 8 we prove sane technical results which will be used in
sections 9 and 10.

In section 9 we show that a morphism [ : (J,S)————%(K,T) of T-caanplexes
is an isanorphisn if and only if £ | N(J,S)———%}N(K,T) is aﬁ isanorphisn of
crossed canplexes.

In section 10 we define the T-canplex additionn lemma which is analegous

to the relative hanotopy addition lemma.

In section 11 we use the T-camplex addition lemma to definme a functoer



D : C —>T.
Finally in section 12 we show that the functors D and N define an
equivalence of categories. We note that Dakin [1] has proved that T-ceaplexes

of rank 2 are equivalent to crossed modules over groupoids.(The notion

of a crossed module over a groupoid is due to R.Brown and P.J.Higgins [2]). -

§1. A groupoid structure for T-caaplexes.

In this section we show how the axians for a T-complex (K,T) enable

one to define a canonical groupoid K? (n21) with objects in Kn—l and

arrows in Kn' We then show that for i = 0,...,0-2 di : Kq~———}Kn—1 and

s, ¢ Kn———€>Kn+1 are functors of groupoids. We note that Dakin [1] has

'_ i 1 = eL
shown that (Kn’Kn—l’dr’dr-l) is a groupoid for r 1,...0. For completeness
and notational purposes we reprove his results for the case (Kn’Kn—l’dn’dn—l)’

Throug hout the rest of this section we let (K,T) denote a T-complex.

We begin by showing how to define a partial law of composition on K.
Lemma 1,1
There is a unique fanily (M[x,y])n+1 of thin elements for n>1 and x,ysKn

with x such that :

n-1 = yn

v ] . . N s . .. .
(M[xo,jo],...A[xn_z,yn_zj,y, ,X) 1s a bax and M{x,yle Tn+1 is its thin

filler.
Proof, We use induction. Suppose that the lemma is true for dimension n

and suppose that for all pairs u,veKn_1 with Uio = Voog the thin elements

M{u,v] have been assigned. Now let x,yeKn with X1 = Vg To prove the lemma

we must check that the postulated faces of M[x,y] are well defined and do

actually fit together. Firstly LI A implies dn_zxi = d

<i<n—
1 yi for 0<is<n-2.

n-1
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Hence by our inductive hypothesis, ME{i,yi] is defined, Thus.all the
postulated faces of Mix,y] éertainly do exist and we now check that they
form a box. Denoting these faces by fi (i#n) we have to check that

dif

(1) 0<i<j<n-2.

; = dj—lfi for all 0<i<j<n+1 and i,j#n. There are four cases.

difj = diME<j,yj] = M[xj,i’yj,i] = M[xi,j—l’yi,j—lj = dj—lfi'

(2) 0s<i<j = n-1.

di g = 45y = dpplxgy I = d o f.

(3) 0%i<j = n+1 and i=#n-1.

d.f dix = an[xi,yi] = d f,.

i n+1 n i

(4) 1= n-1, j = n+1.

dn—lfn+1 T Xn-1 = In T dnfn-l'

Thus we have shown that the postulated faces do constitute a box and
we take its thin filler to be.M[x,y].

Finally to start the induction'if n= 1 and p,qu1 with Py = 4y e
define MEp,q]st to be the thin filler of the box (q,-,p).

Using lemma 1.1 we now define a partial law of camposition on Kn (n=1)

as follows. Suppose x,yeKn with kn = Vg Then we define xy = an[x,y].

-1

Notice that by virtue of the uniqueness 4f the thin element M{x,y], the

law of canposition is both well defined and canonical,

Proposition 1.2.

Let x,yt—:Kn with g = Yo then

(a) (xy)i = X,y for 0<isn-2.

() &Gy) 4=V

n-1

(c) (xy)n =X

(d) If x,y are both thin, then so to is xy whereas if xaTn, y¢Tn then xyéTn.



Proof.

(a) For (g<ign-2, (xy)i = dian[x,y] =d M[xi,yi] = X.Y..

n-1 i71i

(b) (xy)n_1 = dn_lan[x,y] = dn_idn_ld[x,y] = yn—1'

() &y) = ddMx,y]= dndn+1M[x,y] =X .

(d) Follows from axiom T.3 of a T-complex.

Theorem 1.3.

»d_»d

n—
For n>1, K = (Kn,Kn_1 22901

’M’sn—l) is a groupoid.
Proof, We have to check :

(a) Associativity.

Lemma 1.4.

There is a unique fanily (W[x,y,w])n+ of thin elements for n>1 and

2

x,y,waKn with x =W such that :

n-1 I’ yn—l
(tho,yo,woj,---,W[xn_z,yn_z,w oMLy, wl, = Mlx,yw],M(x,y]) is a box and

WDc,y,w]eTn is its thin filler.

+2

Proof. We use induction. Suppose that the lemma is true for dimension

1 i i =
n+l and suppose that for all triples (r,u,v)eKn_1 with Toop = U4 and

Uo_p = V,_, the thih elements W[r,u,v] have been assigned. Now let x,y,weK

with x =y , ¥ = w_. Then to prove the lemma we must check that the
n-1 n n-1 n

postulated faces of W[x,y,w] are well defined and do actually fit tcgether,

Firstly X 4= and Yp—q = Vg imply that x. and

1 “n 1,n~2 -7

i,n=-1

y =W

, for 0<is<n-2. Hence, by our inductive hypothesis, Wx.,v.,w.]
1,n-2 1’7171

i,n-1

is defined. Also by 1.2(c) M[x,yw] is well defined. Thus all the postulated
faces of Wlx,y,w] certainly do exist and we now check that they fom a bax.

Denoting these faces by fi (i#n) we have to show that difj'= d'-lfi for all

3
0<i<j<n+2 and i,j#n. There are five cases.

(1) 0<i<jsa=2.
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= d.Wlx.,y.,w.1= Wx, . v . 1=d, L f..
difj dlw[xJ,yJ,wJ] chl,J_l,yl,J_1 w1,3—1] 5-1f1

(2) 0<i<j = n-1.
d.f
in

= diM[y,w] = M[yi,wi] = dn__zwﬂxi,yi,wi] = d

-1 n-2 fi'

(3) 0<i<j = n+1, i#n-1,

d;f 4 = diM[x,yw] = M[xi,yiwi] = d f..

(4) i= n~-1, j = nt+l.

dn—lfn+1 = dn_iM[x,yw] = yw = an[y,w] = dnf

n-1

(5) 0si<j = n+2.

hixi,yi] = dn+1fi , 0<isn-2,
difn+2 = diM[x,y] = y = dn+1M[y,w] = dn+1fn-1’ i= n~1.
x = dn+1M[?<,ytv] = dn+1fn+1’ i = n+1.

Thus we have shown that the postulated faces do constitute a bax and we
take its thin filler to be Wlx,y,wl.

Finally to start the induction if n= 1 and p,q,seK1 with Py = 4

and qy = s, we define W[p,q,s]eT3 to be the thin filler of the box

1
Mlq,s1,-,M[p,qs1,M[p,qD).

Lemma 1.5.

Let x,y,weKn with x = W . Then an[x,y,w] = Mkxy,wl.

a-1_ “n’ Yn-1

‘Proof. We use induction. Suppose that the lemma is true for dimension

n+l, that is for every triple (r,u,v) sKn_l with Toop = Ui_qs U o n=1

we have that dn_1W[r,u,vJ = Mlru,v]. Now let x,y,weKn with Xoer = g and

y = w_. Then didnw&,y,w] = dn__IW[xi,yi,wi] = M[xiyi,wi] 0<ign-2,

n-1

dn_lan[x,y,w] = dn_ldn_lw&,y,w] = = dn_iM[xy,w],and

dn+1anEx,y,w] = dndn+2W[x,y,w] = xy = dn+1M[xy,w]. Hence an[x,y,w] and

Mlxy,w] £ill the same bax. But by axian T.3 of a T-camplex, an[x,y,w]e’I'l_H_I

and so by axiom T.2 we have that an[x,y,w] = Mlxy,w].

Finally it is clear that the lemma is true for the case n = 1.
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Corollary 1.6. ' -

xy)w = x (yw) when defined.

(b) Identities. C\J\Gl 7S, X, X

Let xeK . Then we need to show that xs__ x = x ATt is sufficient
n n-1"n-1 _

to prove :

Lemma 1.7.

(o

Let xeK . ThenAM[x,s 1= s x for n21. (b)) M LS., ><h)lj = Sa, X

Proof{®)We use induction. We suppose that the lemma is true for dimension

n-1n-1

n, that is for all u K Mlu,s .,u .1= s u. Now let xaKn, then

n-1° n-2 n-2 n—-1

diM[x’Sn-lxnflj = MExi’Sn—in,n—Zj = s %5 for 0<i<n-2,

dn—erx’sn—lxn—l]: Sn-f{n—i = dn—lsnx and

s x., Hence M[x,s

d +1M[x,sn_ x _qJ=x=4d s a-Fa-1

-1 1 and S ¥ both £fill the

sane bax and so by axian T.2 are equal.
Finally it is clear that the lemma is true for the case n = 1,

D SMiliar to @)
(¢) Existence of Inverses.

Lerma 1.8

There is a unique family (Ilx1]) of thin elements for n21 and xeKn such

n+i
that :

,x) is a bax and I[x]JeT is its thin filler.

(1lx,d,...,10x e

n-2]’ »S

The proof is similiar to 1.1 and 1.4 and so will be amitted,

n- l

We now define the inverse of xeK to be d_ I[x] which we denote by x

-1

Then it is clear that x-1 has as its shell c<o sees X o X X 1) and so

-1 . . . . .
XX 1 and X x are well defined. To show that xx -1 s x it is sufficient

n-in

to prove :
Lemma 1.9. ' .
If xeK (n21); then M[x,dn_lIEx]] = I[x1].

Proof. We use induction. Wesuppose the lemma is true in dimension n, that
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i ’ ul = xeK_, ther
is for every uekn_l)I[u] 1[u,dn_21[u]J. Now let <vKn, then

d.Mlx,d ,1lx1] = Mx.,d (x.]] = 1(x.] 0<i<n-2,
1 n-1 1 1 1

n—2I

= M r = =
dn_lM[x,dn_ll[x]] d _,IbJand d  Mix,d _ T{x]]=x=d _ T[x]. Hence

1
Ilx] and M[x,dn_lltx]] fill the sane bax and so by axiom T.2 are equal.

Finally it is clear that the lemma 1is true for the case n = 1.

This canpletes the proof of theorem 1.3,

We write Kn(u,v) for the collection of arrows from u to v (u,veKn_i)
n n
and Ku for the group X (u,u)..

Proposition 1,10,

For 0<is<n-2 we have that :

(a) d; :.Kn-———}Kn—1 is a functor of groupoids.
(b) s; Kn-————éKn+1 is a functor of groupoids.
Proof.

(a) Use 1.2(a).

3 = £ign- = = =
(b) Let x,yEKn with X Y, Then for 0£i€n-2 d _s.x s.d_ .x Sidny

-1 n i i n-1

dn+1siy, and so sfxsiy is well defined., Further by a&iam T.1 and 1.2(d)
we have that X8,y and s.xy are both thin. Now by a simple inductive

argu;ment it follows that S.Xs.y and s.Xy both have the same shell and so

are equal,

In general kY (n22) is not a connected groupoid as can be seen fram
the following :

Proposition 1.11,

. n
> 2 1
If U.,VCK 2 (n-2) with u Vy then K (S zq,s 2\7) 1s empty.

Proof. Let (u,v)eKn_2 with u#v, Now suppose there exists an element

n 2 _ . . _ ..
x eK (sn_zu,sn_zv). Then dn—ix dn-ldnx implying u = v, hence contrdiction.
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§2. The isanorphism theorem for a T-complex.

Let (K,T) be a T-cauplex. Recall that in section one we proved that

n

K" = (K M,s ) is a groupoid. Hence for ugKn

n’kn-l’dn’dn—l’ >“n-1 -1

Ki = {xeKn X=X 4T u} can be given a group structure. We then proved
that in general K® is not a connected groupoid, However we prove the
following.

Theorem 2.1.(The isanorphism theorem)

Let (K,T) be a T-canplex. Then for n2l1 and every pair (u,v)eKn_1 with

dg—lu.= dg~1v there exists a canonical isomorphismn hflu,v] : Kz >K2
and satisfying 3
(1) hlu,ul is the identity.
(2) hlu,v] maps thin elements to thin elements.
(3) 1f u,v,WEKn_1 with dg-lu = dg—lv = dg_lw, then hl{v,wloh[u,v] = hlu,w].
(4) For all pairs (u,v)sKn_1 with dg-lu = dg-iv and for i = O,.T.,n—Z we
have that dih[u,v] = h[ui,vi]di : Kz———J}K:il.
Note thét since dg— u = dg_lv we have zhat dg—zui = dg_zvi i= 0,.0.,0~2

and so h[ui,vi] is well defined. We remark that for a,beK_, hl[a,b] is

0’
defined only if a = b.

The proof of theorem 2.1 will occupy the rest of this secfion.
Lama 2.2.
Let (X,T) be a T-canplex. Then there is a unique family (F[x,v])n+1 of
thin elements for n>2 and every pair x,v with veKn_1 and XEKz such that

(—’F[xl’V1]’°'°’F[xn—2’vn—2]’x’s V’Sn-lv) is a bax and F[X,v]sTn is

n—1 +1

its thin filler,
Proof. We use induction. Suppose the lerma is true for dimension n and

suppose that for all pairs y,u with ueKn_2 and yel(“:"1 the thin elements
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F[y,u]eTn have been assigned. Now let veKn_1 and XEKz. To prove the lemmna

we must check that the postulated faces of F[x,v] are well defined and do

actually fit together, Firstly xeKs implies,by 1.10, that xieK

n-1

A"
1

for

i= 0,...n"2 and so by our inductive hypothesis F[xi,vi] is defined. Thus

all the postulated faces of F[x,v] certainly do exist and we now check

that they form a box. Denoting these faces by fi (120) we have to check

that difj = d f. for all 1<i<j<n+1. There are four cases.

j=171
(1) 1<i<js<n-2.

difj = diFExj,vj] = F[xj,i’vj,i] = F[xi,j—i’vi,j—lj = dj—lfi'
(2) 1<i<j = n-1.
difs = x; = dp HFlxg,vid = d ;.
(3) 1<i<j = n.

n-2'i - dn—lF[xi’vi] dn-lfi’ t=a=l.
difn T %%V T

vE dn-lx O e S

(4) 1<i<j = n+1.

This case is similiar to (3) and so will be omitted,

Finally to start the induction for n= 2, if peK1 and xsKg then we let

F{x,p] be the thin filler of the box (-,x,sip,slp).

Corollary 2,3
Let vekK | and xeK". Then d Fix,v] K2
n-1 v’ 0 2 V2ERg v’
n-2 0
Lemma 2.4.
Let wveK and x,feKn, then
n—i v
(1) Flx,vIF[x,v] = Flxx,v].
(2) 1If dOF[x,v] = dOF[E,v], then x = x.

Proof.

(1) We use induction. We suppose the lemma is true in

d

o

imension u~1. That
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—_ - _1 -— —
is for all weK _, and y,yeKi , Fly,ulFly,ul = Flyy,ul, Now let vek 4 and

x,iEKt. Then by 1,2(d) FE{,V]th,ngTn+1. Hence to show that

F[x,vIF[x,v]= F[xx,v] it is sufficient, by axian T.2 of a T-camplex, to
show that di(F[x,v]F@;,v]) = diF[xf,v] i= 1,...,0+1, But this follows fram
1.2(a) and our inductive hypothesis.

(2) This is proved easily using induction,

. . n n . . .
We now define a function f[v] : KV-———>KS which is well def;ned

n-ZdOV

X l-——}dOF[x » V]
by 2.3. Furthemore f[v] is injective by 2.4(1) and 2.4(2) and since dO is
a morphisn (by 1.2) it is also a hananorphism.
Lemma 2.5.

Let (X,T) be a T-canplex. Then there is a unique family (C—[y;v])m_1 of
n

and ysKS d v such
n-2 9

that (y,G[yO,vlj,...,GEyn_B,vh_ZJ,—,sn_lv,sn_lv) is a b and G[y,v]eTn+1

thin elements for n>2 and every pair y,v with ngn_1
is its thin filler.
The proof is similiar to the proof of 2.2 and so will be amitted,

Corollary 2.6,

n n
Let veK _, and yeK_ , then dn_lG[y,VJEKV.

1 d

a=-2%0Y
Lemma 2.7

d.v’ then
_ n-2%"Y
(1) Gly,vlcly,v] = clyy,vl.

=0
Let V€Kn_1 and y,yEKs

—

(2) 1f d__,6Lly,v] = dn_lct§,v], then y = y.

The proof is similiar to the proof of 2.4 and so will be amitted.

We now define a function glv] : KZ d v————}ﬁt which is well
; n—-20

y b—-—"o dn_lcfy, v]
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defined by 2.6. Furthemore glv] is injective by 2.7(1) and 2.7(2) and
since dn—l is a morphism (by 1.2) it is also a hananorphism.
Lemma 2.8,

1 n
Let VEKn_ and let xehv, yeKs d v’ then

1 n-2 0

(D G'[dOF[x,v],v] = Flx,vl

2) cly,vl= F[dn_lG[y,V],v].

Proof.

(1) We use induction. We suppose the lemma is true in dimension n, that

-1
and wus , G[dOF[w,u],u] = Flw,ul. Now let veR _ and

is for all usK
n- i

2
x€K$. Then by our inductive hypothesis G[dOFEx,V],v] and Flx,v] £fill the
same box and so by a&xian T.2 of a T-canplex they are equal.

Finally to start the‘induction for n= 2 if pc»:K:L and xeKi then
G[dOF[x,p],p] and Flx,p] fill the bx (dOF[x,p],—,slp,slp) and so are equal,
(2) The proof is similiar to (1) and so will be amitted.

Corollary 2.9,
. Then flv] : KS-——J>K2

Let VSKn_ is an isamorphism whose inverse

1

n—2d0V
is glvl.
Notation.
. 0 . i i-1
For n21 let veK . Then we define v = v and for iz1 v = g d v .
n-1 n-2 0
Then it is clear that vJ = sg_ldg—lv for jzn-1.

Let veKn_ . Then we define

1
%[V] = f[vn_z]...f[vljf[v] and

;Ev] = glv].. .g[vn—3h[vn—23.

Then for all pairs (u,v)sKn_1 with dg—lu = dg_lv we define -
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hlu,v] = gl vlflu] : K?l—————}Kz .
It is now straightforward to show that hl[u,v] satisfies the first

three properties of theorem 2,1 and so we will prove property 4: that is

we must show that for 0<i<n-2 and u,veKn__1 with dg—lu = dg—lv we have a
commutative diagram
g hlu,v] N K
u v
d. d.
i i
“ Kz—l } Kr;—l
i h[ui,vi] i

. . n
We restrict ourselves to showing that for veKn_i and xeKvn—Z we have

that d.lg[v}x = g[vi]xi for 0<is<n-~2.
~ 1 n-2,.
Recall that g[v] = glviglv ]...glv 77,
For vsKn_1 and xeKr‘:n-Z let g[vl]g[vzj...g[vn_zlx = y,. Then
dig[v]y = didn-lc[y’V]
dn—2y for i =0
= d _,d;6ly,v] =

g[Vi]di—ly for 0<isn-2

n-3 n-
It now follows that CL\_,_ 3{_\/1 5[\/ "‘ix = SEVH-:_['-z 3[‘\’ln—1140 ‘3LV ix (lml
L ocién-3 aalvl. g0V 2Ix = glv, 0. .gld; v 1, @ LV 1L glv™ 220 Thus it is

sufficient to prove the following lemma,

Lemma A.

-For |<ksn-2 let veKn_ and xeKtn—Z , then

1
4 a0V rv* L glv™ A1) = gl W Bl _ W Tl (g _ ™
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Proof.

Let v = g(v"*17.. 20" 21(x). Then
k p—
dn_zg[v ]y - n_z n- 13[)’,\' ]

- dn—Zdn-ZG[y’v ]

dn—ZG[yn 3’

gEdn_z(v )1d 5y

(v Y] by 2.5

k=1 . K k=1 _ . k-1
g[(dk_lv) ]dn_3y since dn—2v = dn—ZSn—ZdOV = dov

|
L~
[a9

Now letting w = g[vk+2]...g[vn—2]@<) we have that
k+1

= k+1 =
d oy =d _aelv "I(w) = d _.d _ LW, v 7]
_ K+l
=d _,d _,Glw,v 7]
= k+1
= d__,6ld__,w,d__ (v 1 by 2.5
_ k+1
=gld, 5(v7) 14w
_ k
= g[(dk_iv) ]dn—4w'~
We now suppose that for 1<j<(n-1-k)
n-2.  _ k+J 2 P KF] n-2 -
.dn_zg[v Jeowglv Tlx g[(dk_lv) coeglld v n—2—3°[V Jo..glv "X

Then letting z = g[vk+3+1]...g[v 1) we have that

k+j

1]

.d Glz,v ]

dn—Z-J n=-1

- k+j
= dn-Zdn—Z .G[z,Vv ]

dn—ZG[dn—B-j

gld . . (&)1

+j
dn_z_Jg[v 1z

**3yg

Z,

n-2-j

n-2-j n-3-j2

k+j 1
= g[:(dk 1v) a n—3-jz'

This completes the proof of lemma A. It now follows that for veKn_1

and xusn-Z ’ dig[v](x) = gtvi](xi) for 0<isn-Z as vequired.
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§3, Certain abelian groups associated to a T-complex.

Let (X,T) be a T-complex. Recall that for asKO we have defined groups

K'n-1_ = {xeK_ : x_ = x = sn—la}. Throughout the rest of chapter 1 where
Sy a n n n-1 0

. . . n-1
no confusion arises we shall write a for sO a whenever asKO.

For aeKo we define the following subsets of KZ.

2 -
{xsKa Pxy = soa}
n -—
Ka(A) =
I n-1 . 7
{xeKa PRy = osg A for i = 1,...,n}§ n23
2 =
{xeKa P Xy = soa}
n =
Ka(B)
n n-1 .
{xeKa : xisKa (B) for i = O,...,ani n=3
Tz = Kz n Tn for n22.

Then it is clear that KZ(A),KZ(B) and TZ are subgroups of KZ. We state

the following lemma , the proof being clear from the definitions.

Lemma 3.1.
n n 2 2
(a) Ka(A) c Ka(B) for n22 and further Ka(A) = Ka(B).
(b di : KZ(B)———J}KZ-l(B) is a homomorphism with diKZ(A) < Kz-l(A) for

0<i<n and n23,

We are now ready to state the three main theorems of this section.



17

Theorem 3.2.

Kz(A) is in the centre of KZ for n=22,

Theorem 3.3.

KZ is isamorphic to KZ(A) X TZ for nx3,

Theorem 3.4.

Kg(B) is in the centre of Kz for n22,

The proofs will occupy the rest of section 3, We remark here that we

use theorem 3.2 to prove theorem 3.4.

The proof of 3,2 consists of six lemmas, the proofs of which are
anitted as they are similiar to those found in section one,
Lema.

There is a unique family {mCx,«)}n+ of tﬁin elements for n22 and every

1
. n__. n
pair @{,ﬁ)eKa with «eKa(A) such that :

n . ,
.. - @
(a) Qnﬁco,mo),sn_3xi,. ,sn_3xn_3,x, s ,soa) is a bax and m(x, )eTn+1 is

its thin fillerx.

(b) m(x,sga) = 5 X,

n-2

‘Lemma,

There is a unique family {J(x,«)}n+2 of thin elements for n22 and every

pair (x,m)eKZ with meK:(A) such that :

I

(a) @ (xo,ao) :Man_3x13a] seee M Sn__3xn_3:aJ,MEX’a] ,M[X,“] ,Sn_lc‘,", Sn_ZX)

is a bax and J(x,m)sTn+2 is its thin filler.

(b) Jx,a) = s Mlx,al.
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Lenma,
n_ . n
Let (x,«)eKa with aeKa(A), then dn+1JG<,¢) = m(x,x).
Corollary.
n . n
Let @{,m)eKa with aeKa(A), then x« = dn_lm(x,«).
Lemma,
There is a unique fanily {R(x,«)}n+2 of thin elements for nz2 and every
pair (x,&)eKz with ccEKZ(A) such that :
(a) (R(xo,ao),sn_3sn_3x1,...,sn_3sn_3xn_3,sn_2x,sn_zx,—,snm,sn«) is a box

and R(x,«)eTn+2 is its thin filler.

(b) R{x,a) = 8 =9 Sp=X "
Lemma.

There is a unique famnily {L(x,“)}n+2 of thin elements for n22 and every

pair (x,o:)ex‘; with «eKZ(A) such that :

(a) (L(XO’GO) ,M[a’sn_ij-]: ooy Ma, sn_3xn_3],M[a;x],bi[oc,x],an(x » ) ,_’sﬂ"im)
is a bax and L(x,‘=<)s-:’I'n+2 is its thin filler.
(b) Lx,a) = 8 —2Sp-1%"
Lemma, ‘
LSO . n
Let @{,a)sﬂa with GeKa(A), then dn+1L(x,c) = m(x,%).
Corollary.
Let @g,a)gKZ with «ng(A). Then we have that «x = X« ,
This completes the proof of theorem 3.2.
Proof of theorem 3.3.
Using theorem 3.2 and the fact that KZ(A) n T: = sga it is sufficient to

show that K?(A) and TZ generate KZ' This we now do. Let XEKZ. Then we let

-1 -1

- .0 .. -1 -
xeTa £i1l the bax ( Ky TaeesX oy

g ‘a,so 1a). Note that this bax is well
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. . -1, - . -1 -1 -1 n—1 n-1
defined since x has as its shell (xo ,x1 ,...,xn_z,so a,s,

(=1)

a). Then b
S1.2(a) xgeKZ(A) and so we have that x = (xg); . This canpletes the

proof of theorem 3.3.

Proof of theorem 3.4,

We use induction and the two previous theorems. Suppose the theorem is tr

7

ue

for K:(B)'i = 2,...,0~1. Note that it is true for i = 2 since Ki(B) = Ki(A).

Now let xeKZ(B). Then by theorem 3.3, x can be uniquely expressed as x
where meKZ(A) and yeTZ. Furthemore it is clear that yeKZ(B). Now by 3.2
is sufficient to show that y is in the centre of TZ' But by lemma 3.1
yisKg_i(B) i= 0,.e.,0 and so by our inductive hypothesis Y is in the
centre of Kz—l. Hence for any weTZ, yw and wy have the same shell and so

equal. This canpletes the proof of theorem 3.4.

§4. The homanorphism §,

Let (X,T) be a T-canplex. Then for n=2 and asKO we define a function

s KZ———-)KZ-l ' which is clearly well defined.
i

n=2 (-1)
* =l *§

Theorem 4.1.
(1) 6n is a hananorphism.
2) 5n—16n is trivial for n=23.

n n-1
(3) 6nKa(A) c Ka (A) for n=3.

3 2
() 6,k < kKZIA).

n n-1
(5) GnTa < Ta for n=3.

n 4 (-2

(6) 1f xsTa, then KgKq eeeX o 1s a product of degenerate eleaments

which depend only on the elements x. ..
1

<y

it

are
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(7) Letting P, ¢ KZ-———}KZ(A) be the erhnorphi&n whose kernel is Tz we have

X F——éxf
that § nPn pn—lsn'

In order to prove theorem 4.1 we need the following lemma.

Lemma 4.2,
n -1
If yeKa and nx=3, then y. y1+1 (B) for 0<isn-3.
Proof, We use induction. Suppose the lemma is true for all elements in Kz-l.

Now consider ysKn. Then to prove the lema we need to show that

(y y1+1) (B) for 0<j<n~3 and 0<is<n-3.But
-1 ..
di~1yjdiyj for i>j.
-1, _ n—2 .o .
d (y. yl+1) = sy @ for i Je
-1 . .
F
diyj+1di+1yj+1 for 1<j.

and so by our inductive hypothesis y. g -1 (B) for 0<is<n-3,

+1
Finally to start the induction, if ysKﬁ, then doyo = doy1 and so
yoyzleKi(B). This completes the proof of lemma 4.2,
We are now ready to prove theorem 4.1.
=2
n -1 (-1) -1 -0
ﬁl) If x,yeKa, then anény L R SRR S Yo¥q Yo+ Yp-n . Now

applying lemma 4.2 and theorem 3.4 to the right hand side of the above

equation we obtain 6nx6ny = Gn(xy) as required.

- i+]
(2) 1If xeKz, then using (1) we have that § § x = ?Hz( nHB ( 1)

>3
n-1%4 2o 55, ) for n=23.

But x . j j i-1 for i>j and so by applying 4.2 and 3.4 to the right hand
’ ’
side of the above equation we obtain Gn_lénx = sg—za as required.
n : " . _ u-2
(3) 1f yeK_(4), then Gny = d,y. But for 0<isn-1 didoj = dodi+1y = s, a.

Hence doyeKz-l(A) as required.
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(4) 1f xeKi, then § x = dezleKi(A) by 4.2.

3
n n-2 _ -1 n s
(5) For xeTa we let x = xsn~3xn_25Ta and for 1i n-3,...,1 we let
x' = xl+lsi_1(dixl+1)—1eTa. Then by a simple calculation we see that
. dixl = sg—la for 1<i<n. Hence xieKZ(A), but xlst and so de = sg—la. Now

repeatedly substuting for xti= 1,+..,0-2 and using 4.2 and 3,4 we obtain

the required result. Alternatively the proof follows from the results in chapte

3
(6) This follows imnediately fram the proof of (5).

N . ‘= - “ = B -
(7) 1f AeKa, then Snpﬁx = 6n(xx) Gngénx by (1), whereas Ph—qS X 6nx(5nx).

Thus it is sufficient to show that Gﬁg = (6;&). Recall that if XEKZ’ then

- 0 .. -1 -1 n-1 n-1
xaTa fills the box ( Ky e e sX To58, a,sO a).Then

-2 n—1
eI G DT s (-1)
éng = dOXdlx "'dn—Zx dOXdix"'dn—Zx

n-1
veed x( 1)

and so for 1<i<n d.§ x = d.d xd.x . = d.(§ x). Hence § x and (5 x)
in 10 11 1 n-2 it n n T n

both £ill the same box and so by (5) and axiom T.2 of a T-canplex we have

that Sng = (6n3) as required.

This completes the proof of theorem 4.1.

Sunmary.

For a T-camplex (K,T) we have constructed a sequence

—> (KD (A)) Ty 5K (A)) ——>63 (k2 _962 K——‘>d1 <
T a asKO 7 7\ "a aeKO a)asKO _ 1“—5—-?k0
0
and satisfying :
(1) (Kl,Ko,dl,do,M,so) is a groupoid. o

n . : A 2 i
(2) For n23 (Ka(A))aeKo is a fanily of abelian groups and (Ka)aeKO is a
family of groups. ‘
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(3) Sn is a morphism of groupoids over KO and 6n6n+1 is trivial for n=22.
We denote this sequence by N(K,T). The next three sections will be

concerned with showing that N(K,T) can be given the structure of a crossed

canplex (see definition in preliminaries).

§5, The groupoid action,

Let (X,T) be a T-canplex. In this section we show that the groupoid K1

operates to the right on each (KZ) (n=2) with an action (x,p)}———¥}xpeK;

aekK

0 0

for peX, and xeX? .
1 Py

The method used draws its motivation from the following well known
geanetrical case.

Let X be a topological space with a base point x., Let
WlX,x1 = {£f : (Sl,*)———}(X,x)} denote the space of loops with dx : Sl-——}x
the constant loop. Then it is well known, see Hu.[6], that we have a bijection
1rn(X,x)—} Trn_l(w[X,x],dx) for n21., Now consider a path p : I—>X with
p(il) = X i = 0,1. Then p induces maps
(a) ¢ : W[X,xlj——%W[X,xO]

£ b—>p 'fp

(b) H : I‘———>WEX,XO] such that H(0Q) = dx , H(1) = CDdx .

0] 1
Thus we can form an isanorphism P, ¢ wn(X,xl)%wn(X,xO) as follows :

nn(X,xi) \/ nn(X,x O)

!

*
¢ H
"n—l (w[x,xlj,dx1) _% nn-l (WEX’XO]’del) ___§ﬂn_1 <WEX’XO:‘"dXO)

Correspondingly for pe:K1 we will define an iscmorpﬁism

KE——"L%K:n—Z%K; where h is defined as in theorem 2.1 and ¢ is
1 0 0 '
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defined as follows.

Theorem 5.1.

For every pair (p,q)eK1 with Py = 9 there exists a canonical isanorphisn

¢ Lp,pql : K%n-2 —K n-2 for n=2 and ¢, [q] : Kl—————}Kl and satisfying
n s, P sy P4 1 q 4,

the following properties :

) ¢n[p,p] is the identity for n22,

@) ¢,La] Kcil———>x<§‘1
1 0

-1
¥y b—>q “yq

(3) 1If p,q,reK, with Py = 44> 95 = Ty, then ¢ Lpa,parl¢ [p,pqal = ¢ [p,pqrl.

1
) ¢n[p,q] maps thin elements to thin elements.

(5) For 0<isn~2 and all pairs (p,q)eK1 with Py = 4, we have that for n23

- . kR n-1 =
¢[p,pq]di = di¢[p,pq] : ng 2§———f>ng 3pq and for n = 2 we have that

= —i .1
¢,0qld, = d ¢,[p,pal : Kp——>n<qo.

Proof. For every pair (p,q)eK1 with Py = 4 and xusn-Zp (n22) we define

0
¢n[p,pq]x = (sg 2M[p,q]) ;xsg ZMEp,q] where M[p,q] is defined as in section 1.

Then it is clear that ¢n[p,pq}< is a well defined element of K:n—qu. Then
0
with this definition it is easy to check that ¢n[p,pq] is an isanorphism

and satisfies the properties of theorem 5.1.

1

We now define an action of K~ on (Kn) (n=2) by
a aeK0

P _ n-2 n-1 n
X hn[sO PsS, pO]¢n[sOp1,p]x whenever peK, and xer .

! 1

§6, The interchange law between the isanorphisms h and ¢.

- Let (K3T) be a T-complex. Where no confusion arises we shall write p for

m
SoP whenever peKl.

This section will be concerned with proving the following theorem.
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Theorem 6.1.

Let p,q,reK, with Py = 95 = Ty Then for n22 we have that

1
hilpr,qrl¢lp,pr] = ¢lq,qrihlp,ql.

The proof will occupy the rest of section 6,

Recall that for uekK we define uo = u and for ix1 u' = s d ul—i.
n-1 n-2 0
3 n-1 n-1 . .
Then u” = Sy dO u for j=n-1. Furthemmore we have that for peK1
sn_i(sg-zp)J = (sg—ip)3+1. Hence for peK1 and xngj implies Flx,p ]Fh;}11

where F[x,ijeTn+1 is as defined in 2.4,
To enable us to prove theorem 6.1 we need the followimg two technical
results,

Lemma 6.2..

Suppose p,qu1 with pO = q, and xngj, then we have that for nx2
e J+1 J+1

1F(x,p° ] F[hn[pj,qj](x),qjl;

n
Proof. We use induction. Suppose the lemma is true for dimension n, that is
for all veK;J_'1 we have that hn[pi+1,qi+1JF[v,pi] = F[hn_l[pi,qi](v),qi].
Now consider xngj. Then by 2.1(4) and our inductive hypothesis we have that
dih[pj+1,q3+1]F[x,pj] = diF[h[pj,qj](x),qj] for 1<isn+1. Hence by 2.1(3) we
have the required result.

Finally to start the induction for n = 2 let xeKij. Then

nipi*l, J+1]F[x’pJ] and FLhlpd,q?1&),q7] both £ill the bax

(-, h[p ,q i), qJ+1,qJ+1) and so are equal. This canpletes the proof,

For every pair p,reK, with Py = T, we define R{p,r;j]l = sn—i—Js?MEp,r]

1 1 0
for 0<jsn-{, n=2 and Rlp,r;jl = Rlp,r;n-1] for jzn-1, n=2.

1

For every pair p,reK 1

with Py = T and every xeK;j we define for j20 and
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. e . -1, j . n+l
n>2 thin elements S{x,p,r;j+1] = Rlp,r;j+1] P[X,pj]R[p,r;J+1]€KR[p’r;j]-
Then for every triple (p,q,r)eK1 with Py~ 9y =Ty and every xeK;j we define

for j=0 and n22 Cl[x,p,q,r;j+1] = h[R[p,r;j],R[q,r;j]]S[x,p,r;j+1]eTn+1.

Lama 6.3.

Suppose p,q,reK, with Py =9y = r, and xsng; then we have that

1 0 1

Clx,p,q,r;j+1] = S[h[pJ,qJ](x),q,r;j+1] for j=0 and n22,

Proof. We use double induction. Suppose the theorem is true in dimension n,

that is for all vsKEI‘we have that CLv,p,q,r;i+1] = S[h[pl,qu(v),q,r;i+1].

. n : . ' n-1 n-1-

Now comnsider xern—i. We first show that Clx,p,q,r;nl = S[hip ,q x,q,r;n
= S[x,q,r;nl by 2.1(1).

By our inductive hypothesis and axian T.2 of a T-camplex it is sufficient to

show that dOC[x,p,q,r;n] = dOS[x,q,r;n]. But

dOCEx,p,q,r;n] = h[r,r]dOS[x,p,r;n]

dOS[x,p,r;n] by 2.1(1)

n-1
o Po

n—-1
(so

1]

-1 n-1
r) dOF[x,s ]so r

(sg—lr)—ldOF[x,sg—lq] sg-lr

dOS[x,q,r;n].
We now suppose that for j<i<n-1 with xsKgi we have that
Clx,p,q,r;i+i]l = S[h[pl,ql](x),q,r;i+1]. We now prove the lemma is true when

xeK;j. By our first inductive hypothesis it is sufficient to show that

d,Clx,p,q,r35+1] = d Slhlp?,q?1G),q,r55+1]. But

dOC[x,p,q,r;j+1] = dn_1C[dOF[XsPJJ’Pstr;j+2] and

~

1

4,80hlp?,a7 16y ,q, 733417 = 4 _ S0 FIhlp?,q73¢0) a7 15, m5 5421

. . |
d__ st ntp ™, IR Lx, 2,4, 155421 by 6.2,

Hence by our second inductive hypothesis we have the required result.
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Finally to start the induction for m = 2 it is sufficient to show that

for xeKi s dOC[x,p,q,r;l] = dOS[h P,q (x),q,r;1]. But

d Clx,p,q,r;1] = hlr,r1d Shx,p,r;1]

-1
(sor) dOF[x,p]sor. and

[

) -1 .
dOSEh[p,qJ(x),q,r,lj (s ) dOFEhEp,qJ(&),q]sor

[

(sor)-ldoh[pl,quF[x,p]sOr by 6.2

]

(sor)_idoF[x,p]sOr as required.

This canpletes the proof of lemma 6.3.

We are now ready to prove theorem 6.1. Suppose p,q,reK1 with Py = 9y = r1

and xeK;. Then by 6.3 dn_1C[x,p,q,r;1] =d_ .S[h p,q x),q,r;1] and so

n-1

hlpr,qrle¢lp,prl(x) = ¢[q,qr]h[p,q](xj. This canpletes the proof of theorem 6.1.

§7. The crossed camplex associated to a T-cumplex.

In this section we show how to associate a crossed canplex to a T-camplex.
We note that Dakin [1Jhas also shown how to associate a crossed canplex to
a T- canplex but using a different method than the one used here,

Recall that for a T-canplex (X,T) we have constructed a sequence N(K,T)

8 8 8 d
\ el 1 < (13 N 2 NN
‘o (K (A))aeKo Sees > (K2 (A)) X, ———-}(Ka)aEKO_—_>K ] 75————>Ko
_ 0

Theorem 7.1.

Let (X,T) be a T-complex. Then N(X,T) is a crossed complex,
Proof, By earlier results it suffic es to prove that N(K,T) satisfies the
axiams C.3, C.4 and C.5 for a crossed complex as stated in the preliminaries,

Recall that for peK1 and xsK; (n=2) we have defined an action of K, on <K2)asK

1 0



n-2
by x¥ = hn[so p,S

n

Lemma 7.2.
For n22 let

(a) &P)4

(b) xy)P
Proof.

(a) xP)?

(b) Follows

Lemma 7.3.

Suppose pekK

Proof. For

Lastly by 7.

Corollary 7.

1
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n-1 y 4] .
o p0]¢n[sop1,p](x)eﬁp (see section 5)

0

-1 n-1 n-2 -1
oL Trspydh [sg "pyssy P Tl(x) by 6.1.

. n
p,qu1 with po = q1 and suppose x,yer s then

P4

xPyP -

(hEsh 2p,s5 Ry Telsgp, 21 66
¢[q—1,soqojh[sg-lql,sg—zq—l?h[sg_zp,38_1p0]¢[sop1,p](x)
¢[q—1,SOqO]h[sg_zp,sg—zq—llstsopl,p]C<) by 2.1(3)
hqusoqé,soqol¢[p,qu¢Csopl,pJ(X) by 6.1
hlpasga,,5,9,160s p, ,Palx) by 6.1

hlpg,s qa,3¢ls p 5padx) by 1.7

Pq

X .

from the fact that h and ¢ are isomorphisms, see 2,1 and 5.1.

and xng , then for n>3 and 0<i<n we have that dixp = (xi)p.
1
e P _ n-2 n-1
0<i<n=-2 dix dih[so PsS, p0]¢[sop1,p]@<)
- n-3_ n-2 ‘ .
= h[sO PsS, pO]¢[sOp1,p](xi) by 2.1(4) and 5.1(5)
= xP
n-1 P * n-1

4'

Suppose peK1

and xeKn (A) ; then xPek? (A).
Py Py

Thus we have shown that N(X,T) satisfies axiom C.3.
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Lemma 7.5.

1 n-1 . .
Suppose aeK_ , then for n22 én : na————}Ka preserves the action of K

1 . .
where K1 operates on the groups Ka by conjugation,

0 1

n

Proof,  For peK1 and xeK~ we need to show that 6n(xp)_= (5ng)p. But for nx3

e’

i A1
Py . 052 py(-1)" _ nz2 -0°\p
én(X ) igo (dfx ) igo (dix ) by 7.3

it

i
( "1% ax GO by 7.200)

= (SnX)p,
while for n= 2 626<p) = do‘xp = do(h[p,sopo]¢[sop1,p](x))
= hlp,,pyde, [Pk )
= ¢,0p1&y) = p—lxop by 5.1(2).

Thus we have shown that N(X,T) satisfies axiom C.4, It remains to show

that N(X,T) satisfies axiam C.5.

For n22 and aeKO we define a function en(a) : KZ———4}K1 . Then it is

clear , by 1.2(a) that en(a) is a well defined hananor?hisn.

Lemma 7.6.

For aeKO and n22 , en(a) : KZ—-——}Ki is a crossed module.

Before provimg 7.6 we need to say what is a crossed module,.

A crossed module (originally defined by Whitehead [5]) is a triple (4,3, £)
(‘Ec;;fi&( "~ T\v\
where £ : A——>B is a morphism of groups such-that-there is a group action of
e by . b -1, . £(a,) _ -1
B on A writtem a and satisfying (1) f£(a”) = b "f(a)b (2) a 17 0= a, aa1 for

a,aleA and beB.



Proof of 7.6,

“n @)y =y 1xy for t,yeh

By earlier results it suffices to show that x
n i . .

For n22 and aeKo, let xeKa and usK; where 2<ign, with ei(a)u = p, Then we

define thin elements

n-

i .
XS, MLS a,u] for 2<izn-1

nl
(si_4 M[sa“]) 812581175,

T{x,u3i] =
n -1 o0 .
M[soa,u] sn_zxM[sOa,u] for i = n
where M[sga,u] is defined as in section 1.We need the following technical

result.

Lemma 7.7,

n-1i P -
hn+1[si 1u,soa]T[x u;il] = (si_zx) for 2<i<n-1 and

n 1 = ) o
hn+1[u,soa]T[x,u,n] (Sn—zx) for i = n.

Proof. We use double induction., Suppose the lemma is true in dimension n-1;

that is for all yeKZ—l and veKi where 2<j<n-1 with ei(a)v = q we have that

h [sn—l_j

n o j-1 VS

O— a]T[y, 3il = (sj_zy)q for 2<j<n-2 and

n—-1 . '
hn[v,s alTly,vi;n-1] =(sn_3y)q for j = n-1.

0

Now let xeKz and usKi. Then by our inductive hypothesis for 2<i<n+1

n-2 n . - P _ P ’
dihyq sy Tuss,alTlx,u32] = d;(s)” = (d;sx)” by 7.3. Further

n~2 n . - n=2 n-1 . _du_ _p
dohn+1[31 U,aOaJT[X,u,ZJ hn[ 0 dOu’SO a]¢[soa’dou_‘(x) =x 0 = x°,

n-2

Hence h [s u,sga]T[x,u;Z] and (sox)p both fill the same box and so by 2.1(2)

n+l 1

and axian T.2 of a T-canplex they are equal.

We now suppose that for xeKZ,ueKJ and for 2<j<n
a

n-j
hn+1[Sj -1

n-(J]+1 . . . . .
n+1[sj G )u,soa]T[x,u;J+1] = (Sj-lx)p' But by our first inductive hypothesis

for kzj-1,]j dkhn*i s? (3+1)

u,s a]T[x u3jl = (sj x)p. Then we must show that for xeKZ and ueKi+1

=2

n .
u,soa]T[x,u;J+1] = dk(sj-lx)p' Furthe? by our

second inductive hypothesis

07Oy ek, w3341 = 4. h [ Ju s ajT[x u3il = d;_, (s

d, : x)P.
J-1 n+1- 7] 0 j=1 n+1-"j-1

j- 2
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\

[s?_(j+1)u,sga]TEx,u;j+1] and (sj_lx)p both fill the same box and

so by 2.1(2) and axian T.2 of a T-canplex they are equal. This completes the

Hence hn+1

proof of lemma 7.7,

Now let x,yus. Then by lemma 7.7 we have that

Y)en(a)y and so by 2.,1(4) and 7.3 we have

n vl =
[y,soa]T[x,y,n] dn—l(sn-Z

dn~1hn+1

that y—lxy = xen(a)y as required. This canpletes the proof of 7.6.

n-2 n
yeKa

n 2 . _ _ :
Now suppose xeKa(A) (nz3) and yeKa with Gzy = doy peKl. Then Sy

n-2
and en(a)sO y = p. Hence

n-2
x62y = xen(a)so Y = (sg 2y) 1xsn 2y by 7.6

x by 3.2

Thus the image of §, acts trivially on KZ(A) (n23) .Further for xeKi and

2
527 = x%0Y = x%2(®)Y

ysKi, x = y-ixy by 7.6. This canpletes the proof of

theorem 7.1.

We end this section by defining a functer from T~camplexes to crossed
canplexes.

Let £ : (J,S)————>(K,T) be a morphism of T-complexes . Then since £
preserves thin elements the following proposition is evident using induction.

Proposition 7.8,

= ¥ 1 = f 1
(1) fn+1M[x,y] d[fﬁx,fny] whenever x,yeJn with X Yy and M[x,yl} is
defined as in section 1.

2) fn+1I[x] = I[fﬁx] for ern and I[x] is defined as in 1.8.

(3) If ved , then £ ¢ gt —k" is a morphisn of groups.
n-1 n v fn—lv .
x F———?fnx
. n=-1 _ .,n-1 v ~ u
{4) Let u,veJn__1 with dO u = do v. Then ;nh[u,v] = h[fn_lu,fn_lv]fn, where

e . e R

h{u,v] is defined as in section 2,
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(5) Let p,qu1 with Py = ql.Then writing p for sg—zp we have that
n n . ) .
f§q¢[p’pq] = ¢[flp,flpf1q]fﬁ : Jp————}Kfl(pq) where ¢[p,pql is defined as in

section 5.
Now using 7.8 it is clear that if f : (J,S)————%(K,T) is a morphisn of
T-canplexes then f restricted to N(J,S) is a morphism of crossed camplexes,

Thus we have a well defined functor N T-——4}C.

§8. Some technical results.

In this section we establish some technical results , notably lemma 8.5,
which will be used in sections nine and ten.

Let (K,T) be a T-camplex. Recall that for xeKn we define I[x]eTﬁ+i to be

the thin filler of the box (I[xo],...,l'[xn ,X) and we define

—2]’_’Sn-1xn

"1a section 1 -1 e -1 -1
X = dn—ll[X]f(See section 1) Then x has as its shell (xO ""’Xn—Z’Xn’Xn—l)'

Lemma 8.1.
Let (X,T) be a T-camplex and suppose xaKn; then

(a) I[x]sn_lx = sX and so I{x] = (sn_lx)—l.

S s

(b) sn_lxI[x] aSn-1%n"

(c) s X = (snx) Te

This is proved easily using induction and so will be ocmitted.

Let (K,T) be a T-canplex. For n>2 we define kn P K )Kn
X F——%(sn_zxn)xl[xn_lj

. v n
and for veKn_1 we define . kn : Kv—f——}Kn .

X F——~}knx
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Lerma 8,2.

If xeK ; then
n

n-1
d.kx =)x x x_1 i = n-2
i n-2"n-1
'n-2dn—1x for 1 = n-1,n.

Proposition 8.3.

(1) kn maps thin elements to thin elements.

2) If‘x,ysKn with X
1

1 = Yy» then k (xy) = k xk y.
3 k&Y = (kx)”
! : n-1

v n n . . . s a .
then kn : va———}KS v 1s an lsomorphism and kno is

(4) 1f vaKn_
n-2 n-1

1’
the identity for aek .
sn“2 n n
(5) If peK, , then k0 p¢ [s.p,,p] ¢ K K= is the identity iscmorphism,
1 n n 071 p1 Py
where ¢n[sop1,p] is defined as in section 5.
(6) k k =k .

The proof follows fram the definitions and 8.1.

Lemma 8.4,

If xeK_, then I[xn]knx(sn_zxn_l) = X.

The proof follows fram 8.1(a).

For convenience if UEKn—i we write hn[u] for the isauorphism

hn[u,sg-ldg_lu] as defined as in section 2.

Lemma 8,5,
n-2

n u d u _ 1
1f ueKn_1 and xaKu , then for n>2 (hn[sn_zdn_lu]knx) 0 = nn[u]O<).

Proof. We use induction. Suppose the lemma is true for all xeKi-l . Hence the
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1 is t for all xeT® = K- n T (a)
emma is true for u u Sy .
Now let ueKn_1 (n=2), then we define ou = u and
u for i21, n = 2
i
u:
(i-1) .
| Sn—3d0 u for i21, n>2
Hence Ju = sg_zdg_zu for jzn-2.
Now let XEK?n—Z) . For convenience we let (n—Z)u = sg_zp for psKl.Then
u

using 5.1 there exists a unique yeK; such that ¢[sop1,p](y) = x, Hence

(hls_ .d 0 ka x)P

P
q-2%,-18 (kng) by 2.1(1).

= (kn¢Esop1,pJ(y))p‘
= yP by 8.2(5)

= hCsh %plels p,,p1 ()

= h[sg 2p](x) as required.

We now suppose the lemma is true for xeKy and 0<i<j<n-2, Then to
u
canplete the proof we need to show that the lemma is true for xeK? .
u
n A
Suppose xeKi , then it is clear that we can formm a b
u

: . :

(—,w(xl),...,w(xn_z),x,sn_2 uss__, u) where w(xl)sT for 1<1<n-2. Then we let

w(x)eT fil1ll our bwx. Thus w(x)eKn+‘ i and d W(X)tK . Now using (a)
n+1 Sy U (i +1)

and our second inductive hypothesis we have that '

n 2,1

(dihfsn_ldnsn_zlu]k w(x)) 0 Cw d. h[s 1u]w(x) for i = 0,...,n=2,n,n+1,

n-2

Hence by axiom T.2 of a T-camplex we have that

. n-2,1 .
(h[sn_ldnsn_zlu]kn+1w(x))dO Cw _ hEs lu]w(x). Now using 2.1(4) and 7.3 we
i n—2(1u) '
have that (h[Sn—Zdn—i uld _ 4 ko W&))0 h[ ul(x) . But
_ i i -1
dn—lkn+1w(x) --(sn_2 u)x(sn_2 u) by 8.2

= (Sn_in)XI[iu] by 8.1(a)

s

u .
= kn X as required,
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Finally to start the induction for n = 2 let xng (peK,). Then we need to
2

show that hiplx) = (kzx)p. Using 5.1 there exists a unique element yeK 5
0" 1

- p . P
such that ¢[sop1,p](y) = x., Then (kzx) (k2¢[aop1,p](y))

vP by 8.2(5)

hipl).

This completes the proof of lemma 8.5.

§9, The isanorphism theorem for T-—camplexes,

This section is concerned with finding sufficient conditions for

deciding when two T—complexes are isamorphic,

Theorem 9.1.

Let (J,S) and (K,T) be T-complexes and suppose £ : N(J,S)——N(X,T) is a
- W ueh%
morphism of crossed complexes. Then £ extendiAto a morphism F : (J,8)——(K,T)
of T-canplexes.
Proof. We use induction. We suppose that the maps Fi : Ji-——4>gi have been
defined for 0<i<n-1 and satisfying :
(a) Fi = fi for 1 = 0,1.
(b) Fi maps thin elements to thin elements,
(e) If x,sti with Xi g =Y then Fi(xy) = FiXFiy'

(d) Fi commutes with the face maps.

(e) Fi is an extension of fi'

Note that the properties (b) and (d) imply Fi commutes with the degeneracy
maps and the elements I[x] for sti where I[x] is defined as in section 1.

Then to prove the theorem we need to extend fn to a map Fn : Jn———¥>Kn which
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satisfies the properties (a),es.,(e).

wy
We flrsﬁ\extend £2 .37 (A)—~——3h (A) to f : Jz———¥>KZ for aeJO and n23,.
O
. L. .. . . .2, LI n
Using 3.3 it is sufficient to define a haaanorphism tn : Sa—___>Ta , where
s%=J3%ns and T" = K® A T_ ,such that d.£f> = £ d. for i = 0,...,n.
a a n a a n 1n n-1 1 )

For xesz we define fix to be the thin filler of the bx

a a

(_,f 11""’f

> f a,s, ng a) Then to show that fo is well defined we
n-1%n-2 n

need to show that d £ w = £2 (d x) for asJ_ and ern.However this follows
0O n n=-1"0 0 a

wr uR 4
fram our inductive hypothesis and 4.1(6). Now using 7.10(4) we caiAextend f

n-1"

to a map fn : Jd———;>Kf a for all ueJ
n- . AS d x& .
Now let ern , then we define an = I[Fn—ixn]( nn-2 n-1 (Jnx))s

n—2Fn—1Xn—1
where i, Jﬁ—__->Jh,lS defined as in section 8.

With this definition it is clear that Fn satisfies the properties (b) and
(c)..We now show that Fn satisfies property (d). Let ann , then
d Fx=d IlF _ x ] by 1.2(c)

=F X by 1.8

n~1 n
n-1Fn* = %n-1%p-2Fn-1¥p-g BV 1.2(0)
T Ya-1®n-1
x = (F_ .x )_1 x x x-1 YF . x by 8.2
n-2"n n-1"n n-1"n n-2"n-1" n~1"n-1 i
= “1 ; H hesi
= an Xn-2%n-1%n- 1) by our inductive hypothesis.

n—l
Fn-lxn—z

and for 1 = O,..;,n-3

diFnX B I[Fn--ZXn,:i.]Fn-l']n--lx:i.sn--3Fn—2Xn-‘-1,i

Fn-—l(I':Xn,ijJ

n—1xisn—3xn-1,i) by our inductive hypothesis.

= 4 ‘ ‘ -
Fn-ixi by 8.4. T4 .S 5~Aﬁw(1<rj; te
It remains to show that F satisfies property (e) W to show that
/
- = n=1 . .
for ut—:Jn_1 and er an = f (x). We let v 3n—2 a4 dO v = aEJO and
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dg_zu = szl. Now consider the following diagram.
: h(v] ) >y
n, n N\ 0y v N n
iu'\ 7 Jv\\ e Jd\ \7Jd0p
! v
. @ = =
| f, £ £%0
]
qﬁ kn n h[Fn--1V] n :{
K yi N Ko NKYE & NK
< 7 7 N 7
Fn—lu Fn—iv foa fodop
w } > wflp

Then it is clear that the end square of our diagram is commutative and so by

-
(N3 lu]>fgoph[ ul ()

8.5 we have that an

fz(x) by 7.8(4).

For unigueness ses. qepenchx P.76.
This completes the proof of theorem 9.1.

Using theorem 9.1 we deduce the following theorem.

Theorem 9.2,

Let £ : (J,S}———%}(K,T) be a morphism of T-complexes, Then the following two
statements are equivalent.
(1) £ is an isanorphism of T-camplexes,

2) £ : N(J,S)———%}N(K,T) is an isanorphism of crossed canplexes,

510, The T~ccmplex addition lemma,

In this section we define the T-canplex addition lemma which is analogous
to the homotopy addition lemma (see Hu [6]).

Let (K,T) be a T-complex. Recall that for convenience we write thUJ for

. . n-1 n-1 '
the isamorphism hn[u,so do u] whenever usKn_l.
For.p23 we defing a function Mot Kd__—:>Kn where p_ 1is

X F——%}pnhn[s d _.x Jkx

n-2 n-1'n" n
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defined as in 4.1(7) and for n = 2 we let Hy = k2. Then by 2,1 and 8.3 we
have the following lema.

Lemma 10.1.

(1) B maps thin elements to thin elements.

(2) 1f x,yeKn with Xoe1 = Yoo then pn(xy) = U Xu y.
n _ ,n-1
(3) If xaKn (n23), then unxsKa(A) where a = dO n-290-1 nEKO'
Now consider the following diagram.
u
n . ;00
Kn /(Ka(A))aeK
0
d. ' 8
i n

: -1
(KD T(A))
1 Ho—q a aeKo

Then we may ask! f xeKn , are there any relationships between the elements

x }?

of the set {Gnung,un_lxo,...,un_l 0

Lemma 10.2 The T—complex addition lemma.

Let (X,T) be a T-complex. Then 1f xeKn {(n>2) we have that :

-1

Squgx = X XXy

_ -1 _-1.d.x
qu g = ugx (uyxouox, "uyx ") 7273

n-2 n-1 n

- (53 (-1) (-1 (=1) -1)\p
Gnunx _(iEO un—lxi )(un—lxn—Z Pn-1*n-1 Ha-1%n ) .for n>3,
- 403
where p = do dn_lxneK .

Proof. Let xeKn, then for n>3 we have that:

6nunx = 6npnhnkn. = pn_ldnhnk x by 4.1(7)

_ , n=3 -t 0"
= ( LIO un—l i )(pn-l n~1 [dn 1x ](xnxn-Z n-1 )

by 2.1(4) and 8.2
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Now using 8.5 we see that

’ -1
pn-lnn—ltdﬁ 1*n ](xnxn—Z n-1

Yy = (p h [s Tk (x x -1 ))p

n—-1 n—-1 n—3dn-2dn—lxn n—-1Yn n—2xn—1

(u y )p by 2.1 and 8.3(2).

n- 1 n n-1 n—2un—1 n-1

Hence we have the required result for n23.

Finally if xeKz, then dokzx = do(soxsz[xlj)

XoXo* 1

This completes the proof of lemma 10.2.

We now wish to state the T-camplex addition lemma in a slightly different

fom. Let xsK . Then we define O{x) = ?Eé dz...dn‘xl (recall that xO = x and
x' = s -od & l 1) We now define a new function for n>2

0 .
un : K ——Q}K for n=23.
X ~——4>(u x) Sn-2 n—l n)

Lemma 10.3.

I1f xeK , then for n>3 we have that :

(d ) 0 0 -1 -1
3“3x 237 % pugx Tugxy

n
o, _ 0 ~(dye..dx) 40 (1)
Gnunx = Uo_4X, 2 ( 1—1 a-1%i for n>3.

The proof is straightforward using the fact that the image of §, acts trivially

2
on (Kn(A) for n23 (see section 7) and lemma 10.2,
a aeKO
We remark that for xaTn, Box o= sga the identity of KZ(A) where

n-1

a=dy Sp-pdn-1%n

§11, A functor fra crossed canplexes to T-complexes.

In this section we use lemma 10.3 to define a functor fram the
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category of crossed camplexes to the category of T—camplexes.

Gn 62 60
. N\ \ N N o —2»
Let ¢t ... >Cn 7 “n-1 7" 72 71 50
1

be a crossed canplex , Then for agc, we write 1a for the identity of the

group cn(a), nzi.

We will now construct , fram a crossed camplex ¢, a simplicial set

Dc = ((Dnc)n>0’ .,S. ) as follows. \(\/Q Nmo,élf\ 'H«\OLJY owy )C = g(CLkai

Ke {Q{ ?-Lﬁ).
Lemma 11,1,
If ¢ is a crossed complex, then there is a unique graded set (Dnc)n>o and
a unique graded set of maps (dj,...,d Dnc——)Dn__lc) such that

(a) Doc =<,

(b) ch =cy

(c) d; =68, : Dyc —$Doc i= 0,1

(d) For n22 elements of Dnc are of the fom c(x) = (go(xo),...,gn(xn) 3X)

and satisfying :

(1) ¢;(x;)eD _,c for Osisn and d, i85 (x ) = 4. _1_1(x ), 3>i.
) Xecn(dl'”dnﬁ‘n(xn))
(3) _1 for n = 2 ~

0*1
1 — —

(Snx= X xforn=3wherep=dc(x)

3 27373 r

9%y
1 n (1)1
X (. Hlx1 ) for n>3 where p = d,...d c x )

XX
«P
O
P
o) 2 n-i“n"'n

4) dig_(x) =—C-i(xi) for 0<izn.

The proof is straightforward using induction.

Lemma 11.2.

There is a unique graded set of maps (SO""’sn : n 1 %D c) such that:
(a) For n = 1 and aeco, soa = 1

(b) For n>1 and E(X)EDn-ic we have that

s;cx) = (si c(x),...,s;L -194- 1‘(x) cx),cx), sldl+1c(x),...,s d c(x);lb)

h b = e X)e.
where d1 dn_lg(‘c)
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The proof is straightforward usimg induction,

Corollary 11.3.

If ¢ is a crossed complex , then Dc is a simplicial set,

Let ¢ be a crossed canplex. Then we define Tc¢ = (Tnc)n>1 to be the
graded subset of Dc such that :
1a for acc,. and n = 1

0

c(x)eD ¢ : x = 1_ for some asc,. and n=2.
- n a 0

We will call elements of Tc thin.

Theorem 11.4.

If ¢ is a crossed canplex , then (Dc,Tc) is a T—-complex,

Proof. We check that (Dc,Tc) satisfies the axiamns for a T-camplex. Axiams
T.1 and T.3 follow immediately fram the definition of (D¢,Tc¢). Hence to prove
the theorem we need to verify axiom T.2 , that is that every box in Dc has a
unique thin filler. We begin by considering the case nx5.

Let (Eo(xo),...,c. x (x

Ciq ),...,gn(xn)) constitute a box 1in

i—1)’—’si+1 i+1

D .c , that is gj(xj)sDn_ ¢ for 0<jzi<n. Suppose our box has a thin filler

n-1 1

gﬂlb), where b = dl"'d ¢<n), with dig(ib) = g(y)eDn_ c. We first show

n-lsn 1

that Eﬂlb) is the only thin filler.

Firstly we see that

n J
(-1)7 -1i,p _ ;o
((j=I__I1 xj )y ) where p = dz...dn_lgn(xn) and 1 =0 ,
g = ... (a)
-1 n . 3 i+1 .
P (=17, (-1) : -
(xo ( jgl xj )) | for 1<i<n, where p = d2"’dn—19n(xn)

j=1i

and secondly c¢(y) has as its shell
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(d. .c.x ),...,d ( ) d.c x +1),...,dign(xn)). Hence c(y) is

i-1S0 i-18{-1 ¥ iSi+1

uniquely defined by the set {_c_j(xj)}osziSn and so if our box has a thin

filler it is unique.
To show our box has a thin filler it is sufficient to show that the

element c(y) = (d;_ e & )seresd, e (i Dsdies (. )yun,dic (x )59)

is an element of D c where y is defined as in (a).We now prove that c(y) is

n-1
a well defined element of Dn—ic'
For 0<jzi<n we let c (x ) = (¢ (xJ O)""’cn—l(xj,n—i);xj) . Thgn
5 _ PG T nlx("l)l) (b) where p(i) = d....d  _c.(x.)
n-173 © 3,0 0 ‘1=1 %51 e P 2 -1 S V50
We note that :
X, =x. . for j>1 and izj,l1 and
31T 1= FOT I oo ()
p(2) = p(3) = ... = p(n) =p = d2"'dn—1cn(xn)'
Now for c(y) to be a well defined element of Dn—ic we need to show that
-1
p (0) LD .
Xi,O ( JFl j+1, ) for i 0
én_'y = J n j
P(l) 1) LD .
O i-1 ( JHl i, i- 1)( 52 1+1% i,i ) for 1<iz<n.

However since n25 we are working in abelian groups (see axiam C.2 of a crossed
canplex) cn_ (dlp) and so by (a),(b) and (c) it is sufficient to show that

p(0) p@2)7 _ p(i)

%0,0 o o

= - nv -<_- '_4. . k = _1_
Let d3... 1cj(xj) (qo,ql,qz,z) for any 2<jzi<n. Then p(k) 9y 0<k<2

Furthemore dzz = qzqoq-1 and so we have that

-1 -1
«P(1) "p(2) "6,z _ p(l) .
O o 2 O 0 whenever XO,Oecn—Z(dOpl)'But the image of ?2 acts

trivially on <, for n23 (see axiam C.5 ) and so we have the required result,
Thus for n25 we have shown that every n-1 dimensional box has a unique thin

filler.

The low dimensional cases (n<4) are proved by a similiar method to the



42

one used for the cases n25 and the following lemma.
Lemma 11.5.

If ¢ is a crossed canplex, then for aeco 63c3(a) is in the centre of cz(a).

Proof. Let xecB(a). Then by axiom C.6 of a crossed canplex 6263x = 1a'

Hence, by axiom C.5, for yecz(a) we have that

y = yta) = ¢85 =(63x)—1y5

X as required.
For the low dimensional cases we restrict our attention to the following case,
Let (~,gi(x1),...,g4(x4)) constitute a box where gi(xi)€D3c for 1<is<4,

Then we let c(y) = (d (x )d (x ),dOQB(x3),d (x4),y) where

(x;1x3x;1x1)p and p = d2d394(x4). Then we are required to show that

gﬁy)eD3c.
Let p(i) = 3c (x. ) for 0<i<4, then p(2) = p(3) = p(4) = p.
Thus it is sufficient to show that
-1 -
-1 p _ _p(0) -1 -1 ]
§ (x x3 2 x ) 1 0 x3’o(x2’0) (x4,0) . But we hawve that
8 (x )p = (xp(l) 1x (x )_1(x )-1 for 1<i<4. (Recall that we write
1,0 i,2Y1,1 i,3 I
x. . for d.d.x.) Then
1,] i

-1
- -1 -1, p -1 !
§ (x 3x2 x ) x4’363x1x4’1(x4’2) (63x2) (x4’0) 63x3 by 11.5

-1 -1 -1
P(l) -1 -
X4,3%1,0 ¥1,2%2,2) T&; ) §4%4
-1, -1 ! -1
p(0) "p(2) -1,.p
4.0 <S2 4,3%1,2%2, 2) 2 o’ X400 Sy et

]

-1

-1
R T RN )

3737274, 3* 1,27°2,2
-1 -1 -1
P

5 )-1( ) as required.
2,0

X

-1 -1
p(0) “p
x; o) 3,0

It remains for us to justify *, Since 62x4 5 = p(Z)p(O)p(l)—l we have that
?

a 0 2 N -1 2 -1 .
i O) ( )P( ) P( ) 2 4,3 = (x4’3) 1(x1’o)p(o) p(2) ( x4’3)by C.5,
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This conpletes the proof of theorem 11.4,

Lemma 11.6.
Iff:c ——{}E is a morphism of crossed complexes, then for n20 there is a
unique family of maps an : Dnc ——J}Dnc and satisfying
(a) D.f= f. for 1 = 0,1.
i i
(b) For n22 and c(x) = (Eo(xo),...,gn(xn);x)eDnc we have that
fe_(x );fx) is a well defined element of D c.
-n " n’’™mn o

ang(x) = (Dn_lfgo(xo),...,Dn_1

The prcof is straightforward using induction.

Corollary 11.7. .

If £ : c-——J)E is a morphism of crossed complexes , then

Df : (Dc,Tc)———%?(DE,TE) is a morphism of T~complexes.

Thus we have a well defined functor D : C-——:}T.

§12., The equivalence of categories.

In this final section of chapter 1 we show that the categories of
T-complexes and crossed camplexes are equivalent,

By our previous work it is sufficient to show that for ¢ an object of C,
then ¢ is isomorphic to N(Dc,Tc) and for (K,T) an object of T, then (K,T) is
iscmorphic to (DN(K,T),TN(K,T)). To enable us to do this we néed the following
technical results,

Lemma 12.1. )

Let ¢ be a crossed coamplex and suppose c(x) , c(y)eDnc with dn_ic(x) = dnc(y),
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then we have that :

(a) cx)ely) = clxy)

yn—1
(b) T£d _ cl) = d ¢(x) = c(uweD ¢, then d Fle®),c(w] = S((X(‘l) )P
whetre p = d2

The proof follows immediately from the definitioms.

...dn_lg(u) and Flc(x),c(u)] is defined as in section 2.

Corollary 12.2.

Let c be a crossed complex and suppose g(x)eDnc with dn_lgﬂx) = dngﬂx) = E(u),
n-1,n-1 _ P _ .
then h[g(u),so do c(u)lc(x) = c¢(x') where P = Py Pos and for 0<ign-2
p. = d,...d c(u)i (Recall that c(u)i = g d c(u)i_l and c(u)o = ¢c(u) ).
i 2" Tn-1-= = n-27°0% - =
Lemma 12.3,

Let ¢ be a crossed camplex and suppose pec, and c(x) = (¢c.(x.),1 ,ee0,1  3X)
A 1 - =0" 0 p1 p1
is an element of D ¢ (n22), then c(x)p = (c.(x )P,i yoeayl ;xp).
n - =070 Py Py

Proof, By 7.3 we have that c(x)p = (¢ (x )p,l Cseseydl  3w) where wee (p.).
SRS = 00 P, P, n'Po
Hence we need to show that w = xp. A

But Eﬁx)p = h[sg-zp,sg_lpo]¢tsop1,p]gﬁx) (see section 7)
= nCs %p,s0 'p e’ &) by 12.1 and our definition of ¢
_ 2,..P _ ~ n-2_.i
= ¢ (x) (where P = Pyr++Ppy and p; = d2...dn__1(sC p) ) by 12.2.
But pO = p1 S eee TP 1p» and P,.p = P as required,

1

Lemma .12.4.

Let ¢ be a crossed canplex. Then N(Dc,Tc) is isomorphic to <.

Proof. Ni(Dc,Tc) =c; for 1 = 0,1 and for n>2 we have that

Nn(Dc,Tc) = {g(x)eDnc : ex) = (go(xo),la,...,1a;x),asco}. Then for

'(go(xo),ia,...,1a;x)eNn(Dc,Tc) we have that 6nx = xo_and 50 Gn—lxo = 1a by

axian C.6 of a crossed cauplex. Hence x may take all values in < and so we

can define a bijection 1n(c) : Nn(Dc,Tc)————\ycn . Then by 12.1(a) and 12.3
@) f——>x

it is clear that (in(c))n> is an isomorphism of crossed camplexes.

0
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This canpletes the proof of lemma 12.4,

Lemma 12.5.

Let (K,T) be a T-complex. Then (K,T)is isamorphic to (DN(K,T),TN(,T)).
Proof. By 12.4 N(K,T) is isamorphic to N(ON{,T),TN(X,T)). Then by 9,1 and

9.2 we have the required result,

This canpletes the proof that the category of T-complexes is equivalent

to the category of crossed camplexes.

We note that Dakin [1] has proved that the category of T-~camplexes of

rank 2 is equivalent to the category of crossed modules over a groupoid.
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CHAPTER 2

Special filtered Kan complexes,

§1., Introduction.

In this chapter we define the notion of a special filtered Kan camplex,

Given a filtered Kan canplex K : KO c Kl € . cK¥ c ... we show how to

associate a Kan canplex R(K) and a T-complex p(K) to such an object,

lWe relate this theory to work of R, Brown and P.J. Higgins [3] . They
construct for a filtered space X : XO < X1 € ess ©X S s oa cubical Kan
complex R(X) and by imposing a relation of filtered homotopy on R(X) obtain
a (cubical) T-complex, provided each loop in XO is contradtible in Xl' We
show in the simplicial context that the analogous R(X) can be given the
structure of a special filtered Kan camplex K such that R(X) = R(X,
p(K) = p(X).

For Brown-Higgins the main technical tool is that the projection
P R(g)———%}p(g) is a Kan fibratioa. Similarly, we find the construction of
R(K) and p(K) as simplicial sets presents no problems, but the hardest work
is in proving p : R(g)———é'p(g) is a Kan fibration. This result is used in
proving that the natural definition of thin elements in p(K) does make p(g)
a T-complex.This gives the important geometric example of a T-complex.

A consequence of our results is that, in analogy to the Erown—Higgins
result, the crossed camplex associated to the simplicial T-camplex p(X) is the

homotopy crossed camplex T, (X).

Finally we note that Blakers [7] defines simplicial sets S(X) for a
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filtered space and K(c) for a crossed canplex ¢, and considers a projection

S(X)———:}K(ﬂ*(x)). In fact S(X) = R(X) and our results show K(7,(X)) = o(X).

Throughout this chapter we use the following notations. If K is a
simplicial set and if xsKn, then we write (x) for the subcanplex of K
generated by x. Thus A(n) = (Gn). For éonvenience we write (i) for (diél)
i= 0,1, I for A(1) and I for Ix...xI, I for A(1,0), A(n) for A(n,n-1). If

£ Ak(n)xI-——:}L is a simplicial map then we write dif for

d.x1 -~
- 1 k ) _ ~ k .
A(n=1)xI —=—> A (n)xI — L where di : A(n-1)=—> A (n) is the standard

inclusion. A similiar convention applies for f : A(n)xI —>L.

The nondegenerate elements (sién,sn...s. ...sodi) i= 0,...,0t in

i+1%i-1
dimension n+1 of A(n)xI will te written as a; i= 0,...,0 respectively, Thus

if £ : A(n)xI'-%}L.is a simplicial map , then f 1is detemmined by its values

on the a; 1= 0,.4.,0, .

§2., Definitions and examples.

We begin by introducing the notion of collapsing in a simplicial set.
Let L be a simplicial set. Then a non degenerate element stn is said to
have a free face dix if dix is non degenerate and is a face of no other non
degenerate element of L. Then L\((x)\kgi(dkx)) = LO is a simplicial set with

L. ¢ L. The process of passing fram L to L

o is called an elementary collapse

0

written L\yL_.. If there is a sequence of elementary collapses L\L \°
0 4 Fo¥

e
L3R A L

v %
then we say that L collapses to Lp and we write L &er.

Lemma 2.1.

AmxI Vv Aa(n)x(1) v A(n)xI
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Proof., Let agreeerdy be the non degenerate elements in dimension n+1 of A(n)xI.

. . e, -
Then doa0 is a free face of ay and so A(n)xI Y\ \A(n)xI)\((ao)\igo(diao)) L

- e e =
Then in LO, a, has a free face dla1 and so LO \j LO\((al)\igl(dial)) Ll'

9
Proceeding in this way we obtain the required result.

Lemma 2.2.
For nz0 and i = 0,1 let

Aln)x(1)xI vu A(n)xlxi U A(n)xI2
2

A% (n)

BL(n) = A(n)xTx (i) u A(n)xIxI U A(n)xI

and for n20 and k = 0,...,n let

Ck(n) = A(n)xi2 U Ak(n)xI2 where i2= Ixi U ixI
Then A(n)x12 collapses to each of the following :
2%@),at(m),3%m), Bt (m),c%m), ..., CM ().

Proof. We prove that A(n)sz L/Bl(n), the other cases being similiar.
A(n)sz has only degenerate elements above dimension n+2. The non
degenerate elements of dimension n+2 are the non degenerate elements of (ai)xI

i= 0,...,n. Using lema 2.1 we may collapse (ai)xI AY] ((ai)x(l) U (éi)xI)
for i = 0,...,n. It now remains for us to collapse the internal f;ces di+1ai

. * L1
a . . . ] . . . . )3 (n
of ai. But again by lemma 2.1 (d1+ al)xI y((dl+ al)x(i) U (d1+1al)xl) c B (n)

1

i=0,...,0, This completes the proof, -

We now introduce the notions of a filtered Kan complex and a special

filtered Kan complex.

Definition 2.3.

By a filtered Kan camplex K is meant a sequence of Kan camplexes k' i

]
(@]
-
\
-
.
.

such that K* c Kl+1 for i20.
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Definition 2.4.

By a special filtered Kan canplex is meant a filtered Kan camplex K and

satisfying :

(a) diKi c Ki:i for jz2n21 and 0<i<n.

(b) Every simplicial map f : A(2)-——4>KO extends to a simplicial map

£ A(2)———%>K1.

We note that by condition (b) of 2.4, a simplicial map f : Iz———%>KO

extends to a simplicial map f : Iz———%>K1.

Let K be a special filtered Kan complex. Then the graded set R(K) such

that R(I_(_)n = Kﬁ inherits a simplicial structure fram K, and it is clear that

R(K) is a Kan complex,

As a key example of a special filtered Kan complex consider the following.

Example 2.5.

+ . . . . .
Let R" ! denote the n+l dimensional euclidean space with coordinate system

XgseeesX o Recall that the n-simplex A" is the subset of Rn+1 consisting of "
. n+l .
the points (XO"°"xn) of R such that Xy *oees +x_ = 1, X.20 (0<i<n).
n,0 c An,i

We let én t A c veo c A™" = A" be the standard filtration of

n

A", that is a™*t

is the union of all the faces of A" whose dimension are <r.
For i = 0,...,n let d; An———;}An+1 and s; ¢ An———4>An_1 be maps defined by
di( xo,...,xn) = XO""’xi—l’O’xi""’xn) and

~

si( xo,...,xn)

XoipeeesX. L X.+X. _,X. v oo X
( 02" " =17 i+ i42 n)°‘

Now let X : XO c X1 € ... be a filtered space satisfying the condition

that loops in X_ are contractible in X1 ...(*). We construct a special filtered

0
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Kan complex from X as follows.
For m20 we let Rm(§) be the Kan canplex which in dimension n consists of

. n n ol wo ;
filtered maps £ : A —>X such that £(A) < X Then for feRn(g) we define

d.f = fa. and s.f
i i 1

1
1

that any simplicial map f : A(2)-——i}RO(§) extends to a simplicial map

fsi.Thus it is clear that Rm(g) < Rm+1(§) for m=0, and
diRi(§) I Ri: (X) for j2n21 and i = 0,...,n. Further by condition (*) we see
£ : A(Z)———Q}Rl(g).Hence we have constructed, fram a filtered space X, a
special filtered Kan complex K(X) : Ro(g) c Rl(g) C wes C R@(g) S vev. We let
_,n

R(K(X)) = ((R(K(g))n)nzo,di,si) be the Xan complex where R(K(Z_())n = Rn(g).

We now define an equivalence relation on R(K(X)) by saying two elements
x,y of R(K(g))n are filtered hamotopic if they are hamotopic through filtered

n . n,r

maps : A ‘_’%53 , that is A xI———%rXr. These sets of homotopy classes fomm

a simplicial set which we denote by p(X).

We now apply the notion of filtered hamotopy to a special filtered Kan
complex.,

Definition 2.6,

Let K be a special filtered Kan camplex. By a filtered hanotopy of R(X) is

meant a simplicial map £ : A(n)xI—>R(K) such that :

(a) f£(A(n,r)xI) < k' for r = Oj40s,n,

Using the notion of filtered homotopy we can define a relation on R(XK)

as follows. Let x,yaR(g)n. Then we say x is filtered hanotopic to y, written

xZy, if there exists a filtered homotopy f : A(n)xI——>R(K) such that
f(dOaO- = x and f(dn+1an) = y. We say that f is a filtered homotopy between

x and y and we write f : x3y.
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Proposition 2.7,

Let K be a special filtered Kan canplek. Then the relation of filtered hamotopy
on R(K) is an equivalence relation.

Proof. Let xaR(g)n. Then we define a simplicial map e : A(n)xI-——4}R(§) by
ex(ai) = s.X for i = 0,...,n. Then e ' X and we call e the identity
filtered homotopy on x.

For symmetry and transitivity it suffices to show that for all x,y,zsR(I_S)n
xZy and xZz implies y=z. Suppose x,y,zeR(E)n such that fO : XZy and :1 ! xZz.
Letting D(n) be the subcomplex A(n)x(0)xI u A(n)xIXi we can define a
simplicial map h : D(n)—~—%>Kn such that
h{(a(n)x(0)xI) = e, and h(A(n)ng(i)) = fi for i = 0,1.

The method of proof will consist of extending h to a simplicial map
ﬁ : A(n)xI%———%}Kn in such a way that ﬁ(A(n)x(l)xI) provides a filtered homotopy
between y and z. We need the following téchnical result.
Lemma A.
For n20 there éxists a set M(Kn) of simplicial maps f : A(n)x12~——€>Kn and
satisfying :
M.1 £(A(n)x(0)xI) is the identity filtered homotopy.
M.2 £(A(n)xIx(i)) is a filtered homotopy for i = 0,1.
M3 £((d,6M)xI)eME™ ) for i = 0,...,n.
We prove lemma A by means of lemma B.
Lemma B.
Let g : D(n)---—-——:}Kn be a simplicial map such that g satisfies;up to inclusion,
M.1,M.2 and M.3. Then g extends to a simplicial map é : A(n)xI%——-%}Kn such

that gsM(Kn).

i
4

Proof. We use induction. We suppose that for 0si<n-1 every simplicial map
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i ) 2 i .
N : D(i U 1.6M)xI K~ for 0<ks<i
y or g (¢ ((0J )x ))'——f> N

of the form g : D(i)
' 0<jsk

such that g satisfies, up to inclusion, M.1,M.2,M.3, extends to a simplicial
map é : A(i)sz-—-%>Ki with ésM(Ki). Now let g : D(n)-———}Kn be a simplicial
map such that g satisfies, up to inclusion, M.1,M.2 and M,3., We will first
exténd g over (didn)xl2 for 1 = 0,...,n as follows. Letting Do(n—l) be
D(n-1) n (doén)xl2 we see that g | (doén)sz is defined on Do(n—l). We now
show that g | (doén)xI2 satisfies, up to inclusion, M.1,M.2 and M.3. Since
g(A(n)xIx(i)) is a filtered homotopy for i = 0,1 we have, by 2.6(a), that
g | (doén)xlx(i) is a filtered homotopy for i = 0,1. Furthemore since
g(A(n)x(0)xI) is the identity filtered homotopy it is clear that
g((dodn)x(o)xl) is the ;dentity filtered homotopy. Hence by our inductive
hypothesis g extends over D(n) u (doén)xl'2 such that g((dodn)xlz)eM(Kn_l).
By a similiar argu ment g extends over (D(n)igo((dién)xlz)) = Ao(n) where
Ao(n) is defined as in 2.2, such that g((diéé)xlz)eM(Kn—l) for i = 0,...,0,
But by lemma 2.2 A(n)xI2 AY) Ao(n) and so g extends to a simplicial map
; : A(n)sz———%>Kp such that éeM(Kn)..

Finally it is clear that the lemma is true for the case n = 0.

This completes the proof of lemma B and so of lemma A.

Corocllary to Lemma A,

If feM(Kn), then £(A(n)x(1)xI) is a filtered hamotopy.

The proof is straightforward by induction and so will be omitted,

Now returning to our simplicial map h : D(n)-———éKn, it is clear that
h satisfies the conditions of lemma B. Hence h extends to a simplicial

map h 3 A(n)sz———J}Kn such that heM(X™). Then by the corollary to lemma A,



53

we have that h(A(n)x(l)xI)————}Kn provides a filtered homotopy between y and z.

This completes the proof of proposition 2.7,

We let [x] denote the equivalence class containing x and we let p(g\)n
denote the set of equivalence classes of dimension n. Then p(K) = (p(g)n)n>0
is a simplicial set,

Returning to example 2.5, if X is a filtered space it is easy to see

that p(X) = p(K(X)).

We will now prove that if K is a special filtered Kan complex, then
p(K) is a T-complex. The main work in proving this result is to show that
the projection map p : R(g)-——%>p(§) is a Kan fibration. In order to prowe

that p : R(g)-—:}p(g) is a Kan fibration we need the following result.

Proposition 2.8.

Let K be a special filtered Kan camplex. Let xo,xleR(g)n with xOExi. Let

£ : Ak(n)xI ——{}R(g) be a simplicial map such that dif provides a filtered

homotopy between diXO and dix1 for izk. Then f extends to a simplicial map

PN

f: A(n)xI.———éR(g) such that f : xOExl.

. _ .k . ..
Proof. Let xo,xleR(E)n with h : xO:xl.Let £ A (n)xI-———}R(K) be a 31mp11p1a1

map such that dif provides a filtered homotopy between dix and dix for izk.

0 1

We first consider the case k = 0. Let E(n) be the subcamplex

A(n)xIx(0) u A(n)xixl U Ao(n)xIx(l) U (VO)xI2 where vy T di..;dnén. Then we
can define a simplicial map % : E(n)-——J}KP such that :

(a) £(A(m)xIx(0)) = h

®) £ (m)xIx (1)) = £

(e) £(A(n)x (i)xI) =e  for i=0,1
1
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(d) £ | (vO)XI2 is given by an extension of the above maps using condition

(b) of definition 2.4 such that f | (vo)x12 c ki,

The method of proof will consist of extending f to a simplicial map

% : A(n)sz-——J}Kn in such a way that f(A(n)xIx (1)) provides a filtered

homotopy between x . and x,. We need the following techmical result. Recall

0 1
that we write 12 for IxI u IxI.
Lemma C.

Let f : A(n)sz U (vb)xlz———%>Kn or

£ : A(n)x12 U (vo)xI2 U (d.én)xlz———¥}Kn for an>k=21
nzjzk J

be a simplicial map such that :

(a) f(A(n)i(i)xI) is the identity filtered homotopy for i = 0,1,
(b) f{A(n)xIx(i)) is a filtered homotopy for i = 0,1.

() £1 (vx1” c k.

Then f extends to a simplicial map % : A(n)sz-——;}Kn.

Proof. We use induction. We assume that for 1<i<n-1 every simplicial map of

the fom f : A(i)xI2 U (vo)xIZ-————:}K:L or

£ A(i)x12 U (VO)XI2 U (djél)xlz——-%}Kl for 12k=1, which satisfies the
izjzk

hypothesis of 1em§a C, extends to a simplicial map % : A(i)xI%———}Ki.

Now let £ : A(n)xizu (vo)xlz——ei)Kn be a simplicial map such that f satisfies
the hypothesis of the lemma. We will first extend f over (dnén)xlz. We see
that f | (dnén)xl2 is defined on A(n-l)xi2 U (VO)XIZ. We nowvshow that

f | (dnén)xI2 satisfies the hypothesis of the lemma. Since f£(A(n)xIx(i)) is a
filtered homotopy for i = 0,1 we have,by 2.6(5),thac £ ] ((dnén)xlx(i)) is

a filtered homotopy for i = 0,1, Furthermore since f£(A(n)x(i)xI) is the

identity filtered homotopy for i = 0,1 it is clear that f | ((dnén)x(i)xl)
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is the identity filtered hanotopy for i = 0,1. Hence by our inductive

nypothesis f extends over (dnén)XI2 such that f((dnén)xlz) c Kn-l. By a

. 2
similiar argu ment £ extends over A(n)xI2 U (vo)xI2 U (dién)xI“ = Co(n)
nzix1

where Co(n) is defined as in 2.2, such that f((didn)xlz) < Kn—l for i = 1,...,0

But by lemma 2.2 A(n)sz Y} Co(n) and so f extends to a simplicial map

~

f: A(n)sz———%>Kn.
Finally by condition (b) of definition 2.4 the lemma is true for the

case n = 1. This completes the proof of lemma C.

We now return to our simplicial map £ : E(n)———%}Kn which we defined
earlier. By lemma C we can extend f over E(n) u (didn)xl2 such that
nxi=1

f((dién)xfz) c Kn_l for nzizl. Note that this is possible since by 2,6(a)

£ (4,6Mxmx (i) < K%Y for nxiz1, § = 0,1.

2

We now extend f over (do6n)x1 . But f | ((doén)xlz) is defined over

Bo(n—l), where Bo(n—l) is defined as in 2.2, with f | Bo(n—l) < Kn—l. (This

n—-1

follows from the fact that f((dién)xlz) c K for i#0, and that

f((dodn)xIx(O)) S Kn_1 by condition (a) of definition 2.6) Hence by 2.2 £

-~

n-i' Thus f is defined over

extends over (d06n)x12 such that %((doén)xlz) < K
Bo(n) and so by lemma 2.2 % extends to a simplicial map % : A(n)xI%——-4>Kn.
It now follows that }(A(n)x(l)xl) provides a filtered‘homotopy between x
and x, and is aﬁ extension of f,

The cases O<k<n are similiar to the case k = 0 and sc will be omitted.

This completes the proof of proposition 2.8.

Using a simple inductive argu ment we now state the following corollary

to proposition 2.8.
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Corollary 2.9,

Let K be a special filtered Kan complex. Let x,yeR(I_()n with xZy. Let A be a
proper subset of the set {0,...,n} and suppose f : Xk(n)xl-———}R(g) is a
simplicial map such that dif provides a filtered homotopy between dix and
diy for ieA. Then f extends to a simplicial map % : A(n)xI ——R(K) such

that £ : xZy.

Theorem 2.10,

Let K be a special filtered Kan complex. Then the projection map

p : R(g)———%>p(g) is a Kan fibration.

We shall prove theorem 2.10 by proving theorem 2.11.
Let K be a special filtered Kan complex. Then we define a graded subset

T ®) = (T ) L, of R by TH®) = kD7

for n>1. The image of Tl(g)n in
p(I_()n is denoted by T(g)n. Then T(K) = (T(g)n)nzl is a graded subset of p(K)

and elements of T(K) are called thin.

Theorem 2.11.

Let K be a special filtered Kan complex. Let A be a proper subset of the set

{0y...,n}. Suppose given a commutative diagram

A () I Y¢'3
1 P
A(n) 2 > 0 (K)
then there is an f : A(n)--}R(g) such that .. - I and pf = g. Further if

g(Gn) is thin then f may be chosen‘such that f(ﬁn)eTl(g)n.
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"Proof. Let £ : Xk(n)-—¥—}R(§) and g : A(n)————}p(g) with pf = g | Xk(n),

where A is a proper subset of the set {0,...,n}. Let g(én) = [x]eo(&)n, and
let ysR(g)n be a representative of [x]. (If [x]eT(g)n then we may choose

yeKz—l.) Then letting f(diﬁn) = vieR(g)n_ for iel, we see that v, is filtered

1
homotopic to diy for ied. Now by successively appiying corollary 2.9 we can
define a simplicial map h : Xk(n)xI U A(n)x(l)——-—}Kn (for the case Ex]sT(g)n
we may define h : Xk(n)xI u A(n)x (1) ———}Kn_l) such that h | (didn)xI
provides a filtered homotopy between 2 and diy for ied and h{(A(n)x (1)) = y.
It is now clear that using a simple inductive arguement h extends to a
simplicial map h o Ak(n)xI u An)x (1) —> k! (ﬁ : Ak(n)xI U A(n)x(l)———f}Kn-l
in the case when [x]sT(g)n) for k not a member of A , such that h | (diSH)xI
is a filtered homotopy for izk. Now applying lemma 2.1 twice, we see that

ﬂ extends to a simplicial map ﬁ : A(n)xI———%}Kn (ﬁ : A(n)xI«-——éKnﬂ1 in the
case when [x]eT(g)n) such thaE ﬁ((dkén)xI)Ac Kn—i.We now definé

~

f: A(n)-——f}R(g) by f(dé) = h(6n,0). Then pf = g and f is an extension of f,

n—-1

Further if g(6n) is thin then f may be chosen such that f(Sn)eKn

. This

completes the proof of theorem 2.11 and so of theorem 2.,10.
We now use theorem 2,11 to prove a technical result which will enable
us to prove that for a special filtered Kan complex K, (¢(K),T(K)) is a

T-complex.

Proposition 2.12,

Let K be a special filtered Kan complex. Suppose

([xO],...,[xi_ ],-{[xi+1],...,[xn]) constitutes a box in p(g)n_ Then we

1 1°
can choose representatives yje:R(Z_(.)n_1 for [xj] j=i such that

(yo”"’yi—l’_’yi+1""’yn) is a box in R(K)n-l' Further if [xj]eT(I_()n_1 j=1i

then y; may be chosen to be in KZ:?.
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Proof, Let (ExO],...,[xi_l],-,[xi+1],...,[xn]) constitute a box in p(g)n_i.

Since p : R(g)-——{>p(§) is onto we can pick an element yOER(K)n_l such that
. . ,n=2

p(yo) = [xO]. Further if [xO]eT(g)n_l then y, can be chosen to be in kn—l'

By theorem 2,11 we can pick an element ylaR(g)n_1 such that p(yi) = [xlj

_ . ) , . n-2
and djy, = d Further if [x1]ET(§)n-1 then y, can be chosen to be in K__ ..

070"

By successive application of theorem 2.11 we can pick an element yisR(IS)n_1

for j=#i, successively so that p(yj) = [xj] and (yO""’yi—l’—’yi+1""’yn)

constitutes a box in R(E)n_ Further 1f [xJ.]sT(IS)n_1 then the yj may be

1l

chosen to be in Kz:z for j#i. This completes the proof of 2.12.

1

Theorem 2.13,

Let K be a special filtered Kan camplex. Then (p(X),T(K)) is a T-complex.

Proof. We show that (p(K),T(K)) satisfies the thiree axioms for a T-complex.

1

The verification of T.1 is trivial since if xeR(g)n_ then sixeKz- . To verify

1

T.2 we see that by proposition 2.12 every box in p(K) has a thin filler.

Thus for T.2 we only need uniqueness. Suppose EXOJ,[xljsT(g)n are such that

- . _ n-1
di[xO] = di[xl] for i#k. We need to prove [xo] [xlj. Let yo,ylsKn be

representatives of [xO],[xlj respectively. Then it is sufficient to show that

yOEyl. By corollary 2.9 we can form a simplicial map

f : Ak(n)xI U A(n)xi-—-¥>Kn_1 such that f(A(n)x(i)) = Vi for i = 0,1 and djf

provides a filtered hoamotopy between djyO and djy1 for j=k. Then it is clear

that f extends to a simplicial map % : A(n)xI-——%}Kn-l. Hence % : yosy1 as

required. To verify T.3 let [x]eT(K)n such that di[x]sT(K)n_l.for izk. Then
n-2

we must show that dk[x]eT(g)n_l. By 2.12 we can choose representatives yiEKn—l

2 -
1 -

. n-2 . .
Letting yeKn be a filler of this box we have that-dkp(y) = p(dky)sT(I_g)n__1

. . . n~
for di[x] when izk such that (yo,...,yk_l, ,yk+1,...3yn) is a box in Kn_

and dip(y) = di[x] for izk as required. This completes the proof.
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§3., The crossed complex associated to the T-complex p(X).

Let X : XO c X1 C 4es C Xn € ... be a filtered space satisfying the

condition that loops in XO are contractible in Xl' Recall that from example
2.5 , using X we constructed a special filtered Kan complex K(X) and a
simplicial set p(X) which is easily seen to be p (K(X)). Thus by theorem 2,13
p(X) is a T-complex.

Recall that from chapter 1 section 3, for n22 and anO
p(})Z(A) = {[xJep (X) : di[x] =[sg-1a3for 1<i<n} can be given a grcup
structure,

. . . .. . n
In this section we prove there is a natural bijection between p(g)a(A)

and the usual relative homotopy group ﬂn(Xn,Xn_l,a) for anO.

For convenience we write A" for An,n-l (see example 2,5) and Jg for

‘n n
A \dOA .

Theorem 3.1.

Let X : XO < X1 T 4e. C© Xn < ... be a filtered space satisfying the condition

0 1 0

.. . n
natural bijection between p(g)a(A) and ".Tn(Xn,Xn

that loops in X  are contractible in X, . Then for n22 and acX_ there is a

_1,a).

Proof. Let [x]sp(g)Z(A). We first show that we can pick a representative

n ‘n n .
yeR(K(z_())n of [x] such that y : (A ,A ,JO)———%>(Xn,Xn_1,a).U51ng theorem 2,1}.
we have the required result. Now to prove the theorem it is sufficient to
show that if anO and yo,yleR(KQ_())n such that :
(@) y, 5y,
_ _ .n=-1 .
(b) diyo = diy1 s, @ for 1<i<n

then we can choose a filtered homotopy h : yoEy1 such that dih is the {dentity
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filtered homotopy for 1<is<n. Using proposition 2.8 we have the required

result. This completes the proof of theorem 3.1.
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CHAPTER 3

Simplicial Groups

In this chapter we shall apply the previous theory to the category

of simplicial groups. We define the notion of a group T-canuplex 'in the

iy
category of simplicial groups and obtain an explicit formula for detennﬁng

when a simplical group is a group T-canplex. Followirg this we show that
every T—camplex contains a group T—canplex . This leads us to define a

new category whose objects are certain grcoup T-—complexes over a groupoid,
We then prove that this new category 1is equivalent to the category of
T—anplexes., Finally we construct a filtered Kan complex fram a simplicial

group.

§1. Group T—canplexes.

Recall that a simplicial set ( (Gn)nzo’di’si )} is called a simplicial

roup 1f each G is a group, allrdi, s, are hamnamorphisms. [\ fx“oéﬁdijof?
Qj‘l"t{f"cxtsl lemarits (m Gn '8 &lled “Siim
Throughout this section we adhere to the following notation. Let

G= ( (Gn) s ) be a simplicial group., Then for n>0 and j = 0,...,n

n>0° 42
il T4
let AZ = .n, - ' = .U =
we let A7 = .0, ( kernmel d; G —>6G,_, ) A 2o Ay and A (_An)nzl .

We let D = (Dn) be the graded subgroup of G generated by the degenerate

n>1
elements. We let 1n denote the identity of Gn and e the complex consistirg
of all the 1n. Where no confusion arises we write 1 for 1n.

It is well known that every simplicial group is a Kan camplex in the

following way.
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Proposition 1.1 [cf. May p.67 ]

Let G = (Gn) be a simplicial group. Then every box in G has a filler in D.

nz0

Proof. Let (yO,...,yk_l,-,yk+1,...,yn) constitute a box in Gn—l' There are

three cases.

-1 .
(1) k=0, Let LA A and w, o= wi+1(si—1diwi+1) s;_4¥; 1= Nyeseyle
Then w,eD_  and satisfies d.w, = y. i=0,.
1 "n 11 i
= = -1 ! o= 1o~
(2) O<k<n. Let Wy = soyoand W, wi—l(sidiwi—l) s.y; 1 Oyoesyk=1,
-1
Yo = V-1 G190 ¥ig) TSy
= -1 .
w, = wi+1(si~1diwi+1) S 4¥; 1= Nyees,ktl,
Then wk+1€Dn and satisfies diwk+1 =¥ izk,
-1 .
(3) k=n. Let Wy = S0Y, and w, = wi—l(sidiwi—l) s;y; i-= Ose0a,yn=1,
Then w_ _eD and satisfies d.w = y. i#n.
n-1""n i n-1 1
We call Wy the standard slim filler.
Definitien.

By a group T-canplex is meant a T-complex (G,T) where G is a simplicial

group and T is a graded subgroup of G.

Proposition 1.2.

If (G,T) is a group T-complex, then T = D,
Proof. By axiam T.1 of a T-camplex and the fact that T is a graded subgroup

we have that DcT. Comversely, let tsTn. Then the box (-,t ,tn) has a

ERRE
filler deD by proposition 1.1. Then deTn also, and so by the uniqueness

part of axiam T.2, d = t., Hence teD.

Theorem 1.3

Let G be_a simplicial group. Then (G,D) is a T-complex if and only if AnD = e,

Proof. For if (G,D) is a T-complex, then any bax of the fom

(1,...5,1,~,1,...,1) has a unique thin filler, namely 1. Conversely suppose
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AnD = e. Then we must show that (G,D) satisfies axioms T.2 and T.3 of a
T~canplex. To verify T.2 we see that by 1.1 every bax in (G,D) has a
standard degenerate filler. Thus for T.2 we only need uniqueness. Suppose

(yo,...,yk_l,—,yk+1,...,yn) is a bax in Gn_1 with a filler yaDn._Then we must

show that y is the standard =lim filler. There are three cases.,

(1) k¥ = 0. Let yn = y—ls dny and y1 =y

i+1
n-1 (s

11
d yl 1) 1 1 = Nysensls

i-171
Then ;s Dn and a simple calculation shows that y‘ fillé the bx
(=;15+4451). But we are assuming AnnDn = 1, Hence y1 = 1. Now substuting
for yi i=n,...,1 we obtain i = y—iw where w is the standard SUim
filler. Hence y= w as required. The cases 0O<k<n are similiar to the case
k = 0 and so will be anitted. To verify T.3 let (do"'"dk—l’_’dk+1""’dn)
constitute a box in D_q¢ Then the standard SUim filler will be of

the form s.s.x for x _eG_ ., which clearly has its shell in D . This
1 ] = < n- n

1 -1

canpletes the proof of theorem 1.3.

Corollary 1.4,

Let G be a simplicial group such that (G,D) is a T~camplex. Then for n23

AS is an abelian subgroup of Gn . Further Gn is isamorphic to Angn.

Proof. Recall that fram chapter 1, section 1, we can define a partial iaw

of canposition on G as follows. Let x,¥y an with dn—ix = dny. Then we

definex + y = an[x,y] where Mx,y] ¢ Dn+1 fills the bwx

(M[ddx,doy];...;M[d dn_2y],y,—g<). Then we have the following

n-2""
Lemna A,
0
For n23 let x,yeAn. Then Mx,y] = Sp—1YS.X
The proof is straightforward by induction and so will be amitted.

Thus for n2>3 and x,ysAg we have that x + y = yx. But fram chapter 1, section

3, we have that for nx3 (Ag,+) is an abelian group. It now follows that for
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nz3, Ag is an abelian subgroup of Gn'
We now show that for n23, Gn is isamorphic to AS%Dn. By theoremn 1.3
and above it is sufficient to prove that Ag and Dn generate Gn' This we now

do., Let xeGn. Then we let XeDn fill the bwx (—,le,...;<;1). Note that this

=1

. . . -1 . -
box 1is well defined since X has as 1ts shell 6{01,...,xn ). It now

-~ ~ o~

follows that xxeAi and x = (xx)x_l. This canpletes the proof.

Recall that a simplicial abelian group is a simplicial group G = (Gn)nzo
such that Gn is abelian for n20,
Theorem 1,5
Every simplicial abelian group is a group T-camplex.

Proof. Llet G = (Gn) be a simplicial abelian group. Then to prove the

n=0

theoren we must show that (G,D) is a T-canplex. By theorem 1.3 it is
sufficient to show that AnD = e. This we now do. Since Gn is abelian, any

elenent in Dn is of the fom 5.X....8

=0 for xiEG

Suppose dEDn and

n-1n-1 n-1°

fills the box (1,...,1,-,1,...,1) then we must show that 4 =1, There are
various cases.

(1) k = 0. Suppose d = SFoe**Sge1¥n-1 fills the bxk (-,1,...,1). Then

dnd = (sodn_lxo...sn_2dn_1xn__2)xn_1 = 1 and so Xn—isDn—l' It then follows

that xn—2""9{0€Dn—1’ Hence d = sosoyososlyi...sn_an_Zyj where ylecn_2
. - _ i i-1~ i-1 i

for 0<1<j. We now suppose that d = S02050  S1%1°**5,.5-15,-1%k-150-i%k

where z.,eG_ . 0<1<k. Then
1" "n-1

d ssed . d d-=

i
n—-i-1 n-1 n (SOdn-i—Z"'dn—Zdn—le = 1 . Hence

"'Sn~i—1dn-izk~1)zk

zksDn_i. It now follows that zk—l""’zOSDn—i' Hence for i = n we see that

d = sgv. Then dl...dnsgv==1 and so v =1 as requireé. The cases O<k<n are

similiar to the case k= 0 and so will be amitted. This completes the proof.
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We now have the following well known result,

Corollary 1.6 [cf. May p.94]

Let G be a simplicial abelian group. Then for n21 Cn is isanorphic to Angn.
We state the following trivial lemma,

Lemma 1.7.

Let m20 and suppose G is a simplicial group such that Gn is abelian for

n>m. Then G is a simplicial abelian group.

The proof follows fram the fact that each s; is an injective han anorphism.

Theorem 1.8,

Let G = (Gn)nZO be a simplicial group such that :

(a) (G,D) is a T-complex.

(b) G2 1s abelian,

Then G is a simplicial abelian group.

Proof. We use induction. We suppose Gi is gbelian for i = 2,...,0-1. Then we

must prove Gn is abelian. By corollary 1.4 it is sufficient to prove that

Dn is abelian. This we now do. Let x,ysDn. Then since we are assuning Gn—l

is abelian xy and yx fill the same bax . Hence by & ian T.2 of a T-canplex

Xy = yx and so Gn is abelian. Now using lemma 1.7 we have the required result.

Theoren 1.9,

£ 0= . . . . - . .
I£ G (Gn)nZO 1s a simplicial group such that Go 1 and G1 is non abelian,
then (G,D) is not a T~canplex.

Proof. Since G, is non abelian there e ists elements x,yeG

1 such that xy=zyx.

1
Then SXS,Y and S,¥s X both fill the bx &,-,y). But S,X8,¥#s,ysx since

dl(soxsly) = xy whereas dl(slysox) = yx., Hence D, does not satisfy axiam

2
T.2 of a T~canplex. This completes the proof.

To show that non abelian group T-camplexes exist consider the feollowing
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exanple. Let H be a non abelian group. Then we can fom a simplicial group
H = (Hn)nzo with Hn = H for all nx0, all di’ s;, are the identity maps.

Then clearly H is a group T-camnplex, the thin elements beimg H in each

dimension n21.

§.2 Special simplicial groups over a groupoid.

We now show that every T—complex contains a group T-camplex. Let (K,T)

be a T-camplex. Recall that fram chapterl for aeK_ we constructed groups

0
K. ={xeK :x =x_ = sn—la}. It then turned out that for i1 = 0,...,n-2
a n n—1 n o

n n—-1 n n+l .
and aeK, d. : Ka-——€>Ka and s : Ka———4>Ka are homomorphisms. Thus for

. . .. a a a n+2
= e = 20.
each aeKO we can define a simplicial group G (Gn)nZO where Gn Ka nz0
We now show that G° is a group T—-complex, Let s? = (Sral)n>1 be the graded
subset of G* with Si = K2+2n Tn+2 n=1, Then it is clear that (Ga,Sa) is a

T-complex. Further , by chapter 1, section 3, s? is a graded subgroup of Ga.
P

Hence (Ga,Sa) is a group T-complex.

The above construction leads us to the following definitiom.

Definition.2.1.

By a special sinplicial group over a groupoid is meant a sequence

s 8
] . N 0 N~ N \ ONy —
(GsL,Lg) & .. 7 Gt > e > 6, >L, T L,

and satisfyirg the following ax ioms.

(1) (Ll’LO) is a groupoid with objects L

0
(2) For n20 Gn is a fanily of groups (Gn(a))aeLo and for aeLo
G(a) = (Gn(a))n>o is a group T-complex such that Ag(é) is abelian i = 0,1.
- i
_ o (1) ) . . : .
(3) For n21 6n = igodi and 50 : GO-—-——:}L1 is a morphism of groupoids
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“over L_.

0
(4) The groupoid (Ll’Lb) operates to the right on each Gn nz0 with an

action (x,p)————->»xp for stn(a), psLl(a,b). Then xpeGn(b) and the usual
laws hold.

. . N\ . .
(5) For n20 6n : Gn-——%Gn_1 and 60 : GO ———7L1 are worphisms of groupoids

over L_ which preserve the action of Ll’ where L

0 operates on the group Ll(a)‘

1

conjugation.

(6) 1£f xeGO, then de acts trivially om Gn for n>1 and operates on G by

0

conjugation by x.
(7) 6061 is trivial.

We remark that for a T-complex (X,T) (G;L ,LO) satisfies the fomal

1

properties of the sequence

- . n n-1 2 _
K. __>(Ka) ae:Ko"_> (Ka )asKﬁ' ~(Ka) aeKo _—éKl —"“>KO'
(see chapter 1, section 4) ’

Then special simplicial groups over a groupoid are the objects of a
category SG in which a morphism £ : (G;Ll,LO)-——%>(H;M1,MO) is a family of
maps fn : Gn———%}Hn for n20 and fi : Li-__%>b%_l = 0,1 canpatible with all
the groupoid structures, the maps Sand the action of L1 on Gn.

Theorem 2.2,

The categories T and SG are equivalent.
Proof. We define a functor M : T-——;>SG by M(K,T) = K (see above), and we

define a functor E : SG-——)'T as follows. Let (G;L Lo) be an object in SG.

1,
Then it is clear, fran the axicms for a special simplicial groupoid, that

(G;Ll,LO) contains a crossed complex

0 MO NG S T—31 . 402 o a0cayy
2 177 ST 7 L5 Ay "aé’LoAi(a))

. N a9 N \
C 3 ves /"An > A

N
/.O. /A

We now let E(G;L LO) ='Dc where D 1s our functor fram the category of

1’
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crossed canplexes to the category of T-canplexes as defined in chapter 1,
section 11. It now follows fram the theory of chapter 1 that the functors

E and M define an equivalence of categories,

§3. A filtration of a sinplicial group.

_ . .. . ; i_ i
Let G _(Gn)nzo be a simplicial group. Then for i20 we define G~ = (Gn)nzo

to -be the simplicial group such that :

Gn N= 0,eesyis ”}

G- Di+1 n = 1i+1
n The subgroup of D, generated by the elements s X for 0<ls<n-1, st;_l, k'
and n>i+1,
“J

Then it is clear that(GOCG1C... is a special filtered Kan complex.
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CHAPTER 4

Miscellaneous

In this chapter we prove some miscellaneous results about T-complexes.
Recall that a T-complex of rank n is a T-complex having only thin elements
above level n,

Let (J,S) and (K,T) be T-complexes of rank n, and suppose we are given
maps fi : Ji——_~>xi for 0<is<n which commute with the face maps and send thin
elements to thin elements. Dakin [1] poses the problem : can the mabs fi for
0<i<n be extended to a morphism f : (J,S)———%}(K,T) of T-complexes. In general
the answer is no as can be seen from the following arguement.For if
f: (J,S)———4>(K,T) was a morphism of T-complexes which extended the fi’ then
for x,yeJn with X o4 = Y, Ve have that fn(xy) = fnxfny (see chapter 1,section
7.8). However in our problem we have only stipulated that the fi canmute
with the face maps and send thin elements to thin elements. Thus we are lead
to the following proposition.

Let (K,T) be a T-camplex. Then for n21 we define

Mn+1[T] = {xsTn : x = Mly,z] where y,stn with Y1 = zn} ( Mly,z] is defined

+1

as in chapter 1,section 1),

Proposition 1.

.

Ji—}Ki for

0<is<n, fn+1 :‘Mn+1[S]:r;}}ﬁHﬂ[T] are maps which commute with the face maps

Suppose (J,S8) and (K,T) are T-complexes of rank n and fi

and send thin elements to thin elements. Then these maps extend to a

unique morphism f : (J,S)-—-%}(K,T) of T-complexes.
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Proof. By a result of Dakin (see [1] chapter 1, section 3, theorem 3.1)

it is sufficient to extend fn+1 over Sn . Suppose szn then we define

+1 +1°?

fn+1x to be the thin filler of the box (-,fndlx,...,rndn+1x). Now to
complete the proof we need to show that dofn+1x = fndox. By lemmg 12,5 of

chapter 1 we may assume (J,S) is of the fom (Dc,Tc) and (K,T) is of the fomm

(DE,TE) where c and c¢ are crossed complexes . Then we have that x is of the

form (go(yo),...,gn+1(y )3;1) where Yo+ oY 415%, Hence by chapter 1

n+l
section 11 we have that

-1 i
P n#l (-1)" _ -
Yo iﬁl vy 1 where p d2...dnc_:n+1(yn+1

)o
-1 i -1 i
. _ p n#1  (-1) - ) n+l (-1
Hence by our hypothesis 1 fn<y0 igl 3 ) fn(yO )iii fnyi oo (a)

Letting dofn (x) = c(z) and fndox = g(zl) where c(z) and'g(zl)s(Dc,Tc)n

+1

we must show that c(z) = E(zl). It is sufficient to show that z = but

Zy5
this follows from (a). This completes the proof.

Let (K,T) be a T~cauplex. Recall that from chapter 1 section 10 , we

. n
defined a map My f Kn-——%>Ka(A).

Proposition 2.

Let (K,T) be a T~complex. Then for n>2 and x,yeKn we have that

x =y if and only if dix = diy for 0<i<n and MX = WY
Proof. By lemma 12.5 of chapter 1 we may assume (K,T) = (Dc,Tc) where ¢ is a
crossed complex. Suppose gjx)eDnc (n22) , then by 12.1 and 12.2 of chapter 1

ungﬂx) = E(xp) where pec, and depends only on the faces of c(x). The result

1

now follows,.

Corollary 3.

=X

Let (K,T) be a T~camplex and suppose x,yeKn {n23) with X4 = Y Yo n

such that di(xy) = di(yx) for 0<i<n. Then xy = yx.



S0 a VRN utie L0 A S ib st

71

Proof, By proposition 2 it is sufficient to show that un(xy) = un(yx). But
by lemma 10.1(2) and 10.,1(3) of chapter 1 we have that
un(xy) = u Xu y

= U yu X by 3.2 of chapter 1 (n23)

= un(yx) as required.

We now define various subcategories of the categories of T-complexes
and crossed ccmplexes.

Recall that a simplicial set L is said to be minimal if wheneyer x,yeLn
with d;x = diy for izk, then dkx =Adky.

We let T(M) be the subcategory of T consisting of minimal T-complexes.
We let T(F) be the subcategory of T consisting of T-complexes with the extra
property that every shell has a filler.

We let C(0) be the subcategory of C consisting of crossed complexes

with zero maps. We let C(E) be the subcategory of C consisting of exact

crossed complexes.,

Theorem 4.

T(M) is equivalent to C(0) and T(F) is equivalent to C(E).

The proof is easily deduced from the fact that T is equivalent to C.

Let K be a simplicial set, and suppose S and T are graded subsets of
X such that (X,S) and (X,T) are T-complexes. Then it is clear that N(X,S)
and N(K,T) coincide when considered as graded subsets of K.and N is our

)

functor fram the category of T-camplexes to the category of crossed camplexes

~as defined in chapter 1 section 7. However (K,S) is not isomorphic to (K,T)
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in general as can be seen from the following,

Lemma 5.

Let S be a set with a distinguished element e, Then there is a graded set

= D 2 : D - D :
DS (D.S) >0 and a set of maps (do,...,di : DiS /Di_is such that :
(a) 508 = e
(b) Dls = 8

(¢) For i22 elements of 5iS are of the form x = (XO""’Xi) and satisfying :

1) xjeﬁi_ls for 0<j<i
2 = :
(2) dkxj dj—lxk for j>k
(3) dkx = %X for 0O<k<i.

The proof is straightforward using induction and so will be omitted.

Let G be a group with identity element e. Then we define a graded

subset TG = (TiG)izl of DG such that :

~
}
TiG = (xo,xl,xz)eDzG : x.x. = x, for 1 = 2

LﬁiG for ix3.

Theorem 6,

If G is a group, then (5G,TG) is a T-complex.

The proof is clear from the definitions.

Let S4 be the finite set of four elements. Then S4 can be given two

non isomorphic group structures, namely 22922 and Z&.Hence it is easy to

see that DS, can be given two non iscmorphic T-complex structures,

A
Note that if DS

4 1S a T-complex, then Dls4 1s a group since DOSQ consists

of a single element.
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It now follows that for any set S there is a bijection between the
number of ways DS can be made into a T-complex and the number of ways S

can be given a group structure.

We now show how to comstruct a T~complex from a set and a given T-complex.

Let (K,T) be a T-camplex and S a set. Using (K,T) and S we define a simplicial

S S

set K = ("K) such that :

n’n=0

(a) For no SKn is the set of functions £ : § ~— Kn
(b) If feSKn then for 0<i<n we define
- ) S - S ' S
d; + K——>K , ands, : K—>K .,
£ g-—-}dif £ p—>s; £
. . S S - - . . ..
= 1 T
Then it is clear that K (( Kn)nzo’di’si) is a simplicial set, We now

let ST = (STn)n>1 be the graded subset of SK such that

STn = {feSKn : £(8) < Tn}. We call elements of ST thin functions.

Theorem 7.

. S, S .
Let (K,T) be a T-complex and S a set. Then ('K, T) is a T-complex.
Prcof, We prove that (SK,ST) satisfies the three axioms of a T-complex.

To verify T.1 let feSKp_1 and xeS5. Then sif(x)eTn since (X,T) is a T-complex.

A

To verify T.2 let (f £. -, f

. .5
gr e fiog fn) constitute a box in K__,.

i+l’no¢,

Then we define a function £ : S-——%}Kn as follows. Let xeS, then we define
f(x) to be the thin filler of the box (fo(x),...,fi_l(x),-,fi+1(x),...,fn(x)).
Then f is a well defined thin function such that Ejf = fj for j=#i. Further

it is clear that f is the unique thin function which fills the above box.

o _ .S .
Lastly to verify T.3 let (tO,...,ti_ ’ti+1""’tn) be a box in Kn—l with
tjeSTn_1 for jzi., We let tesTn be its unique thin filler.Then we must show

1)
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that ditESTn-1' Let x¢S, then t(x)eTn and fills the thin box
(tO (X)saes ,ti_l(x) ,--,ti+1 (<) yens ,tn(x)) . Hence by axiom T.3 of a T-complex

dit(x)eTn__1 as required., This completes the proof of theorem 7,

Let g : SO-—-—§ S1 be a map of sets, and (X,T) a T-complex. Then g

*
induces a morphism g : (SlK,SlT)~——>(SOK,S°T) of T~complexes.

~t
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The proof of uniqueness in theozem 9.1 of chapter 1

Let £, £ : (J,8) -+ (X,T) be two morphisms o

r

a8 m
i

on N(J,S). Then we must show that f = £. We use inductionm.

1

£, = £, for Osisn-l. Then we must show that £ = En' By th

i i n
u - =u
£
n

n n-1"

D =Ff (s .x xITx
) n( n-2 -

n n-2"n n-1 a n-1
follows that s f .x £ xI[f .= l=s £ x¢%
I n-2 n-1"n n" " "n-1"n-1"  “p=2"n-1"n

inductive hypothesis and lemma 8.4 we have that 'f x

e Lt e e L L e Py

xIf

n

-
£
4

N. Then by 7.8 (1) o

n-

= Fx

< ot

n

T-comnl

o . ,8 Ad. .X .
= £, But for xeJ , s ,x xIlx .JeI"n-2"n-1"n and so we
o n n n-2 n

- .
X C. Naw
1"n-
as recuirecd.
.
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