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Résumé. Une catégorie cubique symétrique faible est équipée d'une action
des groupes symétriques. Cette action, outre simplifier les conditions de
cohérence, fournit une structure monoïdale fermée symétrique et un (seul)
foncteur cocylindre, ce qui est essentiel pour définir les transformations
cubiques. On étudie ici les limites cubiques symétriques, en prouvant
qu'elles peuvent être construites à partir des produits, égalisateurs et
tabulateurs du même genre. Les catégories doubles faibles sont un
tronquement cubique des structures traitées ici, ce qui permet de comparer
les limites doubles aux limites cubiques.
Abstract. A weak symmetric cubical category is equipped with an action of
the symmetric groups. This action, besides simplifying the coherence
conditions, yields a symmetric monoidal closed structure and one path
functor – a crucial fact for defining cubical transformations. Here we deal
with symmetric cubical limits, showing that they can be constructed from
symmetric cubical products, equalisers and tabulators. Weak double
categories are a cubical truncation of the present structures, so that double
limits can be compared with the cubical ones.
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Introduction

This is the second paper in a series on weak symmetric cubical categories. The
first, referred to as Part I [G4], explored the role of symmetries in providing one
path functor, whose 'homotopies' are the cubical transformations of cubical functors.
The present paper, concerned with cubical limits, can also be viewed as a higher
dimensional extension of the study of double limits in [GP1].
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Weak cubical categories were introduced in [G1-G3], as a basis for the study of
cubical cospans in algebraic topology and higher cobordism. They have a cubical
structure, with faces and degeneracies, weak compositions in countably many
directions (indexed as 1, 2,..., n,...) and a strict composition in one direction, called
the transversal one (and indexed as 0).

As a leading example, one can think of the weak cubical category  !Sp(X)  of
cubical spans in a category with pullbacks  X.  An n-dimensional object is a functor
x: """"n  X,  where  """"  is the 'formal span' category

 (-1,-1)   (0,-1)   (1,-1)

(1) –1    0    1 ####  (-1, 0)   (0, 0)   (1, 0)

 (-1, 1)   (0, 1)   (1, 1) """"2.

An n-dimensional transversal map is a natural transformation  f: x  y: ####n 
X  of such functors. The ordinary categories  Spn(X) = CAT(""""n, X)  form a cubical
object in  CAT,  with obvious faces and degeneracies. Moreover, n-dimensional
spans (and their maps) have cubical composition laws  x +i y  (or concatenations)
in direction  i = 1,..., n,  that are computed with (a fixed choice of) pullbacks; these
compositions are consistent with faces, but only behave well up to invertible
(transversal) comparisons, for associativity, unitarity and interchange.

As already stressed in [G1],  !Sp(X)  is a weak symmetric cubical category,
when equipped with the action of the symmetric group  Sn  on  CAT(""""n, X)  that
permutes the factors of  """"n.  These symmetries – which permute the weak directions
without modifying the transversal one – reduce all faces, degeneracies and cubical
compositions to the 1-indexed case (for instance), and allow us to simplify the
coherence conditions. Notice also that cubical 1-truncation, that keeps one weak
direction and the strict transversal one, yields the weak double category  Sp(X) =
tr1(!Sp(X))  of morphisms and ordinary spans, studied in [GP1]; symmetries
'disappear', since the groups  S0  and  S1  are trivial.

In section 1 we review more analytically the construction of  !Sp(X);  this
should be sufficient to clarify the general structure of symmetric cubical categories
(a formal definition can be found in [G1] and Part I). Then we introduce lax
symmetric cubical functors, with their transversal (or algebraic) and cubical (or
geometric) transformations.
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In the next two sections we deal with cubical limits in a weak symmetric cubical
category  A.  First, in Section 2, we consider symmetric cubical limits of level
functors  F: X  tvnA,  with values in the ordinary category of n-cubes and n-maps:
these are ordinary limits, required to be preserved by the functors  tvnA  tvmA   of
the symmetric cubical structure. Then, in Section 3, we introduce general limits for a
lax symmetric cubical functor  F: X  A;  the definition takes advantage of the path
functor  P  of such 'categories', a consequence of the symmetric setting (cf. 1.4.4; or
3.6 of Part I). The main theorem (3.7-3.8) reduces the existence of symmetric
cubical limits to 'basic cases': products, equalisers and tabulators (always in the
symmetric cubical sense); the tabulator of an n-cube  x  of  A  is an object  x0  with a
universal n-map  en(x0)  x  defined on the totally degenerate n-cube at  x0.

In Section 4 we compare the weak symmetric cubical categories  !Sp =
!Sp(Set)  and  !C osp  of cubical spans and cospans of sets with their cubical
truncations, the weak double categories  Sp  and  Cosp  already studied in [GP1-4].
Because of the previous construction theorem, comparing their limits amounts to
comparing cubical tabulators of 1-cubes with double tabulators of vertical arrows,
together with the limits of the 'transformations' of such data. At least in these basic
situations, a cubical transformation of symmetric cubical functors seems to be a
better notion than the various instances (lax, colax, strong) of vertical transformation
of the corresponding truncated double functors (see 4.2, 4.3). Thus, a weak double
category that has a natural lifting as a weak sc-category is perhaps better studied in
this enrichment: truncation (at any degree) makes 'boundary problems'. However,
there seems to be no way of reducing the general theory of double limits to that of
cubical limits: the universal constructions of skeleton and coskeleton – adjoint to
truncation – do not give good results in our basic examples (see 4.5, 4.6); this
represents a negative answer to the use of the coskeletal construction, hypothetically
suggested in Part I (3.9). For a more detailed analysis of these points, see 4.1.

Finally, in Section 5, we prove the main theorem on the construction of cubical
limits from cubical products, cubical equalisers and cubical tabulators.

References to the rich literature on higher categories can be found in two recent
books, by T. Leinster [Le] and E. Cheng - A. Lauda [CL]; but this literature is
mostly concerned with the globular approach, rather than the cubical one. Strict
cubical categories with 'connections' (higher degeneracies) have been studied by Al-
Agl, Brown and Steiner [ABS], and proved to be equivalent to globular !-categories.
Monoidal n-categories of higher spans can be found in Batanin [Bt]. A structure for
cobordisms with corners, using 2-cubical cospans, has been recently proposed by J.
Morton [Mo] and J. Baez [Ba], in the form of a 'Verity double bicategory' [Ve]; see
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also Cheng and Gurski [CG]. For weak double categories see [GP1-4] and
references therein.

The index  $  takes values 0, 1, which are also written as –, +. The prefix 'sc-'
stands for 'symmetric cubical'. The reference I.2.3 applies to Section 2.3 of Part I.

1. Some points on weak symmetric cubical categories

Weak symmetric cubical categories (or weak sc-categories) have been introduced
in [G1]; their definition is recalled in Part I [G4], Section 3, and is not repeated here.
But we review some typical examples, that should be sufficient to make their
structure clear. Then we introduce lax symmetric cubical functors, with transversal
and cubical transformations. The index  $  takes values 0, 1, also written as  –, +.

1.1. Cubical spans. We will use as a leading example the weak symmetric cubical
category  !Sp(X)  of higher cubical spans. The weak double category  Sp(X)
studied in [GP1] is a cubical truncation of the former (see Section 4).

Let  X  be a category with a full choice of distinguished pullbacks: in other
words, to every cospan  (f, g)  we assign one distinguished pullback  (f', g').

The 'geometric model' of cubical spans of dimension  n  is the category  """"n,  a
cartesian power of the formal span  """"

 (-1,-1)   (0,-1)   (1,-1)

   1

(1) –1    0    1 """",  (-1, 0)   (0, 0)   (1, 0)    2

 (-1, 1)   (0, 1)   (1, 1) """"2.

An n-cube of  !Sp(X)  is a functor  x: """"n  X;  a 0-cube 'is' an object of  X,
and will also be called an object of  !Sp(X).  A transversal map of n-cubes is a
natural transformation  f: x  y: """"n  X;  it is also called an n-map, but should be
viewed as an (n+1)-dimensional cell (being represented by the associated functor  f:
2×""""n  X,  a diagram of dimension  n+1).

These objects and maps form a category
(2) Spn(X)  =  CAT(""""n, X),

whose composition law, written  g.f  or  gf,  is called the transversal composition of
!Sp(X)  in degree  n  (and direction 0). The identity of  x  is written as  id(x).
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It is now easy to construct a symmetric cubical object in  CAT,  based on the
structure of the category  """"  as a formal symmetric interval (with respect to the
cartesian product, in  CAT)
(3) %$: 1               """",  e: """"  1, s: """"2  """"2 ($ = ±),

%$(*)  =  $1, s(t1, t2)  =  (t2, t1).

Namely, faces, degeneracies and transpositions of n-cubes and n-maps are
defined by pre-composition with the following maps between cartesian powers of  """"
(for  $ = ±  and  i = 1,..., n)

(4) %$i   =  """"i–1×%$×""""n–i: """"n–1  """"n, %$i (t1,..., tn–1)  =  (t1,..., $1,..., tn–1),
ei  =  """"i–1×e×""""n–i: """"n  """"n–1, ei(t1,..., tn)  =  (t1,..., t̂i,..., tn),
si  =  """"i–1×s×""""n–i: """"n+1  """"n+1, si(t1,..., tn+1)  =  (t1,..., ti+1, ti,..., tn),

so that the  2n  faces of an n-cube  x: """"n  X  are  %$i (x) = x˚%$i : """"n–1  X,  and
so on.

An n-cube has  2n  vertices, the objects  %$1
1 %

$2
2 ...%$n

n (x).  Similarly, a transversal
n-map  f  has  2n  vertices, the 0-maps  %$1

1 %
$2
2 ...%$n

n (f);  f  is said to be special if its
vertices are identities.

The i-concatenation (or cubical composition in direction  i)  x +i y  of two n-
cubes that are i-consecutive (i.e.  %+

i (x) = %–
i (y))  is computed in the obvious way, by

3n–1  distinguished pullbacks whose 'vertices' are those of the common face (for  i =
1,..., n).

This operation can be given a formal definition, based on the model of binary
composition (for ordinary spans), the category  """"2  displayed below, with one non-
trivial distinguished pullback

–1  b  1
(5)   a    c

  0  """"2.

Indeed, two consecutive spans  x, y  in  X  define a functor  [x, y]: """"2  X;  the
concatenation  x +1 y: """"   X  is obtained by pre-composing  [x, y]  with the
concatenation map  c: """"  """"2,  already displayed in the diagram above, by the
labels of the objects of  """"2.
  Then, i-concatenation of n-cubes is based on the cartesian product  """"i–1 × """"2 ×

""""n–i,  as shown below for the concatenation of 2-cubes in direction  i = 1
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  (0,-1)

(-1,-1)  (a,-1)   (b,-1)  (c,-1)   (1,-1)

   1

(6) (-1, 0)  (a, 0)   (b, 0)  (c, 0)   (1, 0)    2

(-1, 1)  (a, 1)   (b, 1)  (c, 1)   (1, 1)  """"2 × """".

Comparisons for associativity and interchange can be defined taking advantage
of this formal construction (as in [G1], Section 3). These comparisons are invertible,
special transversal maps:
(7) &1x: e1%–

1x +1 x  x , '1x: x +1 e1%+
1x  x (unit 1-comparisons),

(1(x, y, x): x +1 (y +1 z)  (x +1 y) +1 z (associativity 1-comparison),
)1(x, y, z, u): (x +1 y) +2 (z +1 u)  (x +2 z) +1 (y +2 u)

(interchange 1-comparison).

Of course, we are assuming that all concatenations above are possible. The
comparisons  &i, 'i, (i, )i  in the other directions are provided by transpositions, a
fact that simplifies the structure and the coherence axioms. The comparison  )i
deals with the interchange of  +i  and  +i+1. (Notice also that the 0-direction of  '1x
– which, of course, is inessential – is reversed, with respect to I.3.5.)

Cubical cospans are obtained by the dual procedure, over a category  X  with
distinguished pushouts:
(8) !C osp(X)  =  !Sp(Xop), C ospn(X)  =  CAT(####n, X).

The category  ####  is the formal cospan,  –1   0  1.  (In [G1] and I.4.1, we
have studied this case, of particular interest for higher cubical cobordism.)

1.2. Remarks. (a) Faces, degeneracies and concatenations can also be reduced to
those in direction 1 (for instance), by means of transpositions
(1) %$i +1  =  %$i si, ei+1  =  siei, si(x) +i+1 si(y)  =  si(x +i y),

but we only use such reductions when they do simplify things.
(b) The weak sc-category  A  is unitary when the unit comparisons  &1x  and  '1x
are identities, for all cubes  x  (which implies that this is true in every direction).

- 247 -

GRANDIS - LIMITS IN SYMMETRIC CUBICAL CATEGORIES



One can easily make  !Sp(X)  unitary, adopting a unitarity constraint for the
choice of pullbacks in  X:  the distinguished pullback of a cospan  (f, 1)  is  (1, f),
and symmetrically.
(c) More generally, we say that the weak sc-category  A  is semi-unitary when, for
every n-cube  x,   e1(x) +1 e1(x) = e1(x)  and the unit comparisons  &1e1(x)  and
'1e1(x)  are identities. For the sake of simplicity, we will always assume that this is
the case (cf. 3.2).

1.3. Other examples. We refer to Part I for more complex examples, like:
(a) the strict sc-category  !Rel  of cubical relations of sets (I.4.2, I.5.6),
(b) the weak sc-category  !Cat  of cubical profunctors (I.5.7).

An easier, if less representative, example is the strict symmetric cubical category
!C ub(X)  of commutative cubes on the arbitrary category  X  (I.3.3, I.3.4).

An n-cube is now a functor  x: 2n  X,  where  2 = {0  1}  is the category
corresponding to the ordinal two. A transversal map  f: x  y  of n-cubes is a
natural transformation  f: x  y: 2n  X  (and amounts to a cube of dimension
n+1).  The n-th component is the category
(1) C ubn(X)  =  CAT(2n, X).

Again, we have a symmetric cubical object in  CAT,  based on the structure of
the category  2  as a formal symmetric interval, for the cartesian product (in  CAT)

(2) %$: 1               2       e: 2  1, s: 22  22 ($ = 0, 1),
%$(*)  =  $, s(t1, t2)  =  (t2, t1).

The concatenation  x +i y  of two n-cubes that are i-consecutive (%+
i (x) = %–

i (y))
is computed in the obvious way, by composing (in  X)  the i-directed arrows of  x
and  y  (as below, for  n = 2)

(3)   x   y    i

. Of course, these operations are strictly categorical, with a strict interchange.

1.4. Strict sc-functors and their transformations. A strict symmetric cubical
functor  F: A   B   between weak sc-categories strictly preserves the whole
structure: faces, degeneracies, transpositions, transversal composition and identities,
concatenations and comparisons (cf. I.3.6)
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(1) %$i (Ff)  =  F(%$i f), ei(Ff)  =  F(eif), si(Ff)  =  F(sif),
F(gf)  =  Fg.Ff, F(idx)  =  id(Fx), F(f +i g)  =  F(f) +i F(g),
F(&1x)  =  &1(Fx), F('1x)  =  '1(Fx),
F((1(x, y, z))  =  (1(Fx, Fy, Fz), F()1(x, y, z, u))  =  )1(Fx, Fy, Fz, Fu).

(Again, we are assuming that the compositions above make sense.)
A transversal (or algebraic) transformation  h: F  G: A  B   of such

functors assigns to every n-cube  x  of  A  an n-map  hx: Fx  Gx  in  B ;  the
family  (hx)  must commute with faces, degeneracies, transpositions and cubical
compositions:
(2) h(%$i x)  =  %$i (hx), h(eix)  =  ei(hx), h(six)  =  si(hx),

h(x +i y)  =  h(x) +i h(y).
All this forms the 2-category  wscCAT  of  weak sc-categories, strict sc-

functors and their transversal transformations (I.3.6).
A crucial fact, depending on the symmetric setting, is the presence of one path 2-

functor (see Part I)
(3) P: wscCAT  wscCAT,
that shifts down all components, discarding the structure of index 1; the faces and
degeneracies of index 1 are then used to build three transversal transformations, the
faces and degeneracy of  P
(4) PA  =  ((An+1), (%$i +1), (ei+1), (si+1), (+i+1), &2, '2, (2, )2),

%$  =  %$1 : PA   A, e  =  e1: A  PA.

Here,  %$  and  e  are strict sc-functors:  %$i %$1  = %$1%$i +1,  etc. A cubical (or
geometric) transformation of sc-functors  F: F–  F+: A  B  is an sc-functor  F:
A  PB  with  %$F = F$  (cf. I.3.7).

1.5. Lax sc-functors. We will also need more general notions, that have not been
explicitly defined in Part I.

A lax symmetric cubical functor  F: A  B  between weak sc-categories, or lax
sc-functor, strictly preserves faces, transpositions, transversal composition and
transversal identities, but has special transversal maps, called comparisons, for the
cubical operations, namely degeneracies and concatenation in direction 1 (those of
the other cubical directions being generated by transpositions):
(1) F1(x): e1(Fx)  F(e1x) (x  in  A),

F1(x, y): Fx +1 Fy  F(x +1 y) (x, y  in  A,  %+
1x = %–

1y).
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(Recall that a transversal n-map is said to be special if its  2n  vertices are
identities.) These comparisons must satisfy the following axioms of coherence:

(i)  (naturality)  for a transversal n-map  f: x  x'  in  A,  and a cubical composition
f +1 g  (with  g: y  y'),  we have the following commutative diagrams of
transversal maps

  e1(Ff)  Ff +1 Fg
e1(Fx)  e1(Fx') Fx +1 Fy  Fx' +1 Fy'

(2)  F1(x)    F1(x') F1(x,y)     F1(x',y')

F(e1(x)) F(e1(x')) F(x +1 y) F(x' +1 y')
 F(e1f)  F(f +1 g)

(ii) (coherence laws for cubical identities) for an n-cube  x  in  A,  with 1-indexed
faces  %–

1x = a,  %+
1x = b,  the following diagrams of transversal maps commute

 &1(Fx)   '1(Fx)
 e1(Fa) +1 Fx  Fx  Fx +1 e1(Fb)  Fx

(3)  F1a +1 id    F(&1x) id+F1b     F('1x)

 F(e1a) +1 Fx  F(e1a+1x)  Fx +1 F(e1b)  F(x+1e1b)
 F1(e1a, x)  F(x, e1b)

(iii) (coherence hexagon for associativity)  for 1-consecutive n-cubes  x, y z  in  A,
the following diagram of transversal maps is commutative (the index  1  is omitted in
the labels of arrows)

  ((Fx,Fy,Fz)
 Fx +1 (Fy +1 Fz) (Fx +1 Fy) +1 Fz
 id + F(y,z)     F(x,y) + id

(4) Fx +1 F(y +1 z) F(x +1 y) +1 Fz
  F(x, y+z)     F(x+y, z)

   F((x +1 (y +1 z)) F(x +1 y) +1 z
  F((x,y,z)

(iv) (coherence hexagon for interchange)  for n-cubes  x, y, z, u  in  A  making the
following concatenations legitimate, the following diagram of transversal maps is
commutative (omitting the indices 1, 2  in the labels of arrows)
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  )(Fx,Fz,Fu,Fu)
 (Fx +1 Fy) +2 (Fz +1 Fu) (Fx +2 Fz) +1 (Fy +2 Fu)

 F(x,y) + F(z,u)     F(x,z) + F(y,u)

(5) F(x +1 y) +2 F(z +1 u) F(x +2 z) +1 F(y +2 u)
  F(x+y,z+u)     F(x+z,y+u)

   F((x +1 y) +2 (z +1 u)) F((x +2 z) +1 (y +2 u))
F)(x,y,z,u)

A pseudo sc-functor is a lax sc-functor whose comparisons are invertible. A lax
sc-functor  F  is said to be unitary if its unit comparisons  F1(x)  are identities. If  A,
B  and  F  are unitary, the cells  F1(e1%–

1x, x)  and  F1(x, e1%+
1x)  are also identities

(by (ii)).

1.6. Transformations of lax sc-functors. (a) A transversal transformation of lax
sc-functors  h: F  G: A  B   assigns to every n-cube  x  of  A  an n-map  hx:
Fx  Gx  in  B.  This family must commute with faces and transpositions and
satisfy the coherence conditions (ii) for degeneracies and cubical compositions:
(i) %$i (hx)  =  h(%$i x), h(six)  =  si(hx),

(ii)  for an n-cube  x  and a 1-consecutive n-cube  y  in  A

  e1(hx)  hx +1 hy
e1(Fx)   e1(Gx) Fx +1 Fy   Gx +1 Gy

(1)  F1(x)     G1(x)   F1(x, y)    G1(x, y)

  G(e1x)   G(e1x) F(x +1 y) G(x +1 y)
 h(e1x) h(x +1 y)

Weak sc-categories, lax sc-functors and their transversal transformations form
a 2-category  LscCAT.
(b) Using the path functor  P: wscCAT  wscCAT  of weak sc-categories (1.4), a
cubical (or geometric) transformation of lax sc-functors  F: F–  F+: A  B  will
be a lax sc-functor  F: A  PB  with  %$F = F$  ($ = ±).

Thus, if  x  is an n-cube of  A,  Fx  is an (n+1)-cube of  B  with  %$1 (Fx) = F$(x).

1.7. Level functors. We are also interested in the 2-functor
(1) tvn: wscCAT  CAT,
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that sends a weak sc-category  A  to the ordinary category  tvnA  (often written as
An)  of its n-cubes and n-transversal maps (I.3.3, I.3.4); in particular,  tv0 = tr0.  The
left adjoint

(2) wSCn: CAT  wscCAT, wSCn    tvn,

sends a category  X  to the free weak symmetric cubical category generated by  X
at level  n.  (Its existence follows from the Freyd Adjoint Theorem.)

A functor  F: X  tvnA,  or equivalently a symmetric cubical functor  wSCnX
 A,  will be called an n-level functor with values in the weak sc-category  A.

2. Level limits in weak symmetric cubical categories

We deal here with symmetric cubical limits (or sc-limits) of level functors  F:
X  tvnA,;  these are ordinary limits that are required to be preserved by the
functors  tvnA  tvmA   of the symmetric cubical structure. Thus, a product of n-
cubes is an n-cube, and to say that  A  has symmetric cubical products (or sc-
products) means that such products exist in every degree and are preserved by faces,
degeneracies and transpositions. Of course,  A  has level symmetric cubical limits if
and only if it has sc-products and sc-equalisers (2.2).

The parallel case without symmetries works in the same way and is only
mentioned. (Crucial differences will appear in the next section, for general limits.)

2.1. Level limits. Let  A  be a weak symmetric cubical category.
An n-level limit in  A  will be the ordinary (1-categorical) limit of an n-level

functor  F: X  tvnA,  defined on a small category (cf. 1.7). This means an n-cube
a  of  A  equipped with a universal natural transformation  t: Da  F: X  tvnA,
where  Da: X  tvnA  is the constant functor at  a  (or, equivalently, a universal
transversal transformation  Da  F: wSCnX   A   of the corresponding
symmetric cubical functors).

Such a limit is called a level symmetric cubical limit if it is preserved by all
functors  tvnA  tvmA  generated by faces, degeneracies and transpositions, for
arbitrary  m.  (In other words, we want the limit to be preserved by all structural
functors  tvnA  tvmA,  corresponding to the maps  2m  2n  of the symmetric
cubical site  Is,  cf. I.2.1 or [GM].)

We say that  A  has level limits, or that it has level symmetric cubical limits
(possibly on a given category  X),  if all these exist. Obviously, an n-level limit is
called a product (of level  n)  if  X  is discrete and an equaliser (of level  n)  if  X  is
the category  0               1.
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Plainly,  A  has level symmetric cubical limits on a given (small) category  X  if
and only if:
(i) for every  n * 0,  every functor  F: X  tvnA  has an (ordinary) limit;
(ii) such limits are preserved by all faces  %$i : tvnA  tvn–1A,  degeneracies  ei:
tvn-1A  tvnA  and transpositions  si: tvnA  tvnA.

Level colimits and level sc-colimits are defined in the dual way.
Symmetries are not crucial in this section. If  A  is a weak cubical category, one

can define in the same way level (co)limits, and – with obvious modifications (i.e.
omitting transpositions) – level cubical (co)limits.

2.2. Theorem. (Construction and preservation of level limits). Let  A  be a weak
symmetric cubical category.

(a) All level limits in  A  can be constructed from products and equalisers.
(b) All level symmetric cubical limits in  A  can be constructed from symmetric
cubical products and symmetric cubical equalisers.
(c) If  A  has all level limits (resp. level symmetric cubical limits), a symmetric
cubical functor  F: A  B   with values in a weak symmetric cubical category
preserves them if and only if it preserves products and equalisers (resp. the
corresponding symmetric cubical limits).
(d) Similar results hold in the non-symmetric case (omitting symmetries
everywhere).

Proof. It is a straightforward consequence of a well-known theorem on ordinary
limits.

2.3. Examples. The following structures, introduced in [G1] or Part I and partially
reviewed in Section 1, have all level symmetric cubical limits:
– the weak sc-category  !Sp(X)  of cubical spans on a complete category X
equipped with a full choice of distinguished pullbacks (1.1);
– the weak sc-category  !Cosp(X)  of cubical cospans on a complete category  X
equipped with a full choice of distinguished pushouts (1.1);
– the strict sc-category  !Cub(X)  of commutative cubes on a complete category  X
(1.3);
– the strict sc-category  !Rel  of cubical relations of sets (I.4.2, I.5.6);
– the weak sc-category  !Cat  of cubical profunctors (I.5.7).
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For instance, if  A = !Sp(X),  the product  x = +  xi  of a small family of n-
cubical spans is the obvious n-cubical span with universal transversal maps  pi: x 
xi;  it is computed as a product in the functor category  CAT(""""n, X),  and obviously
preserved by faces degeneracies, and transpositions. The equaliser of a pair of n-
maps  f, g: x  y  is also computed as an equaliser of morphisms in  X""""n,  and
preserved as above. Similarly in  !Cosp(X)  and  !Cub(X).

If  A = !Rel,  the product  x = + xi  of a small family of n-cubical relations is
computed, again, as a cartesian product of the 'graphs' of the relations that intervene
in the factors  xi.

2.4. Level limits as lax cubical functors. Condition (i) of the definition of level
sc-limit (2.1) says that, for every  n * 0,  the diagonal functor  Dn: tvnA  CAT(X,
tvnA)  has a right adjoint
(1) limn: CAT(X, tvnA)  tvnA.

Condition (ii) says that these functors are the components of a morphism of
symmetric cubical objects in  CAT

(2) lim  =  (limn)n*0: CAT(X, |A|)  |A|.

Here, |A|  denotes the underlying sc-object, where we forget the concatenation
laws. Taking also such compositions into account, the universal property yields a
unitary lax symmetric cubical functor, defined on the weak symmetric cubical
category  Lv(X, A)  of level functors and their natural transformations (I.3.7)

(3) lim  =  (limn)n*0:  Lv(X, A)  A.

Therefore, if  A  has all level sc-limits, we will also say that it has lax functorial
level sc-limits. More particularly, we say that it has pseudo functorial level sc-limits
if (3) happens to be a pseudo cubical functor.

A similar terminology will be used for products, equalisers, or any 'type' of limit.
Colimits and the non-symmetric case give rise to a similar terminology.

It is easy to see that sc-limits are pseudo-functorial in  !Sp(X)  and lax-
functorial in  !Cosp(X).

2.5. Remarks. For the extensions in the next section, it will be useful to review the
definition of the n-level limit  (a, t: Da  F)  of a functor  F: X  tvnA  in a
different form, internal to (weak) symmetric cubical categories. We replace:
–  X  with the weak sc-category  X = wSC0X  freely generated by the category  X
at level  0,
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–  the functor  F: X  tvnA = tv0PnA   with the corresponding sc-functor  F: X 
PnA;
–  the n-cube  a  of  A  (a 0-cube of PnA)  with the corresponding constant sc-functor
Da: X  PnA;
–  the natural transformation  t  with the corresponding transversal transformation of
sc-functors  t: Da  F: X  PnA.

Now, the weak sc-categories  PnA  form a symmetric cubical object  P•A  in
wscCAT,  with the obvious faces, degeneracies and transpositions (I.3.7.3).

Therefore, saying that  A  has level sc-limits on  X  also amounts to saying that
the limit functors
(1) limn:  wscCAT(X, PnA)    tvnA,
produce a lax sc-functor defined on the weak sc-category  AX  of higher sc-functors
from  X  to  A  and their transversal transformations (I.3.7(c))

(2) lim  =  (limn)n*0: AX  =  Wsc(X, A)    A.

3. General limits in weak symmetric cubical categories

We now consider general limits in weak symmetric cubical categories, taking
advantage of their path functor  P  (1.4, I.3.6).  X  is assumed to be a small weak sc-
category, while  F: X  A  is a lax sc-functor, viewed as an object in the category
LscCAT(X, A)  of lax sc-functors  X  A  and transversal transformations (1.6).

3.1. Motivation. Limits of lax sc-functors with values in  PpA  will be called sc-
limits of degree  p  in  A.  Let us begin with some simple examples, based on a 2-
cube  x  in the weak sc-category  A,  introducing definitions that will be made precise
below (in 3.4, 3.5).
(a) The tabulator of degree zero of the 2-cube  x  will be an object  2x  (i.e. a 0-
cube) with a universal 2-map  h: e2( 2x)  x  (where  e2 = e1e1 = e2e1: A0  A2
is the composed degeneracy). For instance:

– for  A = !Sp(Set),  2x  is the central object  x00  of the 2.cube  x: """"2  Set;
– for  A = !Cosp(Set),  2x  is the limit in  Set  of the diagram  x: ####2  Set.
(b) But the 2-cube  x  can also be viewed as a 1-cube of  PA.  Its tabulator of degree
one will be the tabulator of degree zero of  x  as a 1-cube of  PA;  this amounts to a
1-cube  2,1x  of  A  with a universal 2-map  h: e2( 2,1x)  x  (where  e2: A1 
A2  is the degeneracy  (PA)0  (PA)1).  For instance:
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– for  A = !Sp(Set),  the span  2,1x  is the central part of the 2-cubical span  x: """"2

 Set  with respect to direction 2;
– for  A = !Cosp(Set),  2,1x  is computed by taking the limit in  Set  of the three
cospans obtained from  x: ####2  Set,  by restriction to  {i}×####,  for  i = –1, 0, 1.

(Notice that the tabulator of degree one of the symmetric 2-cube  s1x  is a 1-cube
a  with a universal 2-map  e2(a)  s1(x),  i.e.  e1(a)  x.  We need not consider
and name universal problems that can be reduced to some previous case by the use
of symmetries.)

(c) Finally, the 2-cube  x  is a 0-cube of  P2A.  Its tabulator of degree two is  x
itself. Notice that this is a (trivial) level limit, while the previous limits are not level:
the data and the solution are not contained in one transversal category  tvnA.

3.2. Cones. Let  X  and  A  be weak sc-categories, and let  X  be small. Consider the
diagonal functor
(1) D: tv0A  wscCAT(X, A).

D  takes each 0-object  a  to the constant sc-functor, defined as follows on n-
objects and n-maps of  X
(2) Da: X  A, Da(x)  =  en(a), Da(u)  =  id(ena) (x, u  in  tvnX),

and every 0-map  f: a  b  in  A  to the diagonal transversal transformation

(3) Df: Da  Db: X  A, (Df)(x)  =  en(f): en(a)  en(b) (x  in  tvnX).

Da  is a strict sc-functor, because  A  is assumed to be semi-unitary (1.2(c)).
Let  F: X  A  be a lax sc-functor (1.5), with comparison special cells  F1(x):

e1(Fx)  F(e1(x))  and  F1(x, y): Fx +1 Fy  F(x +1 y).  A (transversal) sc-cone
for  F  is a transversal transformation  h: Da  F: X  A,  where  a  (the vertex of
the cone) is in  tv0A.  By definition (1.6), this amounts to assigning the following
data:
– a transversal n-map  hx: en(a)  Fx,  for every n-object  x  in  X,

subject to the following axioms:

(scc.1)  Ff.hx  =  hy (f: x  y  in  X);

(scc.2)  h  commutes with faces and transpositions and  h(e1(x)) = F1(x).(e1(h(x));

(scc.3)  h(x +1 y)  =  F1(x, y).(hx +1 hy):  en(a)  F(x +1 y) (%+
1x = %–

1y),
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  e1(hx)    hx +1 hy
en+1(a)   e1(Fx) en(a) +1 en(a)   Fx +1 Fy

(4)   1    F1(x)   1    F1(x,y)

  en+1(a) F(e1(x))   en(a)   F(x +1 y)
 h(e1x)   h(x +1 y)

(Again, we are using the semi-unitarity of  A  in the right diagram above.) More
precisely (as  X  might be empty, in which case  a  is not determined by  Da),  a cone
of  F  is a pair  (a, h: Da  F)  as above, i.e. an object of the ordinary comma
category  (D  F),  where  F  is viewed as an object of the category  LscCAT(X, A).

3.3. Definition (Limits and cubical limits). A (transversal) limit  lim(F) = (a, h)  of
the lax sc-functor  F , LscCAT(X, A)  is a universal cone  (a, h: Da  F).  In other
words:
(tl.0) a  is an object of  A  and  h: Da  F  is a transversal transformation of lax
sc-functors;
(tl.1) for every cone  (a', h': Da'  F)  there is precisely one 0-map  t: a'  a  in  A
such that  h.Da = h'.

We say that  A  has limits of degree zero on  X  if all these exist. We say that A
has limits of all degrees on  X  if all sc-categories  PnA  satisfy this condition, for n
* 0.

We say that  A  has symmetric cubical limits on  X ,  or lax functorial sc-limits
based on  X,  if:
(i)  A  has limits of all degrees on  X;
(ii) the limit-functors  limn: LscCAT(X, PnA)  tvnA  commute with faces,
degeneracies and transpositions.

Then the universal property gives a unitary lax sc-functor

(1) lim  =  (limn)n*0:  LscCAT(X, P•A)  A.

We say that  A  has pseudo functorial sc-limits on  X   if this lax sc-functor
happens to be a pseudo sc-functor.

In particular, if  X = wSC0X  is the weak sc-category freely generated by a
category  X,  at level  0,  then  A  has sc-limits on  X  if and only if it has level sc-
limits on the category  X  (cf. 2.5).

Without symmetries, things would become complicated. While the condition of
having limits of degree zero can be directly extended to cubical categories, the
conditions (i), (ii) should (perhaps) be rewritten replacing each  Pn  with the family
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of all path functors of degree  n,  namely  Pn
i  = Pn-i.SPiS  for  i = 0,..., n  (I.1.8). We

will not deal with such a situation, except in the particular case of level limits (2.5),
where these conditions have already been expressed in a simpler form.

3.4. Tabulators of degree zero. Let  A  be a weak symmetric cubical category. The
'total' degeneracy
(1) (e1)n  =  e1 ...  e1  =  ...  =  en ...  e1: A0  An,

will be written as  en  (it is the unique composed degeneracy  A0  An).
An n-cube  x  of  A  can be viewed as a strict sc-functor  x: un  A,  where  un

is the strict sc-category freely generated by one n-cube  u(n).  The tabulator of
degree zero of  x  in  A  is the limit of this sc-functor  x: un  A.  (The term 'degree
zero' refers to the degree of the solution.)

The tabulator is thus an object  x0 = nx  equipped with an n-map  t: en(x0)  x,
universal in the obvious sense: the pair  (x0, tx: en(x0)  x)  is a universal arrow
from the functor  en: tv0A  tvnA  to the object  x  of  tvnA.  Explicitly, this means
that, for every object  x1  and every n-map  f: en(x1)  x  there is a unique 0-map  h
such that

   en(h)
(2) h: x1  x0   en(x1)   en(x0)

f    tx
tx.en(h)  =  f   x

We say that  A  has tabulators of degree zero if all these exist, for arbitrary  n *
0.  Obviously, the tabulator of an object always exists, and is the object itself.

When such tabulators exist, we can form for every  n * 0  a functor
(3) n: wscCAT(un, A)  tv0A ( 0 = id).

The projection  p$i x  of  nx  will be the following 0-map of  A  (for  i = 1,..., n
and  $ = ±)

 en–1(p$i x)
(4) p$i x: nx  n–1(%$i x) en–1 nx   en–1 n–1(%$i x)

  %$i (tx)    tz
tz.en–1(p$i x)  =  %$i (tx)  z = %$i x

One can use these projections to 'map' the sc-category  A  to the sc-category of
spans  Sp(A0),  provided that  A  has all tabulators of degree zero and  A0  has
pullbacks.
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3.5. Tabulators of higher degree. Now, given an n-cube  x  of  PpA  (of degree
n+p  in  A),  its tabulator – if extant – is an object of   PpA.  This amounts to a p-
cube  xp = npx  of  A  with an (n+p)-map  tx: (ep+1)n(x)  x  that is a universal
arrow from the functor  (ep+1)n: tvpA  tvn+pA  to the object  x  of  tvn+pA.

We say that  A  has tabulators of all degrees if, for every  p * 0,  the sc-category
PpA  has tabulators of degree zero. Then we can form for every  n, p * 0  a functor

(1) n,p: wscCAT(un, PpA)  tvpA, ( n,0 = n).

We say that  A  has sc-tabulators, or lax functorial sc-tabulators, if:
(i) A  has tabulators of all degrees;
(ii) for every  n * 0,  the functors  n,p: wscCAT(un, PpA)  tvpA  commute with
faces, degeneracies and transpositions.

Then, for every  n * 0,  the universal property gives a unitary lax sc-functor

(2) n,•  =  ( n,p)p*0:  wscCAT(un, P•A)  A.

Again,  A  has pseudo functorial sc-tabulators when these lax sc-functors are
pseudo..

3.6. Tabulators and concatenation. First, if the (n–1)-cube  a  and the degenerate
n-cube  x = eia  have tabulators in  A,  these are linked by a diagonal transversal 0-
map  dia,  defined as follows

 en(dia)
(1) dia: n–1a  n(eia),   en( n–1a)   en( n(eia))

   ei ta    tx
tx.en(dia)  =  ei(ta) eia = x

Given now a cubical composite  z = x +i y,  the three tabulators of  x, y, z  are
also related. The link goes through the ordinary pullback  ni(x, y)  of the objects

nx  and  ny,  over the tabulator  n–1a  of the (n–1)-cube  a = %+
i x = %–

i y  (provided
such pullback exists).

More precisely, let  pix: nx  n–1a  and  qiy: ny  n–1a  be defined by the
universal property of  ta,  as in the left diagram below; then  ni(x, y)  is the pullback
of the span  (pix, qiy)
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en–1 nx  %+
i tx   nx

 en–1pix   pi(x,y)    pix

(2) en–1 n–1a   ta a ni(x, y) n–1a

 en–1qiy   qi(x,y)   qiy

en–1 ny
  %–i ty   ny

We now have the diagonal transversal 0-map  di(x, y)  given by the universal
property of  nz

(3) di(x, y): ni(x, y)  nz, tz.en(di(x, y))  =  tx.enpi(x, y) +i  ty.enqi(x, y),

The i-concatenation above is legitimate, because of the previous construction:

%+
i (tx.enpi(x, y))  =  %+

i (tx).en–1pi(x, y)  =  ta.en–1(pix).en–1pi(x, y)
  =  ta.en–1(qiy).en–1qi(x, y)  =  %–

i (ty).en–1qi(x, y)  =  %–
i (ty.enqi(x, y)).

It is easy to show (and it also follows from the construction theorem below) that
ni(x, y)  is the transversal limit of the diagram 'formed' of  z = x +i y  (based on the

weak sc-category freely generated by two i-consecutive n-cubes).

3.7. Theorem (Construction and preservation of cubical limits, I). Let  A  and  B  be
weak sc-categories.

(a) All transversal limits of degree 0 in  A  can be constructed from level limits and
tabulators of degree 0, or also from products, equalisers and tabulators of degree
0.
(b) If  A  has all transversal limits of degree 0, an sc-functor  F: A  B  preserves
them if and only if it preserves products, equalisers and tabulators of degree 0.

Proof. See Section 5.

3.8. Main Theorem (Construction and preservation of cubical limits, II). Let  A
and  B  be weak sc-categories.

(a) All transversal limits in  A  can be constructed from level limits and tabulators,
or also from products, equalisers and tabulators. If  A  has all transversal limits,
an sc-functor  F: A  B   preserves them if and only if it preserves products,
equalisers and tabulators.
(b) All lax-functorial (resp. pseudo-functorial) sc-limits in  A  can be constructed
from lax-functorial (resp. pseudo-functorial) sc-products, sc-equalisers and sc-
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tabulators. If  A  has all sc-limits, an sc-functor  F: A  B  preserves them if and
only if it preserves sc-products, sc-equalisers and sc-tabulators.

Proof. It follows from the previous theorem. For (a), apply 3.7 to the family of sc-
categories  PnA,  and sc-functors  PnF: PnA  PnB.  For (b), apply the previous
point to the structural sc-functors
(1) %$i :  PnA                Pn–1A  :ei, si: PnA  PnA.

3.9. Corollary. If  X  is a complete category, the weak sc-category  !Sp(X)  has
pseudo-functorial sc-limits. If  X  is a complete category with pushouts,  !Cosp(X)
has lax-functorial sc-limits.

Proof. The construction of sc-tabulators was shown in 3.1; their pseudo or lax
behaviour is easily verified.

4. Comparing cubical and double limits

We now compare the symmetric cubical limits studied here with the double limits
of [GP1], via truncation and its adjoint functors. Essentially, this means comparing
cubical tabulators of 1-cubes and double tabulators of vertical arrows, since the
comparison of level limits is obvious.

4.1. Comments. Our comparison will be based on structures of spans and cospans
of sets, namely:
– the weak sc-categories  !Sp = !Sp(Set)  and  !Cosp = !C osp(Set)  of cubical
spans and cospans;
– their 1-truncation, the weak double categories  Sp = tr1!Sp  and  C osp =
tr1!C osp.

(Replacing the ground-category  Set  with any 'non-trivial' category with suitable
limits and colimits would give similar results.)

In both cases, a cubical transformation of 1-cubes (and its limit) seems to be a
good notion. For spans (resp. cospans), this amounts to a colax (resp. lax) vertical
transformation of vertical arrows, as shown in 4.2 (resp. 4.3). On the other hand, a
lax (resp. colax) vertical transformation of spans (resp. cospan) appears to be an ill-
formed notion of little interest; the second does not even have a limit.

Now, if we start from a weak double category, there seems to be no general
procedure that would be able to reconstruct  !Sp  and  !C osp  from their
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truncations: in fact, by the previous argument, a 2-cube of  !Sp  corresponds to
colax vertical transformation of vertical arrows, while a 2-cube of  !Cosp  agrees
with the lax case. Furthermore, the universal constructions adjoint to truncation –
examined in 4.4-4.6 – are not of much help: skeleton, the left adjoint, only adds
degenerate cubes; coskeleton gives a less trivial weak sc-category, but  cosk1Cosp
does not have tabulators of degree 1 (4.6).

As a conclusion of this analysis, a weak double category that has a natural lifting
as a weak sc-category is perhaps better studied in this enrichment. But there seems
to be no way of reducing the general theory of double limits to that of cubical limits.

4.2. Truncating cubical spans. The weak symmetric cubical category  !Sp
determines, by 1-truncation, the weak double category  Sp = tr1(!Sp)  of sets,
mappings and spans:
– objects and horizontal arrows are small sets and mappings between them;
– vertical arrows are ordinary spans  u: """"  Set;
– double cells are natural transformations  f = (f–1, f0, f1): u  v: """"  Set,

 f–1
  X   X'

  u'
 f0

   v'    0

(1)   U   V    1
 u"    v"

  Y   Y'
  f1"

We denote with  u1  the strict sc-category freely generated by a 1-cube (as in
3.4). An sc-functor  u: u1  !Sp  amounts to an ordinary span  u = (u', u")  of
sets; its tabulator is simply the central object of the span.  The truncation  u = tr1u1
is the strict double category freely generated by a vertical arrow  –1  1.   A double
functor  u: u  Sp  'is' a span  u = (u', u")  of sets; its tabulator, as a double limit, is
again the central object of the span.

Differences appear when we consider 'transformations' of such sc-functors or
double functors.

A cubical transformation  -: u  v: u1  !Sp  'is' a 2-cube of  !Sp  with 1-
indexed faces  %–

1- = u,  %+
1- = v
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   x'    x"
  X   X   X'

  u'
   z'    z"

   v'    1

(2)   U   Z   V    2
 u"    v"

  Y   Y   Y'
   y'    y"

The tabulator of degree 1 of  -  (3.5) is a span  w  with a universal 2-map  e2(w)
 -;  this means  w = (z', z"),  the central span of  -  with respect to direction 2.

(The transformation  .: x  y  defined by the transposed 2-cube would give the
central span of  -  with respect to the other direction.)

Now, a unitary lax (resp. colax) vertical transformation  -: u  v: u  Sp,  as
defined in [GP4], 4.4, is a unitary lax (resp. colax) double functor  -: u×u  Sp
that restricts to  u, v  on  {–+1}×u.  (We only consider the unitary case for the sake
of simplicity). Therefore, it corresponds to the left (resp. right) commutative diagram
below, where the upper-right and the lower-left quadrilateral are pullbacks

  x'  x"   x'  x"
  X'   X   X"   X'   X   X"

  u'    v'   u'    v'

(3)   U h'  Z  h"   V   U h'  Z  h"   V

 u"
   

     v"  u"
   

    v"

  Y'   Y   Y"   Y'   Y   Y"
 y' y"  y' y"

Such pullbacks yield the vertical composites  x/v, u/y: X'  Y";  the mappings
h', h"  are their comparisons, in the lax or colax direction. (If they are bijective, we
get the same notion, essentially equivalent to a strong vertical transformation, as
defined in [GP1], 7.4).

In the lax case, the limit is the span  (w', w") = (U  W  V),  where  W  is
the pullback of the cospan  (h', h")  (or, equivalently, the limit in  Set  of the whole
left diagram);  w', w"  are the induced mappings. The colax case is essentially
equivalent to a cubical transformation (2), and has the same limit of the latter: the
span  U  Z  V.
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As a synopsis of this first analysis, a colax vertical transformation of spans
amounts to a cubical transformation of spans viewed as 1-cubes of the weak sc-
category  !Sp;  the two notions have the same 'limit'. On the other hand, a lax
vertical transformation of spans, represented in the left diagram (3), seems to be a
not well-formed notion – even if it does possess a limit. Finally, a strong vertical
transformation amounts to a commutative diagram (2) where the upper-right and the
lower-left square are pullbacks, a condition which seems to be of little interest.

4.3. Truncating cubical cospans. Let us now consider tabulators in the weak
symmetric cubical category  !Cosp  and its 1-truncation, the weak double category
C osp = tr1(!Cosp)  of sets, mappings and spans.

A general double cell in  Cosp  is a natural transformation  f = (f–1, f0, f1): u 
v: ####  Set

 f–1
  X   X'

  u'
 f0

   v'    0

(1)   U   V    1
 u"    v"

  Y   Y'
  f1

An sc-functor  u: u1  !Cosp  'is' an ordinary cospan  u = (u', u")  of sets, and
its tabulator is the pullback of the cospan (in  Set).  Similarly, a double functor  u: u

 Cosp  'is' a cospan  u = (u', u")  of sets, and its tabulator – as a double limit – is
the pullback of the span.

A cubical transformation  -: u  v: u1  !Cosp  is now expressed by a 2-
cubical cospan with 1-indexed faces  u, v

   x'    x"
  X   X   X'

  u'
   z'    z"

   v'    1

(2)   U   Z   V    2
 u"    v"

  Y   Y   Y'
   y'    y"
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The tabulator of degree 1 of  -  is the cospan  (w', w") = ( u  2-  v),
where  2-  is the pullback of the cospan  X  Z  Y  and  w', w"  are the
induced mappings.

Working as above, this amounts to a unitary lax vertical transformation  -:
u  v: u  Cosp,  represented in the left (commutative) diagram below, where the
upper-right and the lower-left quadrilateral are pushouts; the limit is again the
cospan  u  2-  v

 x'  x"  x'  x"
  X'   X   X"   X'   X   X"

  u'
  

   v'   u'
  

   v'

(3)   U h'
 

Z  h"   V   U h'  Z  h"   V

 u"   
   

   v"  u"   
   

  v"

  Y'   Y   Y"   Y'   Y   Y"
 y' y"  y' y"

A colax vertical transformation is represented in the right diagram above. Besides
being a 'strange' notion, it seems to have no limit.

4.4. Weak double categories and coskeleton. Backwards, from weak double
categories to weak symmetric cubical categories, we have two functors, called 1-
skeleton and 1-coskeleton, that are, respectively, left and right adjoint to 1-truncation
(cf. I.3.9)
(1) sk1, cosk1: wDBL  wscCAT, sk1  tr1  cosk1.

The skeleton-procedure just adds degenerate cubes (under an equivalence
relation determined by the cubical relations). It may be more interesting to view a
weak double category in  wscCAT  via the 1-coskeleton functor. Concretely, if  D  is
a weak double category, the weak sc-category  A = cosk1(D)  coincides with  D  in
cubical degree 0 and 1 (according to the previous translation of terminology, at the
beginning of 4.2). Then, a 2-cube is a 'shell' of 1-cubes of  D  (i.e. vertical arrows)
under no further condition
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 v
  A     B    1 %–

1u  =  %–
1v, %+

1u'  =  %+
1v',

(2)    u #    u'    2

  C     D %+
1u  =  %–

1v', %+
1v  =  %–

1u',
v '

Notice that the #-marked square is not assumed to commute under concatenation
of 1-cubes, in any sense (strict, weak or lax). A transversal 2-map is a similar 'shell'
of 1-maps of  D.  Similarly, one defines all the higher components, by n-dimensional
shells of 1-cubes or 1-maps of  D.

Faces and degeneracies are obvious. Concatenations are also obvious, and
computed with the vertical composition of vertical arrows or double cells in  D.
Finally, the comparisons for associativity and units are families of comparisons of
D,  while interchange is necessarily strict.

Viewing weak double categories in this way leads us to define a coskeletal
vertical transformation of double functors (between weak double categories)  F:
F-  F+: D  E  as a cubical transformation of the corresponding 1-coskeletons
(3) F: cosk1F–  cosk1F+: cosk1D  cosk1E.

Explicitly, this means to assign:

(a) to every object  A  of  D  a 1-cube  FA: F–A  F+A  of  cosk1E  (i.e. a vertical
arrow of  E),
(b) to every horizontal map (0-map)  f: A  A'  of  D,  a 1-map  Ff: F–f  F+f  (a
double cell of  E),
consistently with the transversal structure (faces, identities and composition):

(4) F(%$0 f)  =  %$0 (Ff), F(idX)  =  id(FX), F(gf)  =  Fg.Ff.

Notice that there is no 'naturality' condition based on a 1-cube  u: A  A'  of  D:
the latter is simply sent to a 2-dimensional shell, with 1-indexed faces  F$(u)  and 2-
indexed faces  FA,  FA'

FA
  F–A    F+A    1

(5)  F–u #    F+u    2

  F–A'   F+A'
   FX'

Moreover, the consistency with concatenation of 1-cubes is simply 'managed' by
the cubical functors  F–, F+.
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More generally, we define in the same way a coskeletal vertical transformation
F–  F+: D  E   of lax double functors  F$:  the only comparisons that we need
are those of the latter
(6) F$1 (A): e1(F$A)  F$(e1(A)) (A  in  D),

F$1 (u, v): F$u +1 F$v  F$(u +1 v) (u, v  in  D,  %+
1u = %–

1v).

Indeed, defining  F1(A)  as the pair  (F–
1(A), F+

1(A))  we automatically get the unit
comparisons of  F;  similarly for  F1(u, v).

The present notion is compared below with a lax (resp. colax) vertical
transformation of lax double functors: the latter requires to insert in each diagram
(5) a vertical 'filler'  F–A  F+A',  with comparisons coming from (resp. going to)
the vertical composites  FA / F+u,  F+u / FA'.

4.5. From ordinary to cubical spans. The unit of the adjunction  tr1  cosk1,
evaluated on the weak sc-category  !Sp
(1) 0: !Sp  cosk1Sp = cosk1tr1(!Sp),

maps  !Sp  to a 'poorer' weak sc-subcategory, where an n-cube is a shell of ordinary
spans, as in the following solid diagram (for  n = 2);  the sc-functor  0  forgets the
dashed arrows

   x'   x"
  X'   X   X"

  u'
   z'    z"

   v'    1

(2)   U   Z   V    2
 u"    v"

  Y'   Y   Y"
   y'   y"

Notice that  tr10 =  idSp.  An sc-functor  u: u1  cosk1Sp  is again an ordinary
span  u = (u', u")  of sets, with tabulator given by its central object.

A coskeletal vertical transformation  -: u  v: u  Sp,  as defined in 4.4, is a
cubical transformation  -: u  v: u1  cosk1Sp,  and amounts to the solid shell
above. The tabulator of degree 1 of  -  is the dashed span  (z', z"),   where  Z  is the
limit in  Set  of the solid diagram  -  and  z', z"  are part of the limit-maps.

4.6. From ordinary to cubical cospans. We are again interested in the unit of the
adjunction  tr1  cosk1,  evaluated now on the weak sc-category  !Cosp
(1) 0: !C osp  cosk1Cosp = cosk1tr1(!Cosp).
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An n-cube of the weak sc-subcategory  cosk1C osp  is a shell of ordinary
cospans, as in the left solid diagram below (for  n = 2)

  x'    x"   x'    x"
  X   X   X'   X   X   X'

  u'    v'   u'     v'    1

(2)   U   V   U   V    2
 u"    v"  u"     v"

  Y   Y   Y'   Y   Y   Y'
   y'    y"    y'    y"

An sc-functor  u: u1  cosk1Cosp  is now an ordinary cospan  u = (u', u")  of
sets, and its tabulator is the pullback of the cospan (in  Set).

A coskeletal vertical transformation  -: u  v: u  C osp  is a cubical
transformation  -: u  v: u1  cosk1Cosp,  and amounts to the left diagram (2).
For the tabulator of degree 1 of  -  one should insert dashed arrows forming the
commutative right-hand diagram above; plainly, there is no universal solution for
this problem.

5. Proof of the theorem on the construction of cubical limits

We end with a proof of Theorem 3.7. The argument is similar to the proof of the
corresponding theorem for double limits [GP1].

5.1. Comments. Of course one needs only to prove the 'sufficiency' part of the
statement. We write down the argument for the construction of limits; the
preservation property is proved in the same way.

The solution is based on transforming  F  into a graph-morphism  G: X  tv0A,
and taking its limit. The graph  X  is a sort of 'transversal subdivision' of  X,  where
every n-cube of  X  is replaced with an object simulating its tabulator (of level 0).
The procedure is similar to computing the end of a functor  S: Cop×C  D  as the
limit of the associated functor  S§: C§  D  based on Kan's subdivision category
of  C  ([Ka], 1.10; [Ma], IX.5).

5.2. Transversal subdivision. The transversal subdivision  X  of  X  is a graph,
formed by the following objects and arrows (and is finite whenever  X  is).
(a) For every n-cube  x  of  X,  there is an object  x  in  X.  For every n-map  f: x 
y  of  X,  there is an arrow  f: x  y  in  X.
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(b) For every n-cube  x  of  X,  we also add  2n   arrows  p$i (x): x  %$i x  (that
simulate the projections 3.4.4 of a tabulator) and  n  arrows  dix: x  eix  (that
simulate the diagonal maps 3.6.1).

(c) For every i-concatenation of n-cubes  z = x +i y  in  X,  we also add an object  (x,
y)i  in  X  and three arrows

(1) pi(x, y): (x, y)i  x, qi(x, y): (x, y)i  y, di(x, y): (x, y)i  z,

that simulate the object  ni(x, y)  of 3.6.2, its projections and its diagonal map.

5.3. The associated morphism of graphs. We now construct a graph-morphism
G: X  tv0A  that naturally comes from  F  and the tabulator-construction in  A.
(a)  For every n-cube  x  of  X,  we define  Gx  as the following object (0-cube) of  A
(1) G(x)  =  n(Fx) (tFx: enG(x)  F(x)).

For every n-map  f: x  y  of  X ,  we define  Gf  as the  0-map of  A
determined by the universal property of  tFy,  as follows:

  en(Gf)
(2) Gf: n(Fx)  n(Fy),   en n(Fx)   en n(Fy)

  tFx    tFy

tFy.en(Gf)  =  Ff.tFx Fx    Fy
 Ff

(b) We define  G(p$i x): Gx  Gz  as the following 0-map of  A  (writing  z = %$i x)

 en–1(Gp$i x)
(3) G(p$i x): n(Fx)  n–1(Fz) en–1 n(Fx)   en–1 n–1(Fz)

 %$i (tFx)    tFz

tFz.en–1(G(p$i x))  =  %$i (tFx)  Fz

Furthermore,  G(dix): Gx  G(eix)  is a modification of the diagonal map of
type 3.6.1, using the comparison  Fi(x): eiFx  Feix  of the lax sc-functor  F

 en+1(Gdix)
(4) G(dix): nFx  n+1(Feix) en+1 n(Fx)   en+1 n+1(Fz)

  eitFx    tFeix

tFeix.en+1(G(dix))  =  Fi(x).ei(tFx)   eiFx   Feix  Fi(x)

- 269 -

GRANDIS - LIMITS IN SYMMETRIC CUBICAL CATEGORIES



(c)  Now,  G(x, y)i = ni(Fx, Fy)  is the transversal limit of the i-composable pair
Fx, Fy  (3.6).

The arrows  pi(x, y)  and  qi(x, y)  of  X  are taken by  G  to the projections 3.6.2
of  ni(Fx, Fy)
(5) G(pi(x, y)): G(x, y)i  Gx, G(qi(x, y)): G(x, y)i  Gy,

so that  (G(x, y)i, pi(x, y), qi(x, y))  is the pullback of  (qix, pix)  in  tv0A.
Finally, the arrow  di(x, y)  of  X  is sent by  G  to the following modification of

the diagonal 3.6.3 of  G(x, y)i,  taking into account the comparison  Fi(x, y)  of the
lax sc-functor  F  (with  z = x +i y)
(6) G(di(x, y)): ni(Fx, Fy)  nF(z),

tFz.en(G(di(x, y)) = Fi(x,y).(tFx.enpi(x,y) +i tFy.enqi(x,y)): en(G(x,y)i)  F(z).

The limit of this diagram  G: X  tv0A  exists, by hypotheses and Theorem 2.2.

5.4. From sc-cones to cones. In order to prove that the limit of  G  gives the limit of
degree 0 of  F,  we construct an isomorphism

(D 1 F)  (D' 1 G),

from the comma category of sc-cones of  F  to the comma category of ordinary
cones of the graph-morphism  G.  We proceed first in this direction, and then
backwards.

Let  (a, h: Da  F)  be an sc-cone of  F.  For every n-cube  x  of  X,  we define
k(x): a  Gx = n(Fx)  as the 0-map of  A  determined by the n-map  hx,  via the
tabulator-property
(1) tFx.en(kx)  =  hx.

Further, we define  k(x, y)i: a  G(x, y)i  by means of the pullback-property of
G(x, y)i

(2) pi(x, y).k(x, y)i  =  kx: a  Gx qi(x, y).k(x, y)i  =  ky: a  Gy.

Let us verify that this family  k  is indeed a cone of  G: X  tv0A.

(a) Coherence with a map  f: x  y  means that  Gf.kx = ky,  which follows from
the cancellation property of  tFy

(3) tFy.en(Gf.kx)  =  Ff.tFx.en(kx)  =  Ff.hx  =  hy  =  tFy.en(ky).

(b) Coherence with the arrows  p$i (x): x  %$i x  and  dix: x  eix  follows from
5.3.3 and 5.3.4 (we write  z = eix  in the second case)
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(4) G(p$i (x)).kx  =  k(%$i x),

tFz.en+1(G(dix).kx)  =  Fi(x).ei(tFx).en+1(kx)  =  Fi(x).ei(tFx.en(kx))
=  Fi(x).eihx  =  h(z)  =  tFz.en(kz).

(c) Coherence with the arrows  pi(x, y)  and  qi(x, y)  holds by definition 5.3.5. For
di(x, y)  and  z = x +i y  we have:

(5) tFz.en(G(di(x, y).k(x, y)i)  =  Fi(x, y)(tFx.enpi(x, y) +i tFy.enqi(x, y)).enk(x, y)i

 =  Fi(x, y).(hx +i hy)  =  hz  =  tFz.en(kx).

Finally, a map of sc-cones  f: (a, h: Da  F)  (b, h': Db  F)  determines a
map of G-cones  f: (a, k)  (b, k'),  since:
(6) tFx.en(k'x.f) =  h'x.en(f)  =  hx  =  tFx.en(kx).

5.5. From cones to sc-cones. In the reverse direction  (D' 1 G)  (D 1 F),  we just
specify the procedure on cones. Given a cone  (a, k: D'a  G)  of  G,  one forms an
sc-cone  (a, h: Da  F)  by letting
(1) hx  =  tFx.en(kx): en(a)  x (x , An).

This satisfies (scc.1) since, for  f: x  y  in  X
(2) Ff.hx  =  Ff.tFx.en(kx)  =  tFy.en( Gf.kx)  =  tFy.en(ky)  =  hy.

It also satisfies the conditions (scc.2, 3) concerning the 1-concatenation in  X;
this proceeds much as above (with  z = e1x  in the first case, and  z = x +1 y  in the
second)

(3) F1(x).e1(hx)  =  F1(x).e1(tFx.en(kx))  =  F1(x).e1(tFx).en+1(kx)
  =  tFz.en+1(G(d1x).kx)  =  tFz.en+1(kz)  =  hz.

(4) F1(x, y).(hx +1 hy)  =  F1(x, y).(tFx.enp1(x, y) +1 tFy.enq1(x, y)).enk(x, y)1

tFz.en(G(d1(x, y)).k(x, y)1)  =  tFz.en(kz)  =  hz.

This completes the proof.
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Dedicated to Francis Borceux on the occasion of his sixtieth
birthday

Résumé
Dans la tradition de Hatcher et de Banaschewski-Herrlich,

nous définissons une quasi-équation comme étant une paire pa-
rallèle de morphismes finitaires. Un objet satisfait une quasi-
équation si le foncteur contravariant qui lui correspond égalise la
paire de morphismes qui la constitue. Les sous-catégories d’une
catégorie localement finiment présentable qui peuvent être pré-
sentées par des quasi-équations sont précisément celles qui sont
fermées sous les produits, les sous-objets et les colimites filtrées.
Nous caractérisons les morphismes de théories correspondants
dans le style de Makkai et Pitts, comme étant précisément les
morphismes quotient forts. Ces résultats peuvent être vus comme
l’analogue du théorème classique de Birkhoff pour les catégories
localement finiment présentables. En cours de route, nous démon-
trons ce résultat plutôt surprenant que dans les catégories locale-
ment finiment présentables, tout épimorphisme fort finitaire peut
s’écrire comme composé d’un nombre fini d’épimorphismes régu-
liers.

Abstract

Following the tradition of Hatcher and Banaschewski-
Herrlich, we introduce quasi-equations as parallel pairs of fini-
tary morphisms. An object satisfies the quasi-equation iff its
contravariant hom-functor merges the parallel pair. The sub-
categories of a locally finitely presentable category which can
be presented by quasi-equations are precisely those closed under
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products, subobjects and filtered colimits. We characterize the
corresponding theory morphisms in the style of Makkai and Pitts
as precisely the strong quotient morphisms. These results can be
seen as an analogue of the classical Birkhoff Theorem for locally
finitely presentable categories. On the way, we show the rather
surprising fact that in locally finitely presentable categories, ev-
ery finitary strong epimorphism is a composite of finitely many
regular epimorphisms.

1 Introduction
Equations in classical (finitary, one-sorted) General Algebra are pairs of
terms in n variables, that is, pairs of morphisms

u, u′ : n ⇒ 1

in a Lawvere algebraic theory T . An algebra, that is, a functor A : T
// Set preserving finite products, satisfies the equation iff A(u) =

A(u′). General parallel pairs in T
u, u′ : n ⇒ k

are nothing else than k-tuples of equations. Analogously, for S-sorted
algebras we can form the Lawvere theories, which are categories whose
objects are finite words s1s2...sn over S so that the word is a product of
the one-letter words si. Again, parallel pairs

u, u′ : s1s2...sn ⇒ t1t2...tk

are just k-tuples of properly sorted equations.
In the present paper we apply the same idea to locally finitely pre-

sentable categories K and their Gabriel-Ulmer theories T . Recall that
K can, up to equivalence, be identified with the category Lex T of func-
tors A : T // Set preserving finite limits. A quasi-equation in K is
then a parallel pair of morphisms of T , and an object A satisfies the
quasi-equation (u, u′) iff A(u) = A(u′). The quasi-equational subcate-
gories, that is, the full subcategories which can be specified by a set
of quasi-equations, are precisely those which are closed under products,
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subobjects, and filtered colimits in K. This might seem surprising at
first sight since in case K is the category of Σ-algebras for some signa-
ture Σ, we obtain precisely the concept of a quasi-variety, not that of a
variety. However, this simply reflects the fact that whereas the Lawvere
theory works with finitely generated free algebras, the Gabriel-Ulmer
theory works with all finitely presentable algebras.

It was first observed by Bernhard Banaschewski and Horst Herrlich
[5] that quasi-varieties can be presented by orthogonality with respect
to finitary regular epimorphisms - and this is, as we demonstrate below,
just a variation on presentation by quasi-equations in the Gabriel-Ulmer
theory. Thus, the above characterization follows easily from [5], Propo-
sition 2. What is now in our approach is that the existence of regular
factorizations is not needed. Considering parallel pairs as a sort of iden-
tity was already investigated by Bill Hatcher [10] in a general setting.
Actually, since T op can be seen as a full subcategory of K, our quasi-
equations are a special case of what Hatcher calls identities, and we
introduce them precisely in this manner.

There is another substantial difference between the case of Lawvere
theories and those of Gabriel-Ulmer: in the former one, every equational
subcategory A of AlgT defines a congruence on T ; more precisely, it
defines a surjective theory morphism

Q : T // S

(which means a finite products preserving full functor which is the iden-
tity on objects) such that S is an algebraic theory of A and the em-
bedding A ↪→ AlgT induces the theory morphism Q. Conversely, every
surjective theory morphism is induced by an equational subcategory of
AlgT (in the sense of the duality of [2]; see [3] for details). In contrast,
quasi-equations in a Gabriel-Ulmer theory T do not, in general, define
a congruence on T . Instead, we obtain a quotient functor Q : T // S
in the sense of Michael Makkai and Andrew Pitts [16]. This means that

(i) every object of S is isomorphic to one in Q[T ], and
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(ii) every morphism f : QT1
// QT2 of S has the form

QT1

s
² ²

f // QT2

QT ′
1

Qg

7 7ooooooooooooo

where s is an isomorphism.

We prove that the theory morphisms corresponding to quasi-
equation-al subcategories are precisely the strong quotient functors,
which means that in (ii) above we can always choose s = (Qm)−1 for
some strong monomorphism m : T ′

1
// T1 in T . Here we closely follow

the results obtained by Jiří Rosický and the authors in [12].
Acknowledgement. We are grateful to Enrico Vitale for formu-

lating the problem of characterizing quasi-equational subcategories of
locally finitely presentable categories (personal communication).

2 Quasi-equations in Finitely Accessible
Categories

2.1. Assumption Throughout this section K denotes a finitely acces-
sible category in the sense of [15] or [14]. That is, K has filtered colimits
and a set

Kfp

representing all finitely presentable objects, and whose closure under
filtered colimits is all of K.
2.2. Conventions Morphisms with finitely presentable domains and
codomains are called finitary. By a finitely presentable morphism is
meant a morphism f : A // B which is a finitely presentable object of
the slice category A ↓ K, see [11].

2.3. Example A function f : A // B in Set is
(i) finitary iff the sets A and B are finite

and
(ii) finitely presentable iff the sets B \ f [A] and kerf \∆A are finite.
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2.4. Remark For every finitely presentable object A, the finitely pre-
sentable morphisms with domain A are precisely the finitary ones, see
[11].

2.5. Definition By a quasi-equation in a category K is meant a par-
allel pair of finitary morphisms in K. An object K satisfies the quasi-
equation

u, u′ : P ⇒ Q

provided that the hom-functor K(−, K) merges that pair. That is,

h · u = h · u′ for all h : Q // K.

A full subcategory A of K is called quasi-equational if there exists a set
of quasi-equations in K satisfied by precisely those objects that lie in A.

2.6. Example Let
K = Σ-Alg

be the category of algebras of a given signature Σ (finitary, one-sorted).

(i) Every equation v = v′ (between two terms) can be represented by
a parallel pair in the Gabriel-Ulmer theory

T = Kop
fp.

In fact, let Fn denote a free Σ-algebra on n generators. If v, v′ are
elements of Fn, consider the homomorphisms

v0, v
′
0 : F1 ⇒ Fn

mapping the generator of F1 to v and v′ respectively. This quasi-
equation (in the sense of 2.5) is satisfied by precisely those Σ-
algebras which satisfy v = v′ in the classical sense.

(ii) More generally, every implication in the classical sense

(v1 = v′1) ∧ ... ∧ (vk = v′k) =⇒ (w = w′)
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can be represented by a parallel pair of morphisms in T . In fact,
all the terms in this implication lie in some Fn, and then we have
a finitely presentable algebra

Fn/∼

for the congruence ∼ generated by vi∼ v′i for i = 1, ..., n. The two
elements [w], [w′] of the algebra Fn/∼ define two homomorphisms

u, u′ : F1 ⇒ Fn/∼ .

The corresponding quasi-equation is satisfied by precisely the Σ-
algebras that satisfy the above implication.

(iii) Conversely, let
u, u′ : P ⇒ Q

be any quasi-equation in Σ-Alg. We can represent it by classical
implications (as observed already by B. Banaschewski and H. Her-
rlich [5]). In fact, for Q we have a congruence on a free algebra Fn

generated by finitely many pairs, say (v1, v
′
1), ..., (vk, v

′
k) ∈ Fn×Fn,

such that Q ∼= Fn/∼. For every x ∈ P , choose terms wx, w
′
x ∈ Fn

with u(x) = [wx] and (u′)(x) = [w′
x]. Now consider all implications

(v1 = v′1) ∧ ... