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Résumé. Une catégorie cubique symétrique faible est équipée d'une action
des groupes symétriques. Cette action, outre simplifier les conditions de
cohérence, fournit une structure monoïdale fermée symétrique et un (seul)
foncteur cocylindre, ce qui est essentiel pour définir les transformations
cubiques. On étudie ici les limites cubiques symétriques, en prouvant
qu'elles peuvent être construites à partir des produits, égalisateurs et
tabulateurs du même genre. Les catégories doubles faibles sont un
tronquement cubique des structures traitées ici, ce qui permet de comparer
les limites doubles aux limites cubiques.
Abstract. A weak symmetric cubical category is equipped with an action of
the symmetric groups. This action, besides simplifying the coherence
conditions, yields a symmetric monoidal closed structure and one path
functor – a crucial fact for defining cubical transformations. Here we deal
with symmetric cubical limits, showing that they can be constructed from
symmetric cubical products, equalisers and tabulators. Weak double
categories are a cubical truncation of the present structures, so that double
limits can be compared with the cubical ones.
Mathematics Subject Classifications (2000): 18D05, 55U10, 20B30
Key words: weak cubical category, weak double category, cubical set,
symmetries.

Introduction
This is the second paper in a series on weak symmetric cubical categories. The
first, referred to as Part I [G4], explored the role of symmetries in providing one
path functor, whose 'homotopies' are the cubical transformations of cubical functors.
The present paper, concerned with cubical limits, can also be viewed as a higher
dimensional extension of the study of double limits in [GP1].

- 242 -

GRANDIS - LIMITS IN SYMMETRIC CUBICAL CATEGORIES

Weak cubical categories were introduced in [G1-G3], as a basis for the study of
cubical cospans in algebraic topology and higher cobordism. They have a cubical
structure, with faces and degeneracies, weak compositions in countably many
directions (indexed as 1, 2,..., n,...) and a strict composition in one direction, called
the transversal one (and indexed as 0).
As a leading example, one can think of the weak cubical category !Sp(X) of
cubical spans in a category with pullbacks X. An n-dimensional object is a functor
x: "n
X, where " is the 'formal span' category

(1)

–1

0

1

#

(-1,-1)

(0,-1)

(1,-1)

(-1, 0)

(0, 0)

(1, 0)

(-1, 1)

(0, 1)

(1, 1)

"2.

An n-dimensional transversal map is a natural transformation f: x
y: # n
X of such functors. The ordinary categories Spn(X) = CAT("n, X) form a cubical
object in CAT, with obvious faces and degeneracies. Moreover, n-dimensional
spans (and their maps) have cubical composition laws x +i y (or concatenations)
in direction i = 1,..., n, that are computed with (a fixed choice of) pullbacks; these
compositions are consistent with faces, but only behave well up to invertible
(transversal) comparisons, for associativity, unitarity and interchange.
As already stressed in [G1], !Sp(X) is a weak symmetric cubical category,
when equipped with the action of the symmetric group Sn on CAT(" n, X) that
permutes the factors of "n. These symmetries – which permute the weak directions
without modifying the transversal one – reduce all faces, degeneracies and cubical
compositions to the 1-indexed case (for instance), and allow us to simplify the
coherence conditions. Notice also that cubical 1-truncation, that keeps one weak
direction and the strict transversal one, yields the weak double category Sp(X) =
tr1(! Sp(X)) of morphisms and ordinary spans, studied in [GP1]; symmetries
'disappear', since the groups S0 and S1 are trivial.
In section 1 we review more analytically the construction of ! Sp(X); this
should be sufficient to clarify the general structure of symmetric cubical categories
(a formal definition can be found in [G1] and Part I). Then we introduce lax
symmetric cubical functors, with their transversal (or algebraic) and cubical (or
geometric) transformations.
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In the next two sections we deal with cubical limits in a weak symmetric cubical
category A. First, in Section 2, we consider symmetric cubical limits of level
functors F: X
tvnA, with values in the ordinary category of n-cubes and n-maps:
these are ordinary limits, required to be preserved by the functors tvnA
tvmA of
the symmetric cubical structure. Then, in Section 3, we introduce general limits for a
lax symmetric cubical functor F: X
A; the definition takes advantage of the path
functor P of such 'categories', a consequence of the symmetric setting (cf. 1.4.4; or
3.6 of Part I). The main theorem (3.7-3.8) reduces the existence of symmetric
cubical limits to 'basic cases': products, equalisers and tabulators (always in the
symmetric cubical sense); the tabulator of an n-cube x of A is an object x0 with a
universal n-map en(x0)
x defined on the totally degenerate n-cube at x0.
In Section 4 we compare the weak symmetric cubical categories ! Sp =
! Sp(Set) and ! C osp of cubical spans and cospans of sets with their cubical
truncations, the weak double categories Sp and Cosp already studied in [GP1-4].
Because of the previous construction theorem, comparing their limits amounts to
comparing cubical tabulators of 1-cubes with double tabulators of vertical arrows,
together with the limits of the 'transformations' of such data. At least in these basic
situations, a cubical transformation of symmetric cubical functors seems to be a
better notion than the various instances (lax, colax, strong) of vertical transformation
of the corresponding truncated double functors (see 4.2, 4.3). Thus, a weak double
category that has a natural lifting as a weak sc-category is perhaps better studied in
this enrichment: truncation (at any degree) makes 'boundary problems'. However,
there seems to be no way of reducing the general theory of double limits to that of
cubical limits: the universal constructions of skeleton and coskeleton – adjoint to
truncation – do not give good results in our basic examples (see 4.5, 4.6); this
represents a negative answer to the use of the coskeletal construction, hypothetically
suggested in Part I (3.9). For a more detailed analysis of these points, see 4.1.
Finally, in Section 5, we prove the main theorem on the construction of cubical
limits from cubical products, cubical equalisers and cubical tabulators.
References to the rich literature on higher categories can be found in two recent
books, by T. Leinster [Le] and E. Cheng - A. Lauda [CL]; but this literature is
mostly concerned with the globular approach, rather than the cubical one. Strict
cubical categories with 'connections' (higher degeneracies) have been studied by AlAgl, Brown and Steiner [ABS], and proved to be equivalent to globular !-categories.
Monoidal n-categories of higher spans can be found in Batanin [Bt]. A structure for
cobordisms with corners, using 2-cubical cospans, has been recently proposed by J.
Morton [Mo] and J. Baez [Ba], in the form of a 'Verity double bicategory' [Ve]; see

- 244 -

GRANDIS - LIMITS IN SYMMETRIC CUBICAL CATEGORIES

also Cheng and Gurski [CG]. For weak double categories see [GP1-4] and
references therein.
The index $ takes values 0, 1, which are also written as –, +. The prefix 'sc-'
stands for 'symmetric cubical'. The reference I.2.3 applies to Section 2.3 of Part I.
1. Some points on weak symmetric cubical categories
Weak symmetric cubical categories (or weak sc-categories) have been introduced
in [G1]; their definition is recalled in Part I [G4], Section 3, and is not repeated here.
But we review some typical examples, that should be sufficient to make their
structure clear. Then we introduce lax symmetric cubical functors, with transversal
and cubical transformations. The index $ takes values 0, 1, also written as –, +.
1.1. Cubical spans. We will use as a leading example the weak symmetric cubical
category ! Sp(X) of higher cubical spans. The weak double category Sp(X)
studied in [GP1] is a cubical truncation of the former (see Section 4).
Let X be a category with a full choice of distinguished pullbacks: in other
words, to every cospan (f, g) we assign one distinguished pullback (f', g').
The 'geometric model' of cubical spans of dimension n is the category " n, a
cartesian power of the formal span "
(-1,-1)

(0,-1)

(1,-1)
1

(1)

–1

0

1

",

(-1, 0)

(0, 0)

(1, 0)

(-1, 1)

(0, 1)

(1, 1)

2

"2.

X; a 0-cube 'is' an object of X,
An n-cube of !Sp(X) is a functor x: " n
and will also be called an object of !Sp(X). A transversal map of n-cubes is a
natural transformation f: x
y: "n
X; it is also called an n-map, but should be
viewed as an (n+1)-dimensional cell (being represented by the associated functor f:
2×"n
X, a diagram of dimension n+1).
These objects and maps form a category
(2) Spn(X) = CAT(" n, X),
whose composition law, written g.f or gf, is called the transversal composition of
!Sp(X) in degree n (and direction 0). The identity of x is written as id(x).
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It is now easy to construct a symmetric cubical object in CAT, based on the
structure of the category " as a formal symmetric interval (with respect to the
cartesian product, in CAT)
(3)

",
%$: 1
%$(*) = $1,

e: "

s: "2

1,

"2

($ = ±),
s(t1, t2) = (t2, t1).

Namely, faces, degeneracies and transpositions of n-cubes and n-maps are
defined by pre-composition with the following maps between cartesian powers of "
(for $ = ± and i = 1,..., n)
(4) %$i = " i–1×%$×" n–i: " n–1

" n,

%$i (t1,..., tn–1) = (t1,..., $1,..., tn–1),

ei = " i–1×e×" n–i: " n
" n–1,
si = " i–1×s×" n–i: " n+1
" n+1,

ei(t1,..., tn) = (t1,..., t̂ i,..., tn),
si(t1,..., tn+1) = (t1,..., ti+1, ti,..., tn),

so that the 2n faces of an n-cube x: "n
so on.

X are %$i (x) = x˚%$i : " n–1

X, and

An n-cube has 2n vertices, the objects %$11%$22...%$nn(x). Similarly, a transversal
n-map f has 2n vertices, the 0-maps %$11%$22...%$nn(f); f is said to be special if its
vertices are identities.
The i-concatenation (or cubical composition in direction i) x +i y of two ncubes that are i-consecutive (i.e. %+i(x) = %–i(y)) is computed in the obvious way, by
3n–1 distinguished pullbacks whose 'vertices' are those of the common face (for i =
1,..., n).
This operation can be given a formal definition, based on the model of binary
composition (for ordinary spans), the category " 2 displayed below, with one nontrivial distinguished pullback
–1

(5)

b
a

1
c

"2.

0

Indeed, two consecutive spans x, y in X define a functor [x, y]: "2
X; the
concatenation x +1 y: "
X is obtained by pre-composing [x, y] with the
" 2, already displayed in the diagram above, by the
concatenation map c: "
labels of the objects of "2.
Then, i-concatenation of n-cubes is based on the cartesian product " i–1 × " 2 ×
n–i
" , as shown below for the concatenation of 2-cubes in direction i = 1
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(0,-1)
(-1,-1)

(a,-1)

(b,-1)

(c,-1)

(1,-1)

(-1, 0)

(a, 0)

(b, 0)

(c, 0)

(1, 0)

2

(-1, 1)

(a, 1)

(b, 1)

(c, 1)

(1, 1)

"2 × ".

1

(6)

Comparisons for associativity and interchange can be defined taking advantage
of this formal construction (as in [G1], Section 3). These comparisons are invertible,
special transversal maps:
x , '1x: x +1 e1%+1x
(7) &1x: e1%1–x +1 x
(1(x, y, x): x +1 (y +1 z)
(x +1 y) +1 z
)1(x,

y, z, u): (x +1 y) +2 (z +1 u)

x

(unit 1-comparisons),
(associativity 1-comparison),

(x +2 z) +1 (y +2 u)
(interchange 1-comparison).

Of course, we are assuming that all concatenations above are possible. The
comparisons &i, 'i, (i, )i in the other directions are provided by transpositions, a
fact that simplifies the structure and the coherence axioms. The comparison )i
deals with the interchange of +i and +i+1. (Notice also that the 0-direction of '1x
– which, of course, is inessential – is reversed, with respect to I.3.5.)
Cubical cospans are obtained by the dual procedure, over a category X with
distinguished pushouts:
(8) ! C osp(X) = !Sp(Xop),

C ospn(X) = CAT(# n, X).

The category # is the formal cospan, –1
0
1. (In [G1] and I.4.1, we
have studied this case, of particular interest for higher cubical cobordism.)
1.2. Remarks. (a) Faces, degeneracies and concatenations can also be reduced to
those in direction 1 (for instance), by means of transpositions
(1) %$i +1 = %$i si,

ei+1 = siei,

si(x) +i+1 si(y) = si(x +i y),

but we only use such reductions when they do simplify things.
(b) The weak sc-category A is unitary when the unit comparisons &1x and '1x
are identities, for all cubes x (which implies that this is true in every direction).
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One can easily make !Sp(X) unitary, adopting a unitarity constraint for the
choice of pullbacks in X: the distinguished pullback of a cospan (f, 1) is (1, f),
and symmetrically.
(c) More generally, we say that the weak sc-category A is semi-unitary when, for
every n-cube x, e1(x) +1 e1(x) = e1(x) and the unit comparisons &1e1(x) and
'1e1(x) are identities. For the sake of simplicity, we will always assume that this is
the case (cf. 3.2).
1.3. Other examples. We refer to Part I for more complex examples, like:
(a) the strict sc-category !Rel of cubical relations of sets (I.4.2, I.5.6),
(b) the weak sc-category !Cat of cubical profunctors (I.5.7).
An easier, if less representative, example is the strict symmetric cubical category
of commutative cubes on the arbitrary category X (I.3.3, I.3.4).
An n-cube is now a functor x: 2n
X, where 2 = {0
1} is the category
corresponding to the ordinal two. A transversal map f: x
y of n-cubes is a
natural transformation f: x
y: 2n
X (and amounts to a cube of dimension
n+1). The n-th component is the category
! C ub(X)

(1) C ubn(X) = CAT(2n, X).
Again, we have a symmetric cubical object in CAT, based on the structure of
the category 2 as a formal symmetric interval, for the cartesian product (in CAT)
(2)

%$: 1
2
$
% (* ) = $ ,

e: 2

s: 22
22
s(t1, t2) = (t2, t1).

1,

($ = 0, 1),

The concatenation x +i y of two n-cubes that are i-consecutive (%+i(x) = %–i(y))
is computed in the obvious way, by composing (in X) the i-directed arrows of x
and y (as below, for n = 2)

(3)

.

x

y

i

Of course, these operations are strictly categorical, with a strict interchange.

1.4. Strict sc-functors and their transformations. A strict symmetric cubical
functor F: A
B between weak sc-categories strictly preserves the whole
structure: faces, degeneracies, transpositions, transversal composition and identities,
concatenations and comparisons (cf. I.3.6)
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(1) %$i (Ff) = F(%$i f),
F(gf) = Fg.Ff,
F(&1x) = &1(Fx),

ei(Ff) = F(eif),

si(Ff) = F(sif),

F(idx) = id(Fx),
F(f +i g) = F(f) +i F(g),
F('1x) = '1(Fx),

F((1(x, y, z)) = (1(Fx, Fy, Fz),

F()1(x, y, z, u)) = )1(Fx, Fy, Fz, Fu).

(Again, we are assuming that the compositions above make sense.)
A transversal (or algebraic) transformation h: F
G: A
B of such
functors assigns to every n-cube x of A an n-map hx: Fx
Gx in B ; the
family (hx) must commute with faces, degeneracies, transpositions and cubical
compositions:
h(eix) = ei(hx),
(2) h(%$i x) = %$i (hx),
h(x +i y) = h(x) +i h(y).

h(six) = si(hx),

All this forms the 2-category wscCAT of weak sc-categories, strict scfunctors and their transversal transformations (I.3.6).
A crucial fact, depending on the symmetric setting, is the presence of one path 2functor (see Part I)
(3) P: wscCAT
wscCAT,
that shifts down all components, discarding the structure of index 1; the faces and
degeneracies of index 1 are then used to build three transversal transformations, the
faces and degeneracy of P
(4) PA = ((An+1), (%$i +1), (ei+1), (si+1), (+i+1), &2, '2, (2, )2),
%$ = %1$: PA
A,
e = e1: A
PA.
Here, %$ and e are strict sc-functors: %$i %1$ = %$1 %$i +1, etc. A cubical (or
geometric) transformation of sc-functors F: F–
F+: A
B is an sc-functor F:
$
$
A
PB with % F = F (cf. I.3.7).
1.5. Lax sc-functors. We will also need more general notions, that have not been
explicitly defined in Part I.
A lax symmetric cubical functor F: A
B between weak sc-categories, or lax
sc-functor, strictly preserves faces, transpositions, transversal composition and
transversal identities, but has special transversal maps, called comparisons, for the
cubical operations, namely degeneracies and concatenation in direction 1 (those of
the other cubical directions being generated by transpositions):
F(e1x)
(1) F1(x): e1(Fx)
F1(x, y): Fx +1 Fy
F(x +1 y)

(x, y in A,
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(Recall that a transversal n-map is said to be special if its 2n vertices are
identities.) These comparisons must satisfy the following axioms of coherence:
(i) (naturality) for a transversal n-map f: x
x' in A, and a cubical composition
f +1 g (with g: y
y'), we have the following commutative diagrams of
transversal maps
e1(Fx)
(2)

e1(Ff)

e1(Fx')

F1(x)

Fx +1 Fy

F1(x')

F(e1(x))

F(e1f)

F(e1(x'))

Ff +1 Fg

Fx' +1 Fy'

F1(x,y)

F(x +1 y)

F1(x',y')
F(f +1 g)

F(x' +1 y')

(ii) (coherence laws for cubical identities) for an n-cube x in A, with 1-indexed
faces %1–x = a, %+1x = b, the following diagrams of transversal maps commute
e1(Fa) +1 Fx
(3)

&1(Fx)

F1a +1 id

F(e1a) +1 Fx

Fx

Fx +1 e1(Fb)

F(&1x)
F1(e1a, x)

F(e1a+1x)

'1(Fx)

id+F1b

Fx
F('1x)

Fx +1 F(e1b)

F(x, e1b)

F(x+1e1b)

(iii) (coherence hexagon for associativity) for 1-consecutive n-cubes x, y z in A,
the following diagram of transversal maps is commutative (the index 1 is omitted in
the labels of arrows)
((Fx,Fy,Fz)

Fx +1 (Fy +1 Fz)

(Fx +1 Fy) +1 Fz

id + F(y,z)

(4)

F(x,y) + id

Fx +1 F(y +1 z)

F(x +1 y) +1 Fz

F(x, y+z)

F((x +1 (y +1 z))

F(x+y, z)
F((x,y,z)

F(x +1 y) +1 z

(iv) (coherence hexagon for interchange) for n-cubes x, y, z, u in A making the
following concatenations legitimate, the following diagram of transversal maps is
commutative (omitting the indices 1, 2 in the labels of arrows)
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)(Fx,Fz,Fu,Fu)

(Fx +1 Fy) +2 (Fz +1 Fu)

(Fx +2 Fz) +1 (Fy +2 Fu)

F(x,y) + F(z,u)

(5)

F(x,z) + F(y,u)

F(x +1 y) +2 F(z +1 u)

F(x +2 z) +1 F(y +2 u)

F(x+y,z+u)

F(x+z,y+u)

F((x +1 y) +2 (z +1 u))

F)(x,y,z,u)

F((x +2 z) +1 (y +2 u))

A pseudo sc-functor is a lax sc-functor whose comparisons are invertible. A lax
sc-functor F is said to be unitary if its unit comparisons F1(x) are identities. If A,
B and F are unitary, the cells F1(e1%1–x, x) and F1(x, e1%+1x) are also identities
(by (ii)).
1.6. Transformations of lax sc-functors. (a) A transversal transformation of lax
sc-functors h: F
G: A
B assigns to every n-cube x of A an n-map hx:
Fx
Gx in B. This family must commute with faces and transpositions and
satisfy the coherence conditions (ii) for degeneracies and cubical compositions:
(i)

%$i (hx) = h(%$i x),

h(six) = si(hx),

(ii) for an n-cube x and a 1-consecutive n-cube y in A
e1(Fx)
(1)

e1(hx)

e1(Gx)

F1(x)

G(e1x)

G1(x)
h(e1x)

Fx +1 Fy

hx +1 hy

F1(x, y)

G(e1x)

F(x +1 y)

Gx +1 Gy
G1(x, y)

h(x +1 y)

G(x +1 y)

Weak sc-categories, lax sc-functors and their transversal transformations form
a 2-category LscCAT.
(b) Using the path functor P: wscCAT
wscCAT of weak sc-categories (1.4), a
F+: A
B will
cubical (or geometric) transformation of lax sc-functors F: F–
$
$
be a lax sc-functor F: A
PB with % F = F ($ = ±).
Thus, if x is an n-cube of A, Fx is an (n+1)-cube of B with %$1 (Fx) = F$(x).
1.7. Level functors. We are also interested in the 2-functor
(1) tvn: wscCAT

CAT,
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that sends a weak sc-category A to the ordinary category tvnA (often written as
An) of its n-cubes and n-transversal maps (I.3.3, I.3.4); in particular, tv0 = tr0. The
left adjoint
(2) wSC n: CAT

wscCAT,

wSC n

tvn,

sends a category X to the free weak symmetric cubical category generated by X
at level n. (Its existence follows from the Freyd Adjoint Theorem.)
A functor F: X
tvnA, or equivalently a symmetric cubical functor wSC nX
A, will be called an n-level functor with values in the weak sc-category A.
2. Level limits in weak symmetric cubical categories
We deal here with symmetric cubical limits (or sc-limits) of level functors F:
X
tvnA,; these are ordinary limits that are required to be preserved by the
functors tvnA
tvmA of the symmetric cubical structure. Thus, a product of ncubes is an n-cube, and to say that A has symmetric cubical products (or scproducts) means that such products exist in every degree and are preserved by faces,
degeneracies and transpositions. Of course, A has level symmetric cubical limits if
and only if it has sc-products and sc-equalisers (2.2).
The parallel case without symmetries works in the same way and is only
mentioned. (Crucial differences will appear in the next section, for general limits.)
2.1. Level limits. Let A be a weak symmetric cubical category.
An n-level limit in A will be the ordinary (1-categorical) limit of an n-level
functor F: X
tvnA, defined on a small category (cf. 1.7). This means an n-cube
a of A equipped with a universal natural transformation t: Da
F: X
tvnA,
where Da: X
tvnA is the constant functor at a (or, equivalently, a universal
transversal transformation Da
F: wS C n X
A of the corresponding
symmetric cubical functors).
Such a limit is called a level symmetric cubical limit if it is preserved by all
tvmA generated by faces, degeneracies and transpositions, for
functors tvnA
arbitrary m. (In other words, we want the limit to be preserved by all structural
functors tvnA
tvmA, corresponding to the maps 2m
2n of the symmetric
cubical site I s, cf. I.2.1 or [GM].)
We say that A has level limits, or that it has level symmetric cubical limits
(possibly on a given category X), if all these exist. Obviously, an n-level limit is
called a product (of level n) if X is discrete and an equaliser (of level n) if X is
1.
the category 0
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Plainly, A has level symmetric cubical limits on a given (small) category X if
and only if:
tvnA has an (ordinary) limit;
(i) for every n * 0, every functor F: X
tvn–1A, degeneracies ei:
(ii) such limits are preserved by all faces %$i : tvnA
tvn-1A
tvnA and transpositions si: tvnA
tvnA.
Level colimits and level sc-colimits are defined in the dual way.
Symmetries are not crucial in this section. If A is a weak cubical category, one
can define in the same way level (co)limits, and – with obvious modifications (i.e.
omitting transpositions) – level cubical (co)limits.
2.2. Theorem. (Construction and preservation of level limits). Let A be a weak
symmetric cubical category.
(a) All level limits in A can be constructed from products and equalisers.
(b) All level symmetric cubical limits in A can be constructed from symmetric
cubical products and symmetric cubical equalisers.
(c) If A has all level limits (resp. level symmetric cubical limits), a symmetric
cubical functor F: A
B with values in a weak symmetric cubical category
preserves them if and only if it preserves products and equalisers (resp. the
corresponding symmetric cubical limits).
(d) Similar results hold in the non-symmetric case (omitting symmetries
everywhere).
Proof. It is a straightforward consequence of a well-known theorem on ordinary
limits.
2.3. Examples. The following structures, introduced in [G1] or Part I and partially
reviewed in Section 1, have all level symmetric cubical limits:
– the weak sc-category ! Sp(X) of cubical spans on a complete category X
equipped with a full choice of distinguished pullbacks (1.1);
– the weak sc-category !Cosp(X) of cubical cospans on a complete category X
equipped with a full choice of distinguished pushouts (1.1);
– the strict sc-category !Cub(X) of commutative cubes on a complete category X
(1.3);
– the strict sc-category !Rel of cubical relations of sets (I.4.2, I.5.6);
– the weak sc-category !Cat of cubical profunctors (I.5.7).
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For instance, if A = ! Sp(X), the product x = + x i of a small family of ncubical spans is the obvious n-cubical span with universal transversal maps pi: x
xi; it is computed as a product in the functor category CAT("n, X), and obviously
preserved by faces degeneracies, and transpositions. The equaliser of a pair of nmaps f, g: x
y is also computed as an equaliser of morphisms in X " n, and
preserved as above. Similarly in !Cosp(X) and !C ub(X).
If A = !Rel, the product x = + xi of a small family of n-cubical relations is
computed, again, as a cartesian product of the 'graphs' of the relations that intervene
in the factors xi.
2.4. Level limits as lax cubical functors. Condition (i) of the definition of level
sc-limit (2.1) says that, for every n * 0, the diagonal functor Dn: tvnA
CAT(X,
tvnA) has a right adjoint
(1) limn: CAT(X, tvnA)

tvnA.

Condition (ii) says that these functors are the components of a morphism of
symmetric cubical objects in CAT
(2) lim = (limn)n*0: CAT(X, |A|)

|A|.

Here, |A| denotes the underlying sc-object, where we forget the concatenation
laws. Taking also such compositions into account, the universal property yields a
unitary lax symmetric cubical functor, defined on the weak symmetric cubical
category Lv(X, A) of level functors and their natural transformations (I.3.7)
(3) lim = (limn)n*0: Lv(X, A)

A.

Therefore, if A has all level sc-limits, we will also say that it has lax functorial
level sc-limits. More particularly, we say that it has pseudo functorial level sc-limits
if (3) happens to be a pseudo cubical functor.
A similar terminology will be used for products, equalisers, or any 'type' of limit.
Colimits and the non-symmetric case give rise to a similar terminology.
It is easy to see that sc-limits are pseudo-functorial in ! Sp(X) and laxfunctorial in !Cosp(X).
2.5. Remarks. For the extensions in the next section, it will be useful to review the
definition of the n-level limit (a, t: Da
F) of a functor F: X
tvnA in a
different form, internal to (weak) symmetric cubical categories. We replace:
– X with the weak sc-category X = wSC 0X freely generated by the category X
at level 0,
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– the functor F: X
tvnA = tv0PnA with the corresponding sc-functor F: X
n
P A;
– the n-cube a of A (a 0-cube of PnA) with the corresponding constant sc-functor
Da: X
PnA;
– the natural transformation t with the corresponding transversal transformation of
sc-functors t: Da
F: X
PnA.
Now, the weak sc-categories PnA form a symmetric cubical object P•A in
wscCAT, with the obvious faces, degeneracies and transpositions (I.3.7.3).
Therefore, saying that A has level sc-limits on X also amounts to saying that
the limit functors
tvnA,
(1) limn: wscCAT(X, PnA)
produce a lax sc-functor defined on the weak sc-category AX of higher sc-functors
from X to A and their transversal transformations (I.3.7(c))
(2) lim = (limn)n*0: AX = Wsc(X, A)

A.

3. General limits in weak symmetric cubical categories
We now consider general limits in weak symmetric cubical categories, taking
advantage of their path functor P (1.4, I.3.6). X is assumed to be a small weak sccategory, while F: X
A is a lax sc-functor, viewed as an object in the category
LscCAT(X, A) of lax sc-functors X
A and transversal transformations (1.6).
3.1. Motivation. Limits of lax sc-functors with values in PpA will be called sclimits of degree p in A. Let us begin with some simple examples, based on a 2cube x in the weak sc-category A, introducing definitions that will be made precise
below (in 3.4, 3.5).
(a) The tabulator of degree zero of the 2-cube x will be an object 2x (i.e. a 0cube) with a universal 2-map h: e2( 2x)
x (where e2 = e1e1 = e2e1: A0
A2
is the composed degeneracy). For instance:
– for A = !Sp(Set), 2x is the central object x00 of the 2.cube x: "2
– for A = !Cosp(Set), 2x is the limit in Set of the diagram x: #2

Set;
Set.

(b) But the 2-cube x can also be viewed as a 1-cube of PA. Its tabulator of degree
one will be the tabulator of degree zero of x as a 1-cube of PA; this amounts to a
x (where e2: A1
1-cube 2,1x of A with a universal 2-map h: e2( 2,1x)
A2 is the degeneracy (PA)0
(PA)1). For instance:
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– for A = !Sp(Set), the span 2,1x is the central part of the 2-cubical span x: " 2
Set with respect to direction 2;
– for A = !Cosp(Set), 2,1x is computed by taking the limit in Set of the three
cospans obtained from x: #2
Set, by restriction to {i}×#, for i = –1, 0, 1.
(Notice that the tabulator of degree one of the symmetric 2-cube s1x is a 1-cube
a with a universal 2-map e2(a)
s1(x), i.e. e1(a)
x. We need not consider
and name universal problems that can be reduced to some previous case by the use
of symmetries.)
(c) Finally, the 2-cube x is a 0-cube of P2A. Its tabulator of degree two is x
itself. Notice that this is a (trivial) level limit, while the previous limits are not level:
the data and the solution are not contained in one transversal category tvnA.
3.2. Cones. Let X and A be weak sc-categories, and let X be small. Consider the
diagonal functor
(1) D: tv0A

wscCAT(X, A).

D takes each 0-object a to the constant sc-functor, defined as follows on nobjects and n-maps of X
(2) Da: X

A,

and every 0-map f: a
(3) Df: Da

Db: X

Da(x) = en(a),

(x, u in tvnX),

Da(u) = id(ena)

b in A to the diagonal transversal transformation
A,

(Df)(x) = en(f): en(a)

en(b) (x in tvnX).

Da is a strict sc-functor, because A is assumed to be semi-unitary (1.2(c)).
Let F: X
A be a lax sc-functor (1.5), with comparison special cells F1(x):
e1(Fx)
F(e1(x)) and F1(x, y): Fx +1 Fy
F(x +1 y). A (transversal) sc-cone
for F is a transversal transformation h: Da
F: X
A, where a (the vertex of
the cone) is in tv0A. By definition (1.6), this amounts to assigning the following
data:
– a transversal n-map hx: en(a)

Fx, for every n-object x in X,

subject to the following axioms:
(scc.1) Ff.hx = hy

(f: x

y in X);

(scc.2) h commutes with faces and transpositions and h(e1(x)) = F1(x).(e1(h(x));
(scc.3) h(x +1 y) = F1(x, y).(hx +1 hy): en(a)
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en+1(a)
(4)

e1(hx)

1

en(a) +1 en(a)

e1(Fx)
F1(x)

en+1(a)
h(e1x)

hx +1 hy

1

F1(x,y)

en(a)

F(e1(x))

Fx +1 Fy

h(x +1 y)

F(x +1 y)

(Again, we are using the semi-unitarity of A in the right diagram above.) More
precisely (as X might be empty, in which case a is not determined by Da), a cone
of F is a pair (a, h: Da
F) as above, i.e. an object of the ordinary comma
category (D F), where F is viewed as an object of the category LscCAT(X, A).
3.3. Definition (Limits and cubical limits). A (transversal) limit lim(F) = (a, h) of
the lax sc-functor F , LscCAT(X, A) is a universal cone (a, h: Da
F). In other
words:
(tl.0) a is an object of A and h: Da
F is a transversal transformation of lax
sc-functors;
(tl.1) for every cone (a', h': Da'
F) there is precisely one 0-map t: a'
a in A
such that h.Da = h'.
We say that A has limits of degree zero on X if all these exist. We say that A
has limits of all degrees on X if all sc-categories PnA satisfy this condition, for n
* 0.
We say that A has symmetric cubical limits on X, or lax functorial sc-limits
based on X, if:
(i) A has limits of all degrees on X;
tvnA commute with faces,
(ii) the limit-functors limn: LscCAT(X, PnA)
degeneracies and transpositions.
Then the universal property gives a unitary lax sc-functor
(1) lim = (limn)n*0: LscCAT(X, P•A)

A.

We say that A has pseudo functorial sc-limits on X if this lax sc-functor
happens to be a pseudo sc-functor.
In particular, if X = wSC 0X is the weak sc-category freely generated by a
category X, at level 0, then A has sc-limits on X if and only if it has level sclimits on the category X (cf. 2.5).
Without symmetries, things would become complicated. While the condition of
having limits of degree zero can be directly extended to cubical categories, the
conditions (i), (ii) should (perhaps) be rewritten replacing each Pn with the family
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of all path functors of degree n, namely Pni = Pn-i.SPiS for i = 0,..., n (I.1.8). We
will not deal with such a situation, except in the particular case of level limits (2.5),
where these conditions have already been expressed in a simpler form.
3.4. Tabulators of degree zero. Let A be a weak symmetric cubical category. The
'total' degeneracy
(1) (e1)n = e1 ... e1 = ... = en ... e1: A0

An,

will be written as en (it is the unique composed degeneracy A0

An).

An n-cube x of A can be viewed as a strict sc-functor x: un
A, where un
(n)
is the strict sc-category freely generated by one n-cube u . The tabulator of
degree zero of x in A is the limit of this sc-functor x: un
A. (The term 'degree
zero' refers to the degree of the solution.)
x,
The tabulator is thus an object x0 = nx equipped with an n-map t: en(x0)
n
universal in the obvious sense: the pair (x0, tx: e (x0)
x) is a universal arrow
from the functor en: tv0A
tvnA to the object x of tvnA. Explicitly, this means
that, for every object x1 and every n-map f: en(x1)
x there is a unique 0-map h
such that
en(h)

(2) h: x1

en(x

x0

1)
f

en(x0)
tx

tx.en(h) = f

x

We say that A has tabulators of degree zero if all these exist, for arbitrary n *
0. Obviously, the tabulator of an object always exists, and is the object itself.
When such tabulators exist, we can form for every n * 0 a functor
(3)

n:

wscCAT(un, A)

The projection p$i x of
and $ = ±)
(4) p$i x:

nx

(

=

0

= id).

will be the following 0-map of A (for i = 1,..., n

en–1

$
n–1(% i x)

nx

tz.en–1(p$i x)

tv0A

nx

en–1(p$i x)

en–1

%$i (tx)

%$i (tx)

z=

$
n–1(% i x)

tz
$
%i x

One can use these projections to 'map' the sc-category A to the sc-category of
spans Sp(A 0), provided that A has all tabulators of degree zero and A 0 has
pullbacks.
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3.5. Tabulators of higher degree. Now, given an n-cube x of PpA (of degree
n+p in A), its tabulator – if extant – is an object of PpA. This amounts to a pcube xp = npx of A with an (n+p)-map tx: (ep+1)n(x)
x that is a universal
arrow from the functor (ep+1)n: tvpA
tvn+pA to the object x of tvn+pA.
We say that A has tabulators of all degrees if, for every p * 0, the sc-category
PpA has tabulators of degree zero. Then we can form for every n, p * 0 a functor
(1)

n,p:

wscCAT(un, PpA)

tvpA,

(

n,0

=

n).

We say that A has sc-tabulators, or lax functorial sc-tabulators, if:
(i) A has tabulators of all degrees;
(ii) for every n * 0, the functors n,p: wscCAT(un, PpA)
faces, degeneracies and transpositions.

tvpA commute with

Then, for every n * 0, the universal property gives a unitary lax sc-functor
(2)

n,•

= (

n,p)p*0:

wscCAT(un, P•A)

A.

Again, A has pseudo functorial sc-tabulators when these lax sc-functors are
pseudo..
3.6. Tabulators and concatenation. First, if the (n–1)-cube a and the degenerate
n-cube x = eia have tabulators in A, these are linked by a diagonal transversal 0map dia, defined as follows
(1) dia:

n–1a

en(

n(eia),

en(dia)
n–1a)

ei ta

tx.en(dia) = ei(ta)

en( n(eia))
tx
eia = x

Given now a cubical composite z = x +i y, the three tabulators of x, y, z are
also related. The link goes through the ordinary pullback ni(x, y) of the objects
+
–
nx and ny, over the tabulator n–1a of the (n–1)-cube a = % i x = % i y (provided
such pullback exists).
More precisely, let pix: nx
n–1a and qiy: ny
n–1a be defined by the
universal property of ta, as in the left diagram below; then ni(x, y) is the pullback
of the span (pix, qiy)
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en–1

nx

nx

%+itx

pi(x,y)

en–1 p ix

en–1

(2)

n–1a

ta

a

en–1qiy

en–1

ny

ni(x,

pix

y)

n–1a

qi(x,y)

%–i ty

qiy
ny

We now have the diagonal transversal 0-map di(x, y) given by the universal
property of nz
(3) di(x, y):

ni(x,

y)

nz,

tz.en(di(x, y)) = tx.enpi(x, y) +i ty.enqi(x, y),

The i-concatenation above is legitimate, because of the previous construction:
%+i(tx.enpi(x, y)) = %+i(tx).en–1pi(x, y) = ta.en–1(pix).en–1pi(x, y)
= ta.en–1(qiy).en–1qi(x, y) = %–i(ty).en–1qi(x, y) = %–i(ty.enqi(x, y)).
It is easy to show (and it also follows from the construction theorem below) that
ni(x, y) is the transversal limit of the diagram 'formed' of z = x +i y (based on the
weak sc-category freely generated by two i-consecutive n-cubes).
3.7. Theorem (Construction and preservation of cubical limits, I). Let A and B be
weak sc-categories.
(a) All transversal limits of degree 0 in A can be constructed from level limits and
tabulators of degree 0, or also from products, equalisers and tabulators of degree
0.
(b) If A has all transversal limits of degree 0, an sc-functor F: A
B preserves
them if and only if it preserves products, equalisers and tabulators of degree 0.
Proof. See Section 5.
3.8. Main Theorem (Construction and preservation of cubical limits, II). Let A
and B be weak sc-categories.
(a) All transversal limits in A can be constructed from level limits and tabulators,
or also from products, equalisers and tabulators. If A has all transversal limits,
an sc-functor F: A
B preserves them if and only if it preserves products,
equalisers and tabulators.
(b) All lax-functorial (resp. pseudo-functorial) sc-limits in A can be constructed
from lax-functorial (resp. pseudo-functorial) sc-products, sc-equalisers and sc- 260 -
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tabulators. If A has all sc-limits, an sc-functor F: A
B preserves them if and
only if it preserves sc-products, sc-equalisers and sc-tabulators.
Proof. It follows from the previous theorem. For (a), apply 3.7 to the family of sccategories PnA, and sc-functors PnF: PnA
PnB. For (b), apply the previous
point to the structural sc-functors
(1) %$i : PnA

Pn–1A :ei,

si: PnA

PnA.

3.9. Corollary. If X is a complete category, the weak sc-category !Sp(X) has
pseudo-functorial sc-limits. If X is a complete category with pushouts, !Cosp(X)
has lax-functorial sc-limits.
Proof. The construction of sc-tabulators was shown in 3.1; their pseudo or lax
behaviour is easily verified.

4. Comparing cubical and double limits
We now compare the symmetric cubical limits studied here with the double limits
of [GP1], via truncation and its adjoint functors. Essentially, this means comparing
cubical tabulators of 1-cubes and double tabulators of vertical arrows, since the
comparison of level limits is obvious.
4.1. Comments. Our comparison will be based on structures of spans and cospans
of sets, namely:
– the weak sc-categories !Sp = !Sp(Set) and !Cosp = ! C osp(Set) of cubical
spans and cospans;
– their 1-truncation, the weak double categories Sp = tr1 ! Sp and C osp =
tr1 ! C osp.
(Replacing the ground-category Set with any 'non-trivial' category with suitable
limits and colimits would give similar results.)
In both cases, a cubical transformation of 1-cubes (and its limit) seems to be a
good notion. For spans (resp. cospans), this amounts to a colax (resp. lax) vertical
transformation of vertical arrows, as shown in 4.2 (resp. 4.3). On the other hand, a
lax (resp. colax) vertical transformation of spans (resp. cospan) appears to be an illformed notion of little interest; the second does not even have a limit.
Now, if we start from a weak double category, there seems to be no general
procedure that would be able to reconstruct ! Sp and ! C osp from their
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truncations: in fact, by the previous argument, a 2-cube of !Sp corresponds to
colax vertical transformation of vertical arrows, while a 2-cube of !Cosp agrees
with the lax case. Furthermore, the universal constructions adjoint to truncation –
examined in 4.4-4.6 – are not of much help: skeleton, the left adjoint, only adds
degenerate cubes; coskeleton gives a less trivial weak sc-category, but cosk1Cosp
does not have tabulators of degree 1 (4.6).
As a conclusion of this analysis, a weak double category that has a natural lifting
as a weak sc-category is perhaps better studied in this enrichment. But there seems
to be no way of reducing the general theory of double limits to that of cubical limits.
4.2. Truncating cubical spans. The weak symmetric cubical category ! Sp
determines, by 1-truncation, the weak double category Sp = tr1(! Sp) of sets,
mappings and spans:
– objects and horizontal arrows are small sets and mappings between them;
Set;
– vertical arrows are ordinary spans u: "
v: "
Set,
– double cells are natural transformations f = (f–1, f0, f1): u
X
u'

(1)

U

f–1

f0

X'
v'

0

V

1
v"

u"

Y

f1 "

Y'

We denote with u1 the strict sc-category freely generated by a 1-cube (as in
3.4). An sc-functor u: u1
! Sp amounts to an ordinary span u = (u', u") of
sets; its tabulator is simply the central object of the span. The truncation u = tr1u1
is the strict double category freely generated by a vertical arrow –1
1. A double
functor u: u
Sp 'is' a span u = (u', u") of sets; its tabulator, as a double limit, is
again the central object of the span.
Differences appear when we consider 'transformations' of such sc-functors or
double functors.
!Sp 'is' a 2-cube of !Sp with 1A cubical transformation -: u
v: u1
indexed faces %1–- = u, %1+- = v
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x'

X

x"

X

X'

u'

(2)

v'

U

z'

Z

z"

1

V

2
v"

u"

Y

y'

Y

Y'

y"

The tabulator of degree 1 of - (3.5) is a span w with a universal 2-map e2(w)
-; this means w = (z', z"), the central span of - with respect to direction 2.
(The transformation .: x
y defined by the transposed 2-cube would give the
central span of - with respect to the other direction.)
Now, a unitary lax (resp. colax) vertical transformation -: u
v: u
Sp, as
Sp
defined in [GP4], 4.4, is a unitary lax (resp. colax) double functor -: u×u
that restricts to u, v on {+–1}×u. (We only consider the unitary case for the sake
of simplicity). Therefore, it corresponds to the left (resp. right) commutative diagram
below, where the upper-right and the lower-left quadrilateral are pullbacks
x'

X'

x"

X

x'

X"

u'

(3)

v'

U

h'

Z

h"

u"

y'

Y

y"

X"
v'

U

Y"

x"

X

u'

V
v"

Y'

X'

h'

Z

h"

u"

V
v"

Y'

y'

Y

y"

Y"

Such pullbacks yield the vertical composites x/v, u/y: X'
Y"; the mappings
h', h" are their comparisons, in the lax or colax direction. (If they are bijective, we
get the same notion, essentially equivalent to a strong vertical transformation, as
defined in [GP1], 7.4).
In the lax case, the limit is the span (w', w") = (U
W
V), where W is
the pullback of the cospan (h', h") (or, equivalently, the limit in Set of the whole
left diagram); w', w" are the induced mappings. The colax case is essentially
equivalent to a cubical transformation (2), and has the same limit of the latter: the
span U
Z
V.
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As a synopsis of this first analysis, a colax vertical transformation of spans
amounts to a cubical transformation of spans viewed as 1-cubes of the weak sccategory ! Sp; the two notions have the same 'limit'. On the other hand, a lax
vertical transformation of spans, represented in the left diagram (3), seems to be a
not well-formed notion – even if it does possess a limit. Finally, a strong vertical
transformation amounts to a commutative diagram (2) where the upper-right and the
lower-left square are pullbacks, a condition which seems to be of little interest.
4.3. Truncating cubical cospans. Let us now consider tabulators in the weak
symmetric cubical category !Cosp and its 1-truncation, the weak double category
C osp = tr1(! C osp) of sets, mappings and spans.
A general double cell in Cosp is a natural transformation f = (f–1, f0, f1): u
#
v:
Set
X
u'

(1)

U

f–1

f0

X'
v'

0

V

1
v"

u"

Y

f1

Y'

An sc-functor u: u1
!Cosp 'is' an ordinary cospan u = (u', u") of sets, and
its tabulator is the pullback of the cospan (in Set). Similarly, a double functor u: u
C osp 'is' a cospan u = (u', u") of sets, and its tabulator – as a double limit – is
the pullback of the span.
!C osp is now expressed by a 2A cubical transformation -: u
v: u1
cubical cospan with 1-indexed faces u, v
x'

X

x"

X

X'

u'

(2)

v'

U

z'

Z

z"

1

V

2
v"

u"

Y

y'

Y

y"

Y'
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The tabulator of degree 1 of - is the cospan (w', w") = ( u
v),
2where 2- is the pullback of the cospan X
Z
Y and w', w" are the
induced mappings.
Working as above, this amounts to a unitary lax vertical transformation -:
u
v: u
Cosp, represented in the left (commutative) diagram below, where the
upper-right and the lower-left quadrilateral are pushouts; the limit is again the
cospan u
v
2x'

X'

x"

X

x'

X"

u'

(3)

X'

v'

U

Z

h'

h"

u"

y'

Y

y"

X"

u'

V

v'

U
v"

Y'

x"

X

h'

Z

h"

u"

Y"

V
v"

Y'

y'

Y

y"

Y"

A colax vertical transformation is represented in the right diagram above. Besides
being a 'strange' notion, it seems to have no limit.
4.4. Weak double categories and coskeleton. Backwards, from weak double
categories to weak symmetric cubical categories, we have two functors, called 1skeleton and 1-coskeleton, that are, respectively, left and right adjoint to 1-truncation
(cf. I.3.9)
(1) sk1, cosk1: wDBL

wscCAT,

sk1

tr1

cosk1.

The skeleton-procedure just adds degenerate cubes (under an equivalence
relation determined by the cubical relations). It may be more interesting to view a
weak double category in wscCAT via the 1-coskeleton functor. Concretely, if D is
a weak double category, the weak sc-category A = cosk1(D) coincides with D in
cubical degree 0 and 1 (according to the previous translation of terminology, at the
beginning of 4.2). Then, a 2-cube is a 'shell' of 1-cubes of D (i.e. vertical arrows)
under no further condition
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v

A
(2)

B
#

u

C

1
u'

%+1u' = %+1v',

%+1u = %1–v',

%+1v = %1–u',

2

D

v'

%1–u = %1–v,

Notice that the #-marked square is not assumed to commute under concatenation
of 1-cubes, in any sense (strict, weak or lax). A transversal 2-map is a similar 'shell'
of 1-maps of D. Similarly, one defines all the higher components, by n-dimensional
shells of 1-cubes or 1-maps of D.
Faces and degeneracies are obvious. Concatenations are also obvious, and
computed with the vertical composition of vertical arrows or double cells in D.
Finally, the comparisons for associativity and units are families of comparisons of
D, while interchange is necessarily strict.
Viewing weak double categories in this way leads us to define a coskeletal
vertical transformation of double functors (between weak double categories) F:
F+: D
E as a cubical transformation of the corresponding 1-coskeletons
Fcosk1F+: cosk1D

(3) F: cosk1F–

cosk1E.

Explicitly, this means to assign:
(a) to every object A of D a 1-cube FA: F–A
F+A of cosk1E (i.e. a vertical
arrow of E),
(b) to every horizontal map (0-map) f: A
A' of D, a 1-map Ff: F–f
F+f (a
double cell of E),
consistently with the transversal structure (faces, identities and composition):
(4) F(%0$f) = %0$(Ff),

F(idX) = id(FX),

F(gf) = Fg.Ff.

Notice that there is no 'naturality' condition based on a 1-cube u: A
A' of D:
the latter is simply sent to a 2-dimensional shell, with 1-indexed faces F$(u) and 2indexed faces FA, FA'
F –A
(5)

F–u

F–A'

FA

#
FX'

F+A
F+u

1
2

F+A'

Moreover, the consistency with concatenation of 1-cubes is simply 'managed' by
the cubical functors F–, F+.
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More generally, we define in the same way a coskeletal vertical transformation
F+: D
E of lax double functors F$: the only comparisons that we need
are those of the latter
F–

(A in D),

F$(e1(A))
(6) F1$(A): e1(F$A)
F1$(u, v): F$u +1 F$v
F$(u +1 v)

(u, v in D, %1+u = %1–v).

Indeed, defining F1(A) as the pair (F1–(A), F1+(A)) we automatically get the unit
comparisons of F; similarly for F1(u, v).
The present notion is compared below with a lax (resp. colax) vertical
transformation of lax double functors: the latter requires to insert in each diagram
(5) a vertical 'filler' F–A
F+A', with comparisons coming from (resp. going to)
the vertical composites FA / F+u, F+u / FA'.
4.5. From ordinary to cubical spans. The unit of the adjunction tr1
evaluated on the weak sc-category !Sp
(1) 0: !Sp

cosk1,

cosk1Sp = cosk1tr1(!Sp),

maps !Sp to a 'poorer' weak sc-subcategory, where an n-cube is a shell of ordinary
spans, as in the following solid diagram (for n = 2); the sc-functor 0 forgets the
dashed arrows
x'

X'

x"

X

X"

u'

(2)

v'

U

z'

Z

z"

1

V

2
v"

u"

Y'

y'

Y

y"

Y"

Notice that tr10 = idSp. An sc-functor u: u1
cosk1Sp is again an ordinary
span u = (u', u") of sets, with tabulator given by its central object.
A coskeletal vertical transformation -: u
v: u
Sp, as defined in 4.4, is a
cosk1Sp, and amounts to the solid shell
cubical transformation -: u
v: u1
above. The tabulator of degree 1 of - is the dashed span (z', z"), where Z is the
limit in Set of the solid diagram - and z', z" are part of the limit-maps.
4.6. From ordinary to cubical cospans. We are again interested in the unit of the
adjunction tr1
cosk1, evaluated now on the weak sc-category !Cosp
(1) 0 : ! C osp

cosk1C osp = cosk1tr1(!C osp).
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An n-cube of the weak sc-subcategory cosk1C osp is a shell of ordinary
cospans, as in the left solid diagram below (for n = 2)
x'

X

x"

X

x'

X'

u'

(2)

X
v'

U

y'

Y

y"

v'

U
v"

Y

X'

u'

V

u"

x"

X

V

u"

Y'

1
2

v"

Y

y'

Y

y"

Y'

An sc-functor u: u1
cosk1Cosp is now an ordinary cospan u = (u', u") of
sets, and its tabulator is the pullback of the cospan (in Set).
A coskeletal vertical transformation -: u
v: u
C osp is a cubical
cosk1Cosp, and amounts to the left diagram (2).
transformation -: u
v: u1
For the tabulator of degree 1 of - one should insert dashed arrows forming the
commutative right-hand diagram above; plainly, there is no universal solution for
this problem.
5. Proof of the theorem on the construction of cubical limits
We end with a proof of Theorem 3.7. The argument is similar to the proof of the
corresponding theorem for double limits [GP1].
5.1. Comments. Of course one needs only to prove the 'sufficiency' part of the
statement. We write down the argument for the construction of limits; the
preservation property is proved in the same way.
The solution is based on transforming F into a graph-morphism G: X
tv0A,
and taking its limit. The graph X is a sort of 'transversal subdivision' of X, where
every n-cube of X is replaced with an object simulating its tabulator (of level 0).
The procedure is similar to computing the end of a functor S: Cop×C
D as the
limit of the associated functor S§: C§
D based on Kan's subdivision category
of C ([Ka], 1.10; [Ma], IX.5).
5.2. Transversal subdivision. The transversal subdivision X of X is a graph,
formed by the following objects and arrows (and is finite whenever X is).
(a) For every n-cube x of X, there is an object x in X. For every n-map f: x
y of X, there is an arrow f: x
y in X.
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(b) For every n-cube x of X, we also add 2n arrows p$i (x): x
simulate the projections 3.4.4 of a tabulator) and n arrows dix: x
simulate the diagonal maps 3.6.1).

%$i x (that
eix (that

(c) For every i-concatenation of n-cubes z = x +i y in X, we also add an object (x,
y)i in X and three arrows
(1) pi(x, y): (x, y)i

x,

that simulate the object

qi(x, y): (x, y)i
ni(x,

y,

di(x, y): (x, y)i

z,

y) of 3.6.2, its projections and its diagonal map.

5.3. The associated morphism of graphs. We now construct a graph-morphism
G: X
tv0A that naturally comes from F and the tabulator-construction in A.
(a) For every n-cube x of X, we define Gx as the following object (0-cube) of A
(tFx: enG(x)

n(Fx)

(1) G(x) =

F(x)).

For every n-map f: x
y of X , we define Gf as the 0-map of A
determined by the universal property of tFy, as follows:
en(Gf)

(2) Gf:
tFy

n(Fx)

.en(Gf)

n(Fy),

= Ff.tFx

n(Fx)

tFz.en–1(G(p$i x))

Ff

tFy
Fy

Gz as the following 0-map of A (writing z = %$i x)

n–1(Fz)

=

en n(Fy)

n(Fx)

tFx
Fx

(b) We define G(p$i x): Gx
(3) G(p$i x):

en

en–1

n(Fx)

en–1(Gp$i x)

en–1

%$i (tFx)

n–1(Fz)

tFz

%$i (tFx)

Fz

Furthermore, G(dix): Gx
G(eix) is a modification of the diagonal map of
type 3.6.1, using the comparison Fi(x): eiFx
Feix of the lax sc-functor F
(4) G(dix):

nFx

tFeix.en+1(G(dix))

n+1(Feix)

= Fi(x).ei(tFx)

en+1 n(Fx)
eitFx
eiFx
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(c) Now, G(x, y)i = ni(Fx, Fy) is the transversal limit of the i-composable pair
Fx, Fy (3.6).
The arrows pi(x, y) and qi(x, y) of X are taken by G to the projections 3.6.2
of ni(Fx, Fy)
(5) G(pi(x, y)): G(x, y)i

Gx,

G(qi(x, y)): G(x, y)i

Gy,

so that (G(x, y)i, pi(x, y), qi(x, y)) is the pullback of (qix, pix) in tv0A.
Finally, the arrow di(x, y) of X is sent by G to the following modification of
the diagonal 3.6.3 of G(x, y)i, taking into account the comparison Fi(x, y) of the
lax sc-functor F (with z = x +i y)
(6) G(di(x, y)): ni(Fx, Fy)
nF(z),
n
tFz.e (G(di(x, y)) = Fi(x,y).(tFx.enpi(x,y) +i tFy.enqi(x,y)): en(G(x,y)i)

F(z).

tv0A exists, by hypotheses and Theorem 2.2.

The limit of this diagram G: X

5.4. From sc-cones to cones. In order to prove that the limit of G gives the limit of
degree 0 of F, we construct an isomorphism
(D 1 F)

(D' 1 G),

from the comma category of sc-cones of F to the comma category of ordinary
cones of the graph-morphism G. We proceed first in this direction, and then
backwards.
Let (a, h: Da
F) be an sc-cone of F. For every n-cube x of X, we define
k(x): a
Gx = n(Fx) as the 0-map of A determined by the n-map hx, via the
tabulator-property
(1) tFx.en(kx) = hx.
Further, we define k(x, y)i: a
G(x, y)i
(2) pi(x, y).k(x, y)i = kx: a

G(x, y)i by means of the pullback-property of
Gx

qi(x, y).k(x, y)i = ky: a

Let us verify that this family k is indeed a cone of G: X
(a) Coherence with a map f: x
the cancellation property of tFy

Gy.

tv0A.

y means that Gf.kx = ky, which follows from

(3) tFy.en(Gf.kx) = Ff.tFx.en(kx) = Ff.hx = hy = tFy.en(ky).
(b) Coherence with the arrows p$i (x): x
%$i x and dix: x
5.3.3 and 5.3.4 (we write z = eix in the second case)
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(4) G(p$i (x)).kx = k(%$i x),
tFz.en+1(G(dix).kx) = Fi(x).ei(tFx).en+1(kx) = Fi(x).ei(tFx.en(kx))
= Fi(x).eihx = h(z) = tFz.en(kz).
(c) Coherence with the arrows pi(x, y) and qi(x, y) holds by definition 5.3.5. For
di(x, y) and z = x +i y we have:
(5) tFz.en(G(di(x, y).k(x, y)i) = Fi(x, y)(tFx.enpi(x, y) +i tFy.enqi(x, y)).enk(x, y)i
= Fi(x, y).(hx +i hy) = hz = tFz.en(kx).
Finally, a map of sc-cones f: (a, h: Da
map of G-cones f: (a, k)
(b, k'), since:

F)

(b, h': Db

F) determines a

(6) tFx.en(k'x.f) = h'x.en(f) = hx = tFx.en(kx).
(D 1 F), we just
5.5. From cones to sc-cones. In the reverse direction (D' 1 G)
specify the procedure on cones. Given a cone (a, k: D'a
G) of G, one forms an
sc-cone (a, h: Da
F) by letting
(1) hx = tFx.en(kx): en(a)

(x , An).

x

This satisfies (scc.1) since, for f: x

y in X

(2) Ff.hx = Ff.tFx.en(kx) = tFy.en( Gf.kx) = tFy.en(ky) = hy.
It also satisfies the conditions (scc.2, 3) concerning the 1-concatenation in X;
this proceeds much as above (with z = e1x in the first case, and z = x +1 y in the
second)
(3) F1(x).e1(hx) = F1(x).e1(tFx.en(kx)) = F1(x).e1(tFx).en+1(kx)
= tFz.en+1(G(d1x).kx) = tFz.en+1(kz) = hz.
(4) F1(x, y).(hx +1 hy) = F1(x, y).(tFx.enp1(x, y) +1 tFy.enq1(x, y)).enk(x, y)1
tFz.en(G(d1(x, y)).k(x, y)1) = tFz.en(kz) = hz.
This completes the proof.
References
[ABS] F.A.A. Al-Agl, R. Brown and R. Steiner, Multiple categories: the equivalence
of a globular and a cubical approach, Adv. Math. 170 (2002), 71-118.

[Ba] J. Baez, This Week's Finds in Mathematical Physics (Week 242).
http://math.ucr.edu/home/baez/week242.html

- 271 -

GRANDIS - LIMITS IN SYMMETRIC CUBICAL CATEGORIES

[Bt] M. Batanin, Monoidal globular categories as a natural environment for the
theory of weak n-categories, Adv. Math. 136 (1998), 39-103.
[CL] E. Cheng and A. Lauda, Higher-dimensional categories: an illustrated guide
book, draft version, revised 2004.
http://cheng.staff.shef.ac.uk/guidebook/index.html

[G1] M. Grandis, Higher cospans and weak cubical categories (Cospans in Algebraic
Topology, I), Theory Appl. Categ. 18 (2007), No. 12, 321-347.
[G2] M. Grandis, Collared cospans, cohomotopy and TQFT (Cospans in Algebraic
Topology, II), Theory Appl. Categ. 18 (2007), No. 19, 602-630.
[G3] M. Grandis, Cubical cospans and higher cobordisms (Cospans in Algebraic
Topology, III), J. Homotopy Relat. Struct. 3 (2008), 273-308.

[G4] M. Grandis, The role of symmetries in cubical sets and cubical categories (On
weak cubical categories, I), Cah. Topol. Géom. Différ. Catég. 50 (2009), 102-143.
Preprint: Dip. Mat. Univ. Genova, Preprint 565 (2008).
Available at: http://www.dima.unige.it/~grandis/CCat.pdf (ps)
[GM] M. Grandis and L. Mauri, Cubical sets and their site, Theory Appl. Categ. 11
(2003), No. 8, 185-211.
[GP1] M. Grandis and R. Paré, Limits in double categories, Cah. Topol. Géom. Différ.
Catég. 40 (1999), 162-220.
[GP2] M. Grandis and R. Paré, Adjoints for double categories, Cah. Topol. Géom.
Différ. Catég. 45 (2004), 193-240.
[GP3] M. Grandis and R. Paré, Kan extensions in double categories (On weak double
categories, III), Theory Appl. Categ. 20 (2008), No. 8, 152-185.
[GP4] M. Grandis and R. Paré, Lax Kan extensions for double categories (On weak
double categories, IV), Cah. Topol. Géom. Différ. Catég. 48 (2007), 163-199.
[Ka] D.M. Kan, Adjoint functors, Trans. Amer. Math. Soc. 87 (1958), 294-329.

[Le] T. Leinster, Higher operads, higher categories, Cambridge University Press,
Cambridge 2004.
[Ma] S. Mac Lane, Categories for the working mathematician, Springer, Berlin 1971.
[Mo] J. Morton, Double bicategories and double cospans, Preprint.
Available at: arXiv: math.CT/0611930.
[Ve] D. Verity, Enriched categories, internal categories and change of base, Ph.D.
Dissertation, University of Cambridge, 1992.
Dipartimento di Matematica
Università di Genova
via Dodecaneso 35
16146 Genova, Italy

grandis@dima.unige.it
- 272 -

CAHIERS DE TOPOLOGIE ET
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

Vol. L-4 (2009)

QUASI-EQUATIONS IN LOCALLY PRESENTABLE
CATEGORIES
by Jiri ADAMEK and Michel HEBERT

Dedicated to Francis Borceux on the occasion of his sixtieth
birthday

Résumé

Dans la tradition de Hatcher et de Banaschewski-Herrlich,
nous définissons une quasi-équation comme étant une paire parallèle de morphismes finitaires. Un objet satisfait une quasiéquation si le foncteur contravariant qui lui correspond égalise la
paire de morphismes qui la constitue. Les sous-catégories d’une
catégorie localement finiment présentable qui peuvent être présentées par des quasi-équations sont précisément celles qui sont
fermées sous les produits, les sous-objets et les colimites filtrées.
Nous caractérisons les morphismes de théories correspondants
dans le style de Makkai et Pitts, comme étant précisément les
morphismes quotient forts. Ces résultats peuvent être vus comme
l’analogue du théorème classique de Birkhoff pour les catégories
localement finiment présentables. En cours de route, nous démontrons ce résultat plutôt surprenant que dans les catégories localement finiment présentables, tout épimorphisme fort finitaire peut
s’écrire comme composé d’un nombre fini d’épimorphismes réguliers.

Abstract

Following the tradition of Hatcher and BanaschewskiHerrlich, we introduce quasi-equations as parallel pairs of finitary morphisms. An object satisfies the quasi-equation iff its
contravariant hom-functor merges the parallel pair. The subcategories of a locally finitely presentable category which can
be presented by quasi-equations are precisely those closed under
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products, subobjects and filtered colimits. We characterize the
corresponding theory morphisms in the style of Makkai and Pitts
as precisely the strong quotient morphisms. These results can be
seen as an analogue of the classical Birkhoff Theorem for locally
finitely presentable categories. On the way, we show the rather
surprising fact that in locally finitely presentable categories, every finitary strong epimorphism is a composite of finitely many
regular epimorphisms.

1

Introduction

Equations in classical (finitary, one-sorted) General Algebra are pairs of
terms in n variables, that is, pairs of morphisms

u, u0 : n ⇒ 1

in a Lawvere algebraic theory T . An algebra, that is, a functor A : T
/ Set preserving finite products, satisfies the equation iff A(u) =
A(u0 ). General parallel pairs in T

u, u0 : n ⇒ k

are nothing else than k-tuples of equations. Analogously, for S-sorted
algebras we can form the Lawvere theories, which are categories whose
objects are finite words s1 s2 ...sn over S so that the word is a product of
the one-letter words si . Again, parallel pairs

u, u0 : s1 s2 ...sn ⇒ t1 t2 ...tk

are just k-tuples of properly sorted equations.
In the present paper we apply the same idea to locally finitely presentable categories K and their Gabriel-Ulmer theories T . Recall that
K can, up to equivalence, be identified with the category Lex T of func/ Set preserving finite limits. A quasi-equation in K is
tors A : T
then a parallel pair of morphisms of T , and an object A satisfies the
quasi-equation (u, u0 ) iff A(u) = A(u0 ). The quasi-equational subcategories, that is, the full subcategories which can be specified by a set
of quasi-equations, are precisely those which are closed under products,
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subobjects, and filtered colimits in K. This might seem surprising at
first sight since in case K is the category of Σ-algebras for some signature Σ, we obtain precisely the concept of a quasi-variety, not that of a
variety. However, this simply reflects the fact that whereas the Lawvere
theory works with finitely generated free algebras, the Gabriel-Ulmer
theory works with all finitely presentable algebras.
It was first observed by Bernhard Banaschewski and Horst Herrlich
[5] that quasi-varieties can be presented by orthogonality with respect
to finitary regular epimorphisms - and this is, as we demonstrate below,
just a variation on presentation by quasi-equations in the Gabriel-Ulmer
theory. Thus, the above characterization follows easily from [5], Proposition 2. What is now in our approach is that the existence of regular
factorizations is not needed. Considering parallel pairs as a sort of identity was already investigated by Bill Hatcher [10] in a general setting.
Actually, since T op can be seen as a full subcategory of K, our quasiequations are a special case of what Hatcher calls identities, and we
introduce them precisely in this manner.
There is another substantial difference between the case of Lawvere
theories and those of Gabriel-Ulmer: in the former one, every equational
subcategory A of AlgT defines a congruence on T ; more precisely, it
defines a surjective theory morphism

Q: T

/S

(which means a finite products preserving full functor which is the identity on objects) such that S is an algebraic theory of A and the embedding A ,→ AlgT induces the theory morphism Q. Conversely, every
surjective theory morphism is induced by an equational subcategory of
AlgT (in the sense of the duality of [2]; see [3] for details). In contrast,
quasi-equations in a Gabriel-Ulmer theory T do not, in general, define
/S
a congruence on T . Instead, we obtain a quotient functor Q : T
in the sense of Michael Makkai and Andrew Pitts [16]. This means that

(i) every object of S is isomorphic to one in Q[T ], and
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/ QT2 of S has the form

(ii) every morphism f : QT1

f

/ QT2
o7
o
o
oo
ooo
o
o
Qg
ooo

QT1
s

²

QT10

where s is an isomorphism.

We prove that the theory morphisms corresponding to quasiequation-al subcategories are precisely the strong quotient functors,
which means that in (ii) above we can always choose s = (Qm)−1 for
/ T1 in T . Here we closely follow
some strong monomorphism m : T10
the results obtained by Jiří Rosický and the authors in [12].
Acknowledgement. We are grateful to Enrico Vitale for formulating the problem of characterizing quasi-equational subcategories of
locally finitely presentable categories (personal communication).

2

Quasi-equations in Finitely Accessible
Categories

2.1. Assumption Throughout this section K denotes a finitely accessible category in the sense of [15] or [14]. That is, K has filtered colimits
and a set
Kf p

representing all finitely presentable objects, and whose closure under
filtered colimits is all of K.

2.2. Conventions Morphisms with finitely presentable domains and
codomains are called finitary. By a finitely presentable morphism is
/ B which is a finitely presentable object of
meant a morphism f : A
the slice category A ↓ K, see [11].
/ B in Set is
2.3. Example A function f : A
(i) finitary iff the sets A and B are finite
and
(ii) finitely presentable iff the sets B \ f [A] and kerf \ ∆A are finite.
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2.4. Remark For every finitely presentable object A, the finitely presentable morphisms with domain A are precisely the finitary ones, see
[11].

2.5. Definition By a quasi-equation in a category K is meant a parallel pair of finitary morphisms in K. An object K satisfies the quasiequation
u, u0 : P ⇒ Q

provided that the hom-functor K(−, K) merges that pair. That is,

h · u = h · u0 for all h : Q

/ K.

A full subcategory A of K is called quasi-equational if there exists a set
of quasi-equations in K satisfied by precisely those objects that lie in A.

2.6. Example Let

K = Σ-Alg
be the category of algebras of a given signature Σ (finitary, one-sorted).

(i) Every equation v = v 0 (between two terms) can be represented by
a parallel pair in the Gabriel-Ulmer theory

T = Kfopp .

In fact, let Fn denote a free Σ-algebra on n generators. If v, v 0 are
elements of Fn , consider the homomorphisms

v0 , v00 : F1 ⇒ Fn

mapping the generator of F1 to v and v 0 respectively. This quasiequation (in the sense of 2.5) is satisfied by precisely those Σalgebras which satisfy v = v 0 in the classical sense.

(ii) More generally, every implication in the classical sense

(v1 = v10 ) ∧ ... ∧ (vk = vk0 )
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can be represented by a parallel pair of morphisms in T . In fact,
all the terms in this implication lie in some Fn , and then we have
a finitely presentable algebra

Fn / ∼
for the congruence ∼ generated by vi ∼ vi0 for i = 1, ..., n. The two
elements [w], [w0 ] of the algebra Fn / ∼ define two homomorphisms

u, u0 : F1 ⇒ Fn / ∼ .

The corresponding quasi-equation is satisfied by precisely the Σalgebras that satisfy the above implication.

(iii) Conversely, let

u, u0 : P ⇒ Q
be any quasi-equation in Σ-Alg. We can represent it by classical
implications (as observed already by B. Banaschewski and H. Herrlich [5]). In fact, for Q we have a congruence on a free algebra Fn
generated by finitely many pairs, say (v1 , v10 ), ..., (vk , vk0 ) ∈ Fn ×Fn ,
such that Q ∼
= Fn / ∼. For every x ∈ P , choose terms wx , wx0 ∈ Fn
with u(x) = [wx ] and (u0 )(x) = [wx0 ]. Now consider all implications

(v1 = v10 ) ∧ ... ∧ (vk = vk0 )

=⇒

(wx = wx0 )

where x ranges through the elements of P . A Σ-algebra satisfies
these implications iff it satisfies the given quasi-equation (u, u0 ).

2.7. Example Let

K = Gra

be the category of graphs, that is, sets with a binary relation R.

(i) Antisymmetry

R(x, y) ∧ R(y, x) ⇒ (x = y)

gives rise to a quasi-equation: it is given by the obvious pair

•

u

u0
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(ii) All graphs without loops, with the terminal object added, form
the quasi-equational subcategory given by the formula

R(x, x) ⇒ (x = y)
or by the obvious parallel pair

•

u

u0

/

•
/

•©

(iii) More generally, every formula of the form

R(xi1 , xi01 ) ∧ ... ∧ R(xik , xi0k ) ⇒ (xj = xj 0 )

in variables x1 , ..., xn gives rise to a quasi-equation u, u0 : P ⇒ Q
/ xi0
where the graph of Q has vertices x1 , ..., xn and edges xit
t
for t = 1, 2, ...k.

(iv) Conversely, every quasi-equation can be expressed by implications
of the above form. Note that properties such as reflexivity

(x = x) ⇒ R(x, x)
do not correspond to any quasi-equation . The fact that this subcategory is not quasi-equational will be clear from the Corollary
/ • ª is a monomorphism in Gra. In
2.17, since the morphism •
general, universal Horn sentences as above with relation symbols
on the right of the connector “⇒" do not define quasi-identities.

2.8. Example The smallest quasi-equational subcategory of K consists
of precisely all subterminal objects, i.e., those A’s for which there is at
/ A for each object X. In fact, these objects
most one morphism X
will satisfy all quasi-equations. Conversely, if A is not subterminal,
we can find a quasi-equation that A does not satisfy: choose distinct
morphisms u, u0 : K ⇒ A. The functor category K⇒ is finitely accessible
and we can express (u, u0 ) as a filtered colimit of finitary parallel pairs
(ui , u0i ). Then A does not satisfy the quasi-equation (ui , u0i ) for some i
since u 6= u0 .
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2.9. Remark As mentioned in the introduction, equations in General
Algebra are precisely the parallel pairs of morphisms in Lawvere theories. How does this relate to our concept of quasi-equations ?
By the Gabriel-Ulmer duality (see Section 3 below) every locally
finitely presentable category K has a theory, that is, a small category T
with finite limits, such that K is equivalent to the category of models:

Lex T = all lex (i.e., finite limit preserving) functors from T op to Set.

The same is true for finitely accessible categories: just drop the requirement of finite limits in T and instead of lex functors use flat ones (i.e.,
filtered colimits of representables). Analogously to General Algebra, we
can now consider parallel pairs in T as quasi-equations and say that a
/ Set satisfies the quasi-equation (u, u0 ) iff M u = M u0 .
model M : T op
The Gabriel-Ulmer theory T of a locally finitely presentable category
K is unique up to equivalence, and it is dual to the above Kf p (considered
as a full subcategory of K). Thus, parallel pairs in Kf p , as in Definition
2.5, are just parallel pairs in the theory - with the arrows reverted.
Every object A of A is represented by the model

K(−, A) : T

/ Set for T = Kop
fp

and then the definition of satisfaction in 2.5 is precisely M u = M u0 for
M = K(−, A).

2.10. Remarks

(1) Recall that an object K is orthogonal to a morphism c if K(−, K)
turns c into an isomorphism. If K has coequalizers, then satisfaction of a quasi-equation u, u0 : P ⇒ Q is equivalent to orthogonal/ R of u and u0 .
ity to the coequalizer c : Q

(2) Observe that the coequalizer of a finitary pair is a finitary regular
epimorphism. The converse is less obvious, but is true in our
context, as was shown in [6] (Theorem 1.3). Actually, their proof
can be used to show more:
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2.11. Proposition If K has coequalizers, then the finitely presentable
regular epimorphisms are precisely the coequalizers of pairs of morphisms with finitely presentable domain. In particular, finitary regular epimorphisms are precisely the coequalizers of pairs of finitary morphisms.

Proof. The second statement follows from the first by 2.4.
That the coequalizer of a pair of morphisms with finitely presentable
domain is necessarily a finitely presentable morphism is a straightforward verification.
The proof of the converse follows the line of the proof for the finitary
/ Y which is
case in [6]. Given a finitely presentable morphism c : X
/ A)i∈I of a
a coequalizer of f, g : A ⇒ X, consider a colimit (ai : Ai
filtered diagram, with the Ai ’s finitely presentable. Let fi = f ai and
/ Yi be the coequalizer of fi , gi for each i. This
gi = gai , and let ci : X
/ c:
induces, in the slice category X ↓ K, morphisms ri : ci

Ai LLL fi

r9 9 Yi
LLLLLL
ci rrr
L
L
r
ri
L
gi LLLLL
rr
²
²
rr
f LLL% %
r
// X
//Y
A
c

ai

g

/ cj )i≤j . It is straightforward to
as well as a filtered diagram (rij : ci
show that (ri )i∈I is a colimit of (rij )i≤j in X ↓ K. But the fact that c
/ ci such
is finitely presentable implies that there exist i ∈ I and s : c
that ri · s = 1c . Since c is epi, this implies that ri is an isomorphism.
Consequently, c is a coequalizer of fi and gi , as required.

2.12. Corollary If K has coequalizers, then its quasi-equational subcategories are precisely the orthogonality classes H⊥ of sets H of finitary
regular epimorphisms. Here H⊥ denotes the full subcategory of all objects orthogonal to members of H.
2.13. Theorem If K has coequalizers and is cowellpowered, then a full
subcategory of K is quasi-equational iff it is closed under filtered colimits
and monocones.
Remark. That a subcategory is closed under monocones means that
for every collectively monic cone with all codomains in the subcategory,
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the domain also lies there. The theorem follows, whenever K has regular
factorizations of sources, from Proposition 2 in [5].

Proof. It is clear that every quasi-equational subcategory is closed under
monocones and filtered colimits. Conversely, let A be closed under
monocones and filtered colimits in K.
(1) A is a reflective subcategory of K. In order to construct a reflec/ Kj (i ≤
tion of an object K we define a transfinite chain kij : Ki
j ∈ Ord) as follows:
First step: K0 = K.
Isolated step: if Ki ∈ A then Ki+1 = Ki and ki,i+1 = id. Else choose
a parallel pair ui , u0i : Xi ⇒ Ki with ui 6= u0i merged by all morphisms
in Ki ↓ A (observing that the cone of all these morphisms cannot be a
/ Ki+1 be the coequalizer of ui and u0 .
monocone), and let ki,i+1 : Ki
i
Limit step: form the colimit of the previously defined chain.
This chain is clearly formed by epimorphisms, and since K is cowellpowered, there exists i such that ki,i+1 is an isomorphism (actually
/ Ki is a
the identity). This implies Ki ∈ A. We claim that k0,i : K
/ A with A ∈ A,
reflection of K in A. In fact, given a morphism f : K
/
we get a unique cocone fj : Kj
A (j ∈ Ord) with f0 = f : the limit
steps are clear, and the isolated steps follow from fi · ui = fi · u0i . In
particular, f = fi · k0,i .
(2) The rest of the proof is completely analogous to the proof of
Proposition 2 in [5].

2.14. Open Problem Does 2.13 generalize to the locally finitely multipresentable categories of Y. Diers [7]?

2.15. Example of a finitely accessible category and its full subcategory
which is closed under filtered colimits and monocones, but is not quasiequational.
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Let K be the category given by the graph
djTJTTTT
t: CO J
JJ TTTT
tt
JJ
t
T
...
c0 tt
JJ TTTTcT3T
c
t
1
J
t
TTTT
c2 JJ
t
t
TTTT
JJ
t
TTTT
tt b0
u /
b1
/ ...
/
/
A 0 / BO O07
BO O17
BO O27
b2
u
77
77
77
77a2
77a0
77a1
7
7
7
...
v0 v00 77
v2 v20 77
v1 v10 77
¾
¾
¾

A0

Ā0

A1

Ā1

A2

Ā2

and the identities
cn = cn+1 · bn , an · vn = an · vn0 , and bn · vn = bn · vn0
for all n ∈ N. This category is finitely accessible with Kf p = K − {C}
since the only non-trivial filtered colimit is C = Colimn∈N (bn ). The full
subcategory A on the objects
{A} ∪ {An }n∈N ∪ {Ān }n∈N
is closed under filtered colimits (trivially) and under monocones: in
/ Āi )i≥n of all objects in Bn ↓ A is not a
fact, for Bn , the cone (Bn
0
monocone, due to vn 6= vn ; and for C, consider c0 · u 6= c0 · u0 .
However, A is not quasi-equational: if a quasi-equation in Kf p is
satisfied by all objects of A, then it cannot factorize through (u, u0 ),
from which it follows that C also satisfies that quasi-equation (from
bn · vn = bn · vn0 we have cn · vn = cn · vn0 ).
2.16. Example The category P os of posets has precisely three quasiequational subcategories: the smallest one (formed by the posets with at
most one element), itself, and the subcategory Set (represented by the
discrete orderings). In fact, observe that if K is not discretely ordered,
then for every finite poset P the cone P os(P, K) is a monocone. Thus,
whenever a quasi-equational class contains a non-discrete poset, it is all
of P os.
2.17. Corollary Quasi-equational subcategories of locally finitely presentable categories are precisely those closed under
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(i) products,

(ii) subobjects, and

(iii) filtered colimits.

Proof. Since a locally finitely presentable category is cocomplete and
cowellpowered, we only need to verify that (i) and (ii) imply closedness
/ Ai )i∈I be a monocone with the Ai ’s
under monocones. Let (ai : B
/ Ai )i∈I 0
in A. Then there exists a (small) set I 0 ⊆ I such that (ai : B
is a monocone. In fact, because the finitely presentable objects form
/ Ai )i∈J with J ⊆ I, is a
a generator, one sees easily that (ai : B
monocone iff for all f, g : B 0 ⇒ B with B 0 ∈ Kf p we have that ai f = ai g
for all i ∈ J implies f = g. Then consider all parallel pairs ft , gt : Bt ⇒
B, t ∈ T , with Bt ∈ Kf p such that there exists i = i(t) with ai ft 6= ai gt .
0
Choose one such i(t) for each pair
Q t, and take I = {i(t) | t ∈ T }.
/
But then < ai >i∈I 0 : B
i∈I 0 Ai is a monomorphism, and hence
B ∈ A.

2.18. Remark This last corollary and Proposition 2.11 imply that in
locally finitely presentable categories there is no difference between orthogonality classes with respect to

(a) finitary strong epimorphisms,

(b) finitary regular epimorphisms, and

(c) coequalizers of finitary parallel pairs.

In fact, from (a), the closure properties (i)-(iii) above easily follow, from
which we derive (c). Here is an explanation of this phenomenon, which
seems to be of independent interest:

2.19. Proposition In a locally finitely presentable category every
finitely presentable strong epimorphism is a composite of finitely many
finitely presentable regular epimorphisms..

Proof. The class E of all composites of finitely many finitely presentable
regular epimorphisms in a locally finitely presentable category K is
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closed under composition and under pushouts (see [11]). Given a finitely
/ B, we prove f ∈ E.
presentable strong epimorphism f : A
Let D be the full subcategory of A ↓ K with objects all the mor/ Xi (i ∈ I) in E through which f factors: f = fi · ei
phisms ei : A
/ B. Note that D is small, since
for some (necessarily unique) fi : Xi
A ↓ K is locally finitely presentable. As a diagram in K, D is filtered:

(a) Given objects Xi and Xi0 of D, there is a cospan in D. In fact,
form the pushout:

A

ei0

fi0

/ Xi0
Ä

ÄÄ
h0
B _?
?
fi Ä
?k
Ä
? ²
² Ä
/Y
Xi

ei

h

/B
Then h, h0 ∈ E. Since fi ei = f = fi0 ei0 , there exists k : Y
0
with fi = kh and fi0 = kh . Consequently, hei is a member of E
through which f factorizes: f = khei . Then there exists j ∈ I
with ej = hei and Xj = Y , and we have the connecting morphisms

h : Xi

/ Xj and h0 : Xi0

/ Xj

of D.

(b) There is no parallel pair of (distinct) connecting morphisms h, k :
Xi ⇒ Xi0 in D, as those necessarily satisfy hei = ei0 = kei , hence
h = k.
/ B (i ∈ I) form a colimit of D.
Moreover, the morphisms fi : Xi
/ Z)i∈I of D. The cocone of the
In fact, consider the colimit (gi : Xi
fi ’s is compatible with D: from hei = ej , it follows that fj h = fi , since
/ B with mgi = fi (i ∈ I)
ei is epi. The factorizing morphism m : Z
is a monomorphism: given

mu1 = mu2 for u1 , u2 : Y ⇒ Z,

we prove u1 = u2 ; without loss of generality, we may assume that Y is
finitely presentable (since Kf p is a generator). Since Z = ColimXi is a
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filtered colimit, the pair u1 , u2 factorizes through the colimit morphism
gi for some i ∈ I:
f

/B
? OÂ ]
Ä
ÄÄ Â fj
Ä
Â
ÄÄ
c /
? Xi ?? XÂ j
u01 ÄÄÄ?
??gi g
Ä
Ä
ÄÄ
j
?
ÄÄÄÄÄ u02 u1 ?Â ²Â
// Z
Y

A?

??
?
ei ??
Â

fi

m

u2

From Proposition 2.11, the coequalizer c of u01 , u02 is a finitely presentable regular epimorphism, therefore,
cei ∈ E.
From
fi · u01 = m · gi · u01 = m · u1 = m · u2 = m · gi · u02 = fi · u02
we conclude that fi factorizes through c, thus, f factorizes through cei .
This implies that
cei = ej for some j ∈ I.
We get, from gi = gj c, that
u1 = gi · u01 = gj · c · u01 = gj · c · u02 = gi · u02 = u2 ,
as requested.
Choose any i ∈ I and observe that since m is a monomorphism and
f is a strong epimorphism with
f = fi · ei = m · (gi · ei ),
m is an isomorphism. This proves
B = Colimi∈I Xi
as claimed.
/ ej )I as a diagram in A ↓ K, it is also filtered,
Now, seeing D = (ei
/ f )I is its colimit. Since f is finitely
and it is easily seen that (fi : ei
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/ Colimi∈I ei factorizes through the
presentable, the morphism idf : f
colimit morphism fi for some i ∈ I. That is, there exists

r: f

/ ei with fi r = idf .

In particular, rf = ei , so r is epi. But also, fi r = idB , so r is a split
mono, hence an isomorphism. Therefore, f = r−1 ei belongs to E, since
ei does.

2.20. Corollary In a locally finitely presentable category, every finitary strong epimorphism is a composite of finitely many finitary regular
epimorphisms.

In fact, this follows from Proposition 2.19 and Remark 2.4.

2.21. Remark

(i) John Isbell proved in [13] that in a suitably complete category,
every strong epimorphism is a chain-composite of regular epimorphisms. Later, John MacDonald and Arthur Stone [17] demonstrated that the minimum length of this chain can be an arbitrary
cardinal. Thus, the main message of Proposition 2.19 is that this
cardinal is finite in case of finitary (or even finitely presentable)
strong epimorphisms in locally finitely presentable categories.

(ii) Note that if a composite of finitely many regular epimorphisms is
finitary, this does not imply that each one is; however the proposition says that there must be a finite path for the composite, made
of finitary regular epimorphisms.

2.22. Corollary For a full subcategory A of a locally finitely presentable
category the following conditions are equivalent:

(i) A is quasi-equational

(ii) A is strongly epireflective and closed under filtered colimits

(iii) A is closed under products, subobjects and filtered colimits

(iv) A is the orthogonality class with respect to a set of finitary regular
epimorphisms
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(v) A is the orthogonality class with respect to a set of finitary strong
epimorphisms.

2.23. Remark Following W. Hatcher [10], call identity a parallel pair
of (arbitrary) morphisms, and quasiprimitive a full subcategory A of K
defined by any class of identities: i.e., there exists a family E of identities
such that the objects of A are precisely the objects of K which satisfy
(in the sense of Definition 2.5) all identities in E. In order to compare
with Corollary 2.22, we mention:

For a full subcategory A of a locally finitely presentable category the
following conditions are equivalent:

(i)0 A is quasiprimitive

(ii)0 A is strongly epireflective

(iii)0 A is closed under products and subobjects

(iv)0 A is the orthogonality class with respect to a class of finitely presentable regular epimorphisms

(v)0 A is the orthogonality class with respect to a class of finitely presentable strong epimorphisms

Moreover, “finitely presentable" can be left out in (iv)0 and (v)0 .

In fact, the possibility of deleting "finitely presentable" is clear from
the fact that every strong epimorphism is a filtered colimit of finitely
presentable strong epimorphisms (proved as Corollary 2.10(1) of [1]).
See [10] for the equivalence of (i)0 and (iii)0 . The rest follows easily.

3

Strong Quotient Functors

In the present section we give the corresponding characterization of
quasi-equations on the level of theories.

3.1. Assumption Throughout this section K denotes a locally finitely
presentable category.
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3.2. Remark Recall from [8] the Gabriel-Ulmer duality between the
2-category
LFP

of locally finitely presentable categories with

1-cells: right-adjoints preserving filtered colimits, and

2-cells: natural transformations,
and the 2-category

LEX
of (Gabriel-Ulmer) theories, that is, small categories with finite limits,
with

1-cells: lex-functors, and

2-cells: natural transformations.
We have a biequivalence

Lex : LEXop

/ LFP

assigning to every theory T the category Lex T of all lex functors from
/ S it assigns the functor
T to Set. To every 1-cell Q : T

Lex Q : Lex S

/ Lex T , H 7−→ H · Q.

In the opposite direction the biequivalence

GU : LFP

/ LEXop

assigns to every locally finitely presentable category K its Gabriel-Ulmer
op
theory GU (K) ∼
= Kf p .

3.3. Example Every quasi-equational subcategory A of the locally
finitely presentable category K = Lex T is strongly epireflective and
closed under filtered colimits in K (see 2.22). Consequently, A is locally
finitely presentable by 1.46 in [4] and the embedding A ,→ K is a morphism of LFP, and as such has, up to natural isomorphism, the form
Lex Q for a lex functor

Q : GU (K)
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/ GU (A) the theory mor3.4. Convention We call Q : GU (K)
phism induced by the quasi-equational subcategory A. It is determined
uniquely up to equivalence in the sense that given equivalence functors
/
E: T
/ S, then also the composite
GU (K) and E 0 : GU (A)

T

E

Q

/ GU (K)

/ GU (A)

E0

/S

is induced by A (and conversely, every induced theory morphism is of
the form E 0 · Q · E).

3.5. Remarks As mentioned in the Introduction, in case of Lawvere
algebraic theories, the theory morphisms
/ L(A)

Q : L(K)

corresponding to equational subcategories (varieties) A are precisely the
surjective functors which are the identity on objects. This does not work
for Gabriel-Ulmer theories:

3.6. Example Consider the trivial signature Σ of two nullary symbols
u, u0 and let A be the quasi-equational class of all algebras A with
uA = u0A . Here, GU (A) is the dual of the category of finite pointed sets,
and GU (K) is the dual of the category of finite bipointed sets. The
induced functor Q just merges the two distinguished points to one.
Observe that Q is not surjective on hom-sets: if 1 denotes the ter/ Q(2) has
minal object of GU (K) and 2 the initial one, then id : Q(1)
no preimage in GU (K).
/ S is called a strong quotient

3.7. Definition A lex functor Q : T
provided that

(i) every object of S is isomorphic to QT for an object T of T ,
and
/ QT2 of S has the form

(ii) every morphism f : QT1

QT1
(Qm)−1

²

QT10

f

/ QT2
o7
o
o
ooo
oooQg
o
o
oo
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for some strong monomorphism m : T10
/ T2 of T .
g : T10

/ T1 and some morphism

3.8. Remark This definition is just a variation on the concept of quotient functor introduced by M. Makkai [16], see Introduction.

3.9. Theorem The theory morphisms induced by quasi-equational subcategories are precisely the strong quotient functors.

3.10. Remark The proof of the theorem will be a variation of the
analogous result concerning orthogonality in [12]. Let us recall this
result first:
(1) Given a set H of finitary morphisms in K, the full subcategory
A = H⊥ is called an ω-orthogonality class. It is locally finitely presentable and the theory morphisms induced by the embeddings A ,→ K
of ω-orthogonality classes are precisely the quotient functors Q : GU (K)
/ S.
(2) The following connection to the categories of fractions of Gabriel
and Zisman [9] was made explicit:
Recall that a set H of morphisms in a category K is said to admit a
left calculus of fractions provided that

(i) H contains all isomorphisms and is closed under composition,
f

h

(ii) for every span · ←
−·−
→ · with h ∈ H there exists a commutative
square
.?
f Ä ?
??h
Ä
??
ÄÄ
Ä.ÄÄ
.Â
??
Ä
??
Ä
?? ÄÄ
h̄ .Â ÄÄÄ f¯

with h̄ ∈ H,

and

(iii) for every parallel pair equalized by a member of H there exists a
member of H coequalizing this pair.
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Recall further that given a set H of morphisms in a category C, the
category of fractions of H is a category C[H−1 ] together with a functor

QH : C

/ C[H−1 ]

which takes the members of H to isomorphisms, and is universal for this
/ C 0 taking members of H to isomorphisms
property: every functor C
factors uniquely through QH .
The connection to ω-orthogonality classes established in [12] is this:
Let H ⊆ mor Kf p admit a calculus of left fractions in Kf p . Then

QH : K f p

/ Kf p [H−1 ]

is the dual of the theory morphism induced by the embedding of the
ω-orthogonality class H⊥ ,→ K.

Proof of Theorem 3.9
/ S is
(I) We first prove that every strong quotient Q : GU (K)
induced by a quasi-equational subcategory of K (with theory S).
Let then
/S
Q : GU (K)

be a strong quotient. Due to [12], for the category A = Lex S, the
/ K is the embedding of the ω-orthogonality class
functor Lex Q : A
A. It is easy to verify that the set

H = {h ∈ Kf p | Q(h) is an isomorphism}

admits a left calculus of fractions in Kf p and that it fulfills

A = H⊥ and S op ∼
= Kf p [H−1 ].

If H0 denotes the set of all strong epimorphisms (of K) in H, then the
/
fact that Q is a strong quotient implies that every morphism h : QT1
−1
QT2 of S has the form h = Qg · (Qm) for m ∈ H0 (in S, thus in Kf p ).
Hence every morphism in Kf p [H−1 ] is actually a morphism in Kf p [H0−1 ],
so that
Kf p [H0−1 ] = Kf p [H−1 ].
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By (2) in Remark 3.8, we have

A = H0⊥ ,

and therefore A is the orthogonality class of strong epimorphisms. It
follows from Corollary 2.22 that A is a quasi-equational subcategory.

(II) We now show that for every quasi-equational subcategory A ,→
/ GU (A) is a strong
K, the induced theory morphism Q : GU (K)
quotient.
Let A be a quasi-equational subcategory of K. By Remark 2.10, we
have a set H of finitary regular epimorphisms in K with

A = H⊥ .

The closure H̄ of H under isomorphism, composition and pushout in
Kf p is a set of finitary strong epimorphisms with

A = H̄⊥ .

Moreover, H̄ clearly admits a left calculus of fractions in Kf p . By (1)
in Remark 3.10 the induced theory morphism

Q : GU (K)

/ GU (A)

is a quotient functor. More detailed: the following was shown in the
last part of the proof of V.2 in [12]: (i) Let

R: K

/A

/ RK chosen
be a reflector of A with reflection morphisms ηK : K
so that RηK = idRK for all K ∈ K. We have a domain-codomain
restriction
/ Af p
R0 : Kf p

and we can assume R0 = Qop . (ii) Given a morphism

f : R0 L

/ R0 L̄ (L, L̄ ∈ Kf p )
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/ R0 L̄
/ Ch in H̄ and ch : Ch
/ Ch , h : L̄
there exist morphisms g : L
(Ch ∈ Kf p ) such that f = R(ch · g) and ch · h = ηL̄ . This last equation
yields Rch · Rh = idR0 L̄ , thus, Rh = R0 h is invertible and

f = (R0 h)−1 · (R0 g).

This proves that Q = R0op is a strong quotient: for every morphism
/ QL we have f = Qg ·(Qh)−1 and h is a strong monomorphism
f : QL̄
in GU (K) = Kfopp .

3.11. Remark Theorem 3.9 characterizes theory morphisms induced
by strongly epireflective subcategories closed under filtered colimits (see
2.22). Let us mention a related result of M. Makkai and A. Pitts [16]
characterizing theory morphisms induced by all full reflective subcategories of K closed under filtered colimits. These are precisely the lex
/ T such that
functors Q : S

(i) every object of S is isomorphic to QT for an object T of T ,
and
/ QT2 of S has the form

(ii) every morphism f : QT1

QT1
s

²

QT10

f

/ QT2
o7
o
o
oo
ooo
o
o
Qg
ooo

for some morphism g : T10
/
s : QT1
QT10 having a splitting in S:

/ T2 of T

and some morphism

r · s = idQT1
with Qg = f · r.

3.12. Conclusions For locally finitely presentable categories the concept of equation which naturally corresponds to the classical equations
of General Algebra is that of a parallel pair of morphisms in the GabrielUlmer theory. This was studied by W. Hatcher [10] and B.Banascheski
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and H.Herrlich [5] more than 30 years ago. (In the latter work the more
general case of locally λ-presentable categories was considered, where
the equations are parallel pairs of λ-presentable morphisms.) We call
such parallel pairs quasi-equations.
In our paper we derived from the above earlier work that the quasiequational subcategories of a locally finitely presentable category are
precisely those closed under products, subobjects, and filtered colimits. We just used slightly less restrictive assumptions. And we characterized the theory morphisms between the Gabriel-Ulmer theories that
precisely correspond to the quasi-equational classes. A generalization to
locally λ-presentable categories is straightforward: the quasi-equational
classes are those full subcategories that are closed under products, subobjects, and λ-filtered colimits. The concept of a quotient functor of
M.Makkai and A. Pitts in [16] is also clearly definable in this infinitary setting; again, the theory morphisms corresponding to the quasiequational classes are precisely the strong quotients. The proof is completely analogous to the proof of Theorem 3.9, one just works with the
theory given by the dual of the category of all λ-presentable objects.
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CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS
VI: APPROXIMATE OPERATIONS
by Zurab JANELIDZE
Dedicated to Francis Borceux on the occasion of his 60th birthday

Abstract
La méthode de traduction permettant de passer des «term conditions» au sens de l’algèbre universelle à des conditions purement
catégoriques, qui a été présentée dans le premier article de cette série,
est revisitée ici dans une nouvelle perspective, qui est basée sur l’idée
de considérer les opérations approchées, introduite par D. Bourn et par
l’auteur du présent article. Dans un certain sens, ces opérations approchées apparaissent comme des contreparties catégoriques des termes d’une théorie algébrique d’une variété.
The method of translating universal-algebraic term conditions into
purely categorical conditions, which was presented in the first paper
from this series, is now revisited with a new insight that is based on
the idea of considering so called approximate operations, which is due
to D. Bourn and the present author. In some sense, these approximate
operations arise as categorical counterparts of terms of an algebraic
theory of a variety.

Introduction
In [9] we saw that classes of categories, such as Mal’tsev, unital, strongly
unital and subtractive categories, all can be obtained from the corresponding classes of varieties of universal algebras, using the same general method
of extending classes of varieties, that are defined by suitable term conditions
Partially supported by Claude Leon Foundation, INTAS (06-1000017-8609) and Georgian National Science Foundation (GNSF/ST06/3-004).
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(i.e. a special kind of conditions on the terms of the algebraic theory of a variety), to classes of categories. These classes of categories are then defined by
so called closedness properties of internal relations. The aim of the present
paper is to show that in fact, the categorical setting also admits the presence
of a special kind of “terms” — so called approximate operations. This idea
was first put forward in [3], where only the special case of Mal’tsev categories was treated (but it was pointed out in [3] that the theory transfers to
the general case). Then in [4] (see also [5]) the case of subtractive categories
was considered in detail (where approximate subtractions were used in the
construction of the abelianization functor for regular subtractive categories
with binary coproducts). In this paper we present the general theory (see
the Introduction in [3] for a summary of this theory in the case of Mal’tsev
categories).

1

Categories with M-closed relations

In this section we recall the necessary material from [9] (omitting the proofs).

Preliminaries
By AlgTh we denote the category of (one-sorted and finitary) algebraic theories (see [12]). Let T be an object in this category and let E be an algebraic
theory obtained from T by adding to it an m-ary operator p and the axioms


 p(t11 , ...,t1m ) = u1 ,
..
(1)
.

 p(t , ...,t ) = u ,
nm
n
n1
where ti j and ui are certain terms in T , having the same fixed arity k. Then
we have a canonical morphism e : T → E of theories.
Throughout the paper we assume n > 1, m > 0 and k > 0.
The system of equations (1) gives rise to the extended matrix


t11 · · · t1m u1

.. 
..
M =  ...
. 
.
tn1 · · · tnm un
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which uniquely determines it. A special instance of this process is when in
Linear Algebra we associate an extended matrix to a system of linear equations (see [9]). Similarly, the role of M in our much more general setting,
is to determine if (1) is solvable in T , i.e. whether the morphism T → E
is a split monomorphism (which means that T contains an m-ary term p
such that the equations in (1) are theorems in T ). More generally, we are
interested in the existence of a factorization

E _??

??
??
??

T

/K
?
~
~
~
~~
~~

for a given theory morphism T → K . Note that once a theory morphism
T → K is given, (1) becomes a system of term equations in K , and when the
above factorization exists we can say that (1) is solvable in K . In particular,
we study this problem in the case when T → K is a central morphism [13],
i.e. every k-ary term q from T commutes with every l-ary term r in K (where
k and l are arbitrary natural numbers) in the sense that the identity
q(r(x11 , ..., x1l ), ..., r(xk1 , ..., xkl )) = r(q(x11 , ..., xk1 ), ..., q(x1l , ..., xkl ))
is a theorem in K . Then, it turns out that M gives rise to a condition on the
category AlgK of K -algebras, which is equivalent to solvability of (1) in K
(see Theorem 1.2 below). To formulate this categorical condition, it is more
convenient to work with the transpose of M, which we denote by the same
letter


t11 · · · tn1
 ..
.. 

. 
M= .
.
 t1m · · · tnm 
u1 · · · un

Internal M-closed relations
By an internal T -algebra A in a category C we mean an object A in C
equipped with an ordinary internal T -algebra structure on Y (A) in the catop
op
egory SetC , where Y denotes the Yoneda embedding Y : C → SetC . We
use standard notation: For each k-ary term v in T , we write vA to denote
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corresponding k-ary operation vA : Y (A)k → Y (A) of Y (A). We usually omit
subscripts when we write the components vAX : hom(X, A)k → hom(X, A) of
the natural transformation vA . Sometimes we even omit the superscript and
simply write v instead of vA .
Let r = (ri : R → Ai )i∈{1,...,n} and s = (si : S → Ai )i∈{1,...,n} be two spans
in C. We say that the span s factors through the span r, if there exists a
morphism f : S → R such that ri f = si for each i ∈ {1, ..., n}.
By an internal n-ary relation r in C we mean a span
r = (ri : R → Ai )i∈{1,...,n}
whose projections r1 , ..., rn are jointly monomorphic.
Suppose A is an internal T -algebra in C. We say that an internal n-ary
relation r = (ri : R → A)i∈{1,...,n} in C is M-closed when for any object X
in C and for any morphisms x1 , ..., xk : X → A, if for each j ∈ {1, ..., m} the
span (ti j (x1 , ..., xk ) : X → A)i∈{1,...,n} factors through the relation r, then so
does the span (ui (x1 , ..., xk ) : X → A)i∈{1,...,n} . The latter property of x1 , ..., xk
can be expressed in short by saying that r is compatible with the following
matrix:


t11 (x1 , ..., xk ) · · · tn1 (x1 , ..., xk )


..
..


.
.


 t1m (x1 , ..., xk ) · · · tnm (x1 , ..., xk ) 
u1 (x1 , ..., xk ) · · · un (x1 , ..., xk )
Thus in general, given an extended matrix

f11 · · · fn1
 ..
..
 .
.

 f1m · · · fnm
g1 · · · gn







whose each i-th column consists of morphisms X → Ci in C, where X is a
fixed object in C, we say that a relation r = (ri : R → Ci )i∈{1,...,n} is compatible with this matrix if whenever the top rows in the above matrix, regarded
as spans, factor through r, so does the bottom row.
Now consider a relation r = (ri : R → Ai )i∈{1,...,n} between possibly different internal T -algebras A1 , ..., An in C. We say that r is strictly M-closed
if for any object X in C and for any family of morphisms
(xii0 : X → Ai )i∈{1,...,n},i0 ∈{1,...,k} ,
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the relation r is compatible with respect to the following matrix:


t11 (x11 , ..., x1k ) · · · tn1 (xn1 , ..., xnk )


..
..


.
.


 t1m (x11 , ..., x1k ) · · · tnm (xn1 , ..., xnk ) 
u1 (x11 , ..., x1k ) · · · un (xn1 , ..., xnk )

The categorical condition determined by M
By a T -enrichment of a category C we mean a left inverse of the forgetful
functor
AlgT C → C,
where AlgT denotes the category of internal T -algebras in C (see [7], [9]).
Thus, a T -enrichment equips each object C in C with an internal T -algebra
structure in C, in such a way that every morphism f : C → D becomes an
internal homomorphism of internal T -algebras. A T -enriched category is
a category C given with a fixed T -enrichment. A T -enrichment can be
also equivalently defined as a natural T -algebra structure on the functor
homC , i.e. an internal T -algebra structure on homC in the functor category
op
SetC ×C . When we talk about a T -enriched category C, we will automatically regard the functor homC as the corresponding internal T -algebra in
op
SetC ×C .
An internal n-ary relation r = (ri : R → C)i∈{1,...,n} in a T -enriched category C is said to be M-closed if r is M-closed when C is regarded as an
internal T -algebra in C whose T -algebra structure is the one that is associated with C by the T -enrichment (a similar convention also applies to “strict
M-closedness”).
Theorem 1.1 ([9]) Let C be a finitely complete T -enriched category. Then
the following conditions are equivalent to each other:
(a) Every internal relation R → Cn in C is M-closed.
(b) Every internal relation R → C1 × ... ×Cn in C is strictly M-closed.
We say that a (finitely complete) T -enriched category C has M-closed
relations if it satisfies the equivalent conditions (a) and (b) in Theorem 1.1.
Suppose C = AlgK . Then T -enrichments of C are in one-to-one correspondence with central morphisms T → K (see [7]).
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Theorem 1.2 ([9]) Let T → K be a central morphism of theories. Then the
T -enriched category AlgK has M-closed relations if and only if the system
of equations (1) corresponding to M is solvable in K .
By T -Catfc
M we denote the class of all finitely complete T -enriched categories C that have M-closed relations. In [9] it was shown that the class of
Mal’tsev categories, as well as several other closely related classes of categories (see Table 1), are of the form T -Catfc
M for suitable T ’s and M’s.
It turns out that under certain restrictions on T and M the classes T -Catfc
M
themselves can be characterized via a generalized form of “solvability” of
(1). This was first shown in the case of the class of Mal’tsev categories in
[3], where it was also observed that the same could be done more generally
for the classes of the form T -Catfc
M . The purpose of this paper is to outline
this more general unified theory.
Observation 1.3 Below we describe two procedures of producing from M
another extended matrix M 0 of terms in T . It is easy to see that in both cases
fc
we have T -Catfc
M ⊆ T -CatM 0 .
“Change of variables”: Let k0 be a natural number and suppose the
entries in
 0

0
t11 · · · tn1
 ..
.. 
 .
. 
0
M = 0

0
 t1m · · · tnm 
u01 · · · u0n
are k0 -ary terms. Suppose further there exist maps f1 , ..., fn : {1, ..., k} →
{1, ..., k0 } such that for every i ∈ {1, ..., n} the equations
0 (x , ..., x 0 ) = t (x
ti1
1
i1 fi (1) , ..., x fi (k) ),
k
..
.
0 (x , ..., x 0 ) = t (x
tim
im fi (1) , ..., x fi (k) ),
1
k
0
0
ui (x1 , ..., xk ) = ui (x fi (1) , ..., x fi (k) ),

are theorems in T . Then we say that M 0 is obtained from M by change of
variables.
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Table 1: Examples of classes of categories determined by matrices

T =

Th[sets]

Th[pointed sets]

C ∈ T -Catfc
M iff C is a

M=

x
 y

 y
x


y
y 

x 
x

Mal’tsev category [6]




y
y 

x 
x

Strongly unital category [2]

x
 0

 0
x




x 0
Th[pointed sets]  0 x 
x x

Unital category [2]




x x
Th[pointed sets]  0 x 
x 0
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“Change of columns”: Let n0 be a natural number n0 > 1 and suppose
 0

t11 · · · tn0 0 1
 ..
.. 

. 
M 0 =  0.
.
0
 t1m · · · tn0 m 
u01 · · · u0n0
Suppose further there exists a map f : {1, ..., n0 } → {1, ..., n} such that for
every i ∈ {1, ..., n0 } we have:
0 =t
ti1
f (i),1 ,
..
.
0 =t
tim
f (i),m ,
0
ui = u f (i) .

Then we say that M 0 is obtained from M by change of columns.

2 Approximate operations
Approximate solutions of the system of term equations corresponding to M
For an extended term matrix M, we use the same letter M to refer to the
system of term equations corresponding to this matrix. Let A be an internal
T -algebra in a category C with finite products. An approximate solution
in A, of a system of term equations M, is a morphism p : Am → B in C
(an “approximate operation”) such that there exists a morphism d : A → B
making the diagram
AOm

p

(ti1 ,...,tim )

/B
O
d

Ak

ui

/A

commute for each i ∈ {1, ..., n}. The morphism d is called an approximation
of the approximate solution p. The morphism p in the initial object in the
category of all diagrams
Am

p

/Bo d
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with A fixed, will be called the initial approximate solution of M in A, and the
morphism d in the same diagram will be called a canonical approximation
of p. When C has finite colimits, the initial approximate solution of M in A,
together with its canonical approximation d, can be obtained via the pushout
p

AOm


t11
 .
 ..
tn1

···
···

/B
O



t1m
.. 
. 
tnm

n(Ak )

d

(2)




u1
 . 
 .. 
un

/A

By a solution of M in A we mean an approximate solution of M in A which
has an approximation that is an identity morphism. Solutions of M in A are in
one-to-one correspondence with left inverses of the canonical approximation
d of the initial approximate solution of M in A (when the latter exists), and
so, M is solvable in A if and only if d is a split monomorphism. This leads
us to the following
Lemma 2.1 For an internal T -algebra A in Set, whose underlying set is
non-empty, the following conditions are equivalent:
(a) M is solvable in A.
(b) The canonical approximation of the initial approximate solution of M
in A is an injective map.
(c) For all i, i0 ∈ {1, ..., n} and a1 , ..., ak , b1 , ..., bk ∈ A we have


∀ j∈{1,...,m}ti j (a1 , ..., ak ) = ti0 j (b1 , ..., bk )
=⇒ ui (a1 , ..., ak ) = ui0 (b1 , ..., bk ).
If A is empty then (b) and (c) are always satisfied (so in this case we still
have (b)⇔(c)), and (a) is satisfied if and only if m 6= 0.
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Proof. We already know (a)⇔(b).
(b)⇒(c): Let p be the initial approximate solution of M in A and let d be
its canonical approximation. Suppose
∀ j∈{1,...,m} ti j (a1 , ..., ak ) = ti0 j (b1 , ..., bk ).
Then
d(ui (a1 , ..., ak )) = p(ti1 (a1 , ..., ak ), ...,tim (a1 , ..., ak )) =
= p(ti0 1 (b1 , ..., bk ), ...,ti0 m (b1 , ..., bk )) = d(ui0 (b1 , ..., bk )).
Since d is injective, ui (a1 , ..., ak ) = ui0 (b1 , ..., bk ).
(c)⇒(a): The condition (c) insures that the following map is well-defined:

ui (b1 , ..., bk ) if ∀ j∈{1,...,m} a j = ti j (b1 , ..., bk ),
m
p : A → A, p(a1 , ..., am ) =
a1
otherwise.
From the definition of p it is clear that p is a solution of M in A.
The last statement of the Lemma is essentially obvious.



Uniqueness of the approximation
Proposition 2.2 For any T and M, the following conditions are equivalent:
(a) Each approximate solution of M has exactly one approximation.
(b) There exists o ∈ {1, ..., n} and there exist unary terms v1 , ..., vk in T
such that uo (v1 (x), ..., vk (x)) = x is a theorem in T .
Moreover, when (b) is satisfied, for any approximation d of an approximate
solution p of M (in an internal T -algebra A in a category C), we have
A
A
d = p ◦ (to1
, ...,tom
) ◦ (vA1 , ..., vAk )

where o, v1 , ..., vk are the same as in (b).
Proof. (a)⇒(b): Let A be the free T -algebra in Set over a one-element set
{x}. Consider the pushout (2). If x is the only element of A, then this means
that for any unary term w in T we have w(x) = x, and so (b) is trivially
satisfied. Suppose A has at least two elements. The condition (b) states
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nothing other than that x belongs to the image of the bottom horizontal map
in (2). If this is not satisfied, then B must also have at least two elements.
But this allows to define another approximation d 0 of p,

d(a) if a 6= x,
0
d (a) =
b
if a = x,
where b is any element of B such that b 6= d(x).
(b)⇒(a) is a consequence of the last part of the proposition, which is
easy to prove: take o, v1 , ..., vk as in (b); then 1A = uA0 ◦ (vA1 , ..., vAk ), which
A , ...,t A ) ◦ (vA , ..., vA ).
gives d = d ◦ uA0 ◦ (vA1 , ..., vAk ) = p ◦ (to1

om
1
k
Condition 2.2(b) is satisfied for each of the cases displayed in Table 1
(in fact, in each case we can take o = 1 and all v’s to be the identity term
v(x) = x).
When the equivalent conditions of Proposition 2.2 are satisfied, p is an
approximate solution of M in an internal T -algebra A if and only if for each
i ∈ {1, ..., n} we have
A
A
A
A
p ◦ (ti1
, ...,tim
) = p ◦ (to1
, ...,tom
) ◦ (vA1 , ..., vAk ) ◦ uAi

i.e. p coequalizes the morphisms
Ak

(ti1 ,...,tim )
(to1 ,...,tom )◦(v1 ,...,vk )◦ui

/
/ Am

where o, v1 , ..., vk are the same as in 2.2(c). In particular, this allows to construct the initial approximate solution of M in A as a joint coequalizer of
pairs of morphisms of the above form (see e.g. Table 2).

3 The characterization theorems
The first characterization theorem
Let C be a T -enriched category. Consider the following condition on a
natural transformation d : homC → D, where n0 is any natural number n0 > 1:
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Table 2: Coequalizer constructions of some initial approximate solutions

T =

M=



x
 y

 y
x


y
y 

x 
x

A2




y
y 

x 
x

A2


x 0
Th[pointed sets]  0 x 
x x

A

Th[sets]

Th[pointed sets]

x
 0

 0
x




x x
Th[pointed sets]  0 x 
x 0

(π1 ,π2 ,π2 )
/
(π1 ,π1 ,π1 ) //
(π2 ,π2 ,π1 )
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/ A3

p

/B

/ A2

p

/B

/

p

/B

/

(π2 ,π2 ,π1 )

(0,1A )

(1A ,1A )

A

/B

(π1 ,0,0)

(1A ,0)



p

(0,0)

A3

/

/ A2
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(Cn0 ) Let r = (ri : R → Ai )i∈{1,...,n0 } and s = (si : S → Ai )i∈{1,...,n0 } be arbitrary internal n0 -ary relation and span, respectively, between arbitrary
objects A1 , ..., An0 in C. If there exists an element x ∈ D(S, R) such that
D(1S , ri )(x) = d(S,Ai ) (si ) for every i ∈ {1, ..., n0 },
then there exists a morphism y : S → R such that
ri y = si for every i ∈ {1, ..., n0 }.
This condition turns out to be closely related to the following condition,
which is determined by M and a natural number n0 > 1:
0
(DM
n0 ) Any internal relation r = (ri : R → Ai )i∈{1,...,n0 } in C is strictly M 0
0
closed, where M is any extended matrix (of terms in T ) with n columns,
obtained from M by change of columns and variables.

n00

It is easy to see that if (Cn0 ) is satisfied, then (Cn00 ) is satisfied for any
∈ {1, ..., n0 }. A similar fact is also true for the condition (DM
n0 ).

Theorem 3.1 Let C be a T -enriched category. For any natural number
n0 > 2 the following conditions are equivalent to each other:
(a) the canonical approximation d of the initial approximate solution p of
M in homC satisfies (Cn0 );
(b) there exists an approximate solution p of M in homC which has an
approximation d satisfying (Cn0 );
(c) C satisfies (DM
n0 ).
Moreover, if the above conditions are satisfied, then d in (a) necessarily has
injective components.
Proof. (a)⇒(b) is obvious. (b)⇒(a) follows from the fact that if the condition (Cn0 ) is satisfied for a composite cd then it is also satisfied for d.
(b)⇒(c): Suppose (b) is satisfied. Let X be an object and
r = (ri : R → Ai )i∈{1,...,n0 }
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an internal n0 -ary relation in C. We must show that r is compatible with the
matrix


t f (1)1 (x11 , ..., x1k ) · · · t f (n0 )1 (xn0 1 , ..., xn0 k )


..
..


.
.


 t f (1)m (x11 , ..., x1k ) · · · t f (n0 )m (xn0 1 , ..., xn0 k ) 
u f (1) (x11 , ..., x1k ) · · · u f (n0 ) (xn0 1 , ..., xn0 k )
for any map f : {1, ..., n0 } → {1, ..., n}, where each xi j is an arbitrary morphism
xi j : X → Ai .
Suppose each upper j-th row, regarded as a span, factors through the relation
r via a morphism z j : X → R. Consider the element x = p(X,R) (z1 , ..., zm ) ∈
D(X, R). For each i ∈ {1, ..., n0 } we have
D(1X , ri )(x) = D(1X , ri )(p(X,R) (z1 , ..., zm ))
= p(X,Ai ) (ri z1 , ..., ri zm ) = p(X,Ai ) (t f (i)1 (xi1 , ..., xik ), ...,t f (i)m (xi1 , ..., xik ))
= d(X,Ai ) (u f (i) (xi1 , ..., xik )).
Now, applying (Cn0 ) we get that the last row of the above matrix also factors
through r.
Before proving (c)⇒(a) first we prove that (c) implies that the d in (a) has
injective components. Let X and Y be any two objects in C. Let p be the initial approximate solution of M in homC (X,Y ) with canonical approximation
d. According to Lemma 2.1, to show that d is an injective map, it suffices
to show that the condition 2.1(c) is satisfied for A = homC (X,Y ), which
is the same as to show that for all i, i0 ∈ {1, ..., n} and a1 , ..., ak , b1 , ..., bk ∈
homC (X,Y ) the relation
Yo

1Y

Y

1Y /
Y

is compatible with the matrix

ti1 (a1 , ..., ak ) ti0 1 (b1 , ..., bk )

..
..

.
.

 tim (a1 , ..., ak ) ti0 m (b1 , ..., bk )
ui (a1 , ..., ak ) ui0 (b1 , ..., bk )
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But this is indeed so when (c) is satisfied, since the above matrix can be obtained from M by change of columns and variables, and because the number
of columns is less than or equal to n0 (this is where we use the assumption
n0 > 2).
(c)⇒(a): Suppose (c) is satisfied. Let
r = (ri : R → Ai )i∈{1,...,n0 } and s = (si : S → Ai )i∈{1,...,n0 }
be an arbitrary internal n0 -ary relation and a span, respectively, between arbitrary objects A1 , ..., An0 in C. Suppose there exists an element x ∈ D(S, R)
such that
D(1S , ri )(x) = d(S,Ai ) (si ) for every i ∈ {1, ..., n0 }.
The maps p(S,R) , d(S,R) are jointly surjective (since p(S,R) is an initial approximate solution of M in homC (S, R) with d(S,R) as its canonical approximation). This means that x falls either in the image of d(S,R) , or of p(S,R) . In the
first case we get x = d(S,R) (y) for a morphism y : S → R, and then naturality
of d yields that
d(S,Ai ) (ri y) = d(S,Ai ) (si )
for every i ∈ {1, ..., n0 }, which implies ri y = si for every i ∈ {1, ..., n0 } (since
each d(S,Ai ) is an injective map). Suppose now x falls in the image of p(S,R) ,
i.e. there exist morphisms z1 , ..., zm : S → R in C such that x = p(S,R) (z1 , ..., zm ).
Then, for each i ∈ {1, ..., n0 } we have
d(S,Ai ) (si ) = D(1S , ri )(x)
= D(1S , ri )(p(S,R) (z1 , ..., zm )) = p(S,Ai ) (ri z1 , ..., ri zm ).
Since in the pushout
hom(S,
A )m
O i


t11
 .
 ..
tn1

···
···

p(S,Ai )

/ D(S, Ai )
O



t1m
.. 
. 
tnm

d(S,Ai )

n(hom(S, Ai )k )
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 . 
 .. 
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/ hom(S, Ai )
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d(S,Ai ) is an injective map, the equality
d(S,Ai ) (si ) = p(S,Ai ) (ri z1 , ..., ri zm )
implies the existence of an element
ei ∈ n(hom(S, Ai )k )
such that
u1
..
.
un

!
(ei ) = si and

t11
..
.
tn1

···
···

t1m
..
.
tnm

!
(ei ) = (ri z1 , ..., ri zm ).

Thus we obtain that for each i ∈ {1, ..., n0 } there exists i∗ ∈ {1, ..., n} and
fi1 , ..., fik : S → Ai such that
ui∗ ( fi1 , ..., fik ) = si
and
ti∗ j ( fi1 , ..., fik ) = ri z j for every

j ∈ {1, ..., m}.

Now, consider the extended matrix

t1∗ 1 ( f11 , ..., f1k ) · · · tn0∗ 1 ( fn0 1 , ..., fn0 k )

..
..

.
.

 t1∗ m ( f11 , ..., f1k ) · · · tn0∗ m ( fn0 1 , ..., fn0 k )
u1∗ ( f11 , ..., f1k ) · · · un0∗ ( fn0 1 , ..., fn0 k )




.


The top rows of this matrix, considered as spans between A1 , ..., An , factor
through the relation r (each j-th row factors through r via z j ). This matrix
is obtained from M by change of columns and change of variables. Hence,
(c) implies that the relation r is compatible with the above matrix, and so
its bottom row also factors through r, i.e. there exists a morphism y : S → R
such that ri y = si for every i ∈ {1, ..., n0 }.

Remark 3.2 In the case when n0 = 2 and M is the matrix from Table 1, which
corresponds to the notion of a Mal’tsev category, Theorem 3.1 becomes Theorem 3.2 of [3].
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Remark 3.3 Suppose n0 = 1. Then, in Theorem 3.1, we still have (a)⇒(b)⇒(c),
which is evident from the proof of Theorem 3.1. The question whether we
also have (c)⇒(a) or not remains open. However, if either T = Th[sets] or
T = Th[pointed sets], then it is easy to show that we do have (c)⇒(a) (but
then d in (a) does not necessarily have injective components).
Recall that n denotes the number of columns of M. Remark 3.3, Theorem 3.1 and Observation 1.3 together imply:
Theorem 3.4 For a finitely complete T -enriched category C the following
conditions are equivalent:
(a) the canonical approximation d of the initial approximate solution p of
M in homC satisfies (Cn );
(b) there exists an approximate solution p of M in homC which has an
approximation d satisfying (Cn );
(c) C has M-closed relations.
Moreover, if the above conditions are satisfied then 3.1(a) and 3.1(b) are
satisfied for any natural number n0 > 1.

The second characterization theorem
Let C be a T -enriched category with finite coproducts. Then every object X
in C has an internal T -coalgebra structure; for each k-ary term t in T the cooperation tX : X → kX of X is given by tX = t(ι1 , ..., ιk ), where ι1 , ..., ιk denote
the coproduct injections X → kX. Further, this way the T -enrichment of C
gives rise to an internal T -coalgebra structure on 1C in the functor category
CC .
Theorem 3.5 A finitely complete T -enriched category C with finite coproducts has M-closed relations if and only if for every object X in C, every n-ary
internal relation r : R → (kX)n in C is compatible with


(t11 )X · · · (tn1 )X


..
..


.
.
MX = 
.
 (t1m )X · · · (tnm )X 
(u1 )X · · · (un )X
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Proof. The “only if” part is obvious. The proof of the “if” part relies on
the observation that for any morphisms f1 , ..., fk : X → C, composing each
entry of MX with the morphism


f1
 .. 
 .  : kX → C
fk
yields the matrix


t11 ( f1 , ..., fk ) · · · tn1 ( f1 , ..., fk )

..
..

.
.

 t1m ( f1 , ..., fk ) · · · tnm ( f1 , ..., fk )
u1 ( f1 , ..., fk ) · · · un ( f1 , ..., fk )




.


It is a simple observation that each row of this matrix factors through r : R →
Cn if and only if the corresponding row of MX factors through the pullback
of r along the morphism

n
f1
 .. 
n
n
 .  : (kX) → C .
fk
So every n-ary relation on C is M-closed when every n-ary relation on kX is
compatible with MX .

If C is a regular category [1], then for each object X in C the following
conditions are equivalent to each other:
• every relation r : R → (kX)n in C is compatible with MX ;
• there exists an approximate co-solution p : W → mX of M in X whose
approximation d : W → X is a regular epimorphism;
• the approximation of the terminal approximate co-solution of M in X
is a regular epimorphism.
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The equivalence of these three conditions follows from the fact that in a
regular category, for a pair of morphisms
Y


X

f

g

/C

the following conditions are equivalent to each other:
• f factors through every monomorphism through which g factors;
• the above diagram can be filled up to a commutative square
/Y

W
g0





X

f

g

/C

where g0 is a regular epimorphism;
• the pullback of g along f is a regular epimorphism (that is to say, we
can take the above square to be a pullback).
So from Theorem 3.5 we deduce:
Theorem 3.6 For a regular T -enriched category C with finite coproducts,
the following conditions are equivalent to each other:
(a) C has M-closed relations.
(b) For every object X in C there exists an approximate co-solution of M
in X having an approximation that is a regular epimorphism.
(c) For every object X in C the canonical approximation of the terminal
approximate co-solution of M in X is a regular epimorphism.
Remark 3.7 There is a close connection between the condition on the approximation considered in Theorem 3.1 and the condition on the approximation considered in Theorem 3.6 — see [3].
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Remark 3.8 Theorems 3.4 and 3.6 were obtained in the special cases of
Mal’tsev and subtractive categories in [3] and [4], respectively. As it was
emphasized in [4] and in [5] (see also [11]), Theorem 3.6 provides a convenient tool for working in a category C with M-closed relations, since the
behavior of approximate co-solutions of M mimic up to a great degree the
behavior of term solutions of M in varieties with M-closed relations; in particular, this allows in many cases to translate a universal-algebraic argument involving terms into a purely categorical argument — thus giving a
straightforward method of lifting certain results from Universal Algebra to
Category Theory (see e.g. [4] and [11]).

4 Final remarks
A natural next step is to try to extend the results of this paper to the case of
the more general type of matrices considered in [10] (which allow to replace
the system of term equations (1) in Theorem 1.2 with a more general kind
of system of term equations). However, before that one should first probably try to understand Theorem 3.4 better, which perhaps leads to trying to
obtain an analogous result where in 3.4(a) and in 3.4(b), the natural transformation d : homC → D, instead of being an approximation of an approximate
solution of M in homC , would have the following stronger property: D is
equipped with an internal T -algebra structure where M is solvable, and d
is a homomorphism of internal T -algebras. For instance, it is easy to show
that a finitely complete pointed category C is unital if and only if there is
op
an internal magma D in SetC ×C and a homomorphism d : homC → D of
internal pointed sets, which satisfies (C2 ) (and specifically, we can take D to
be the free internal magma over homC , with unit the base point of homC ).
By the way, the same result remains to be true when we replace “magma”
with “monoid” or “commutative monoid”.
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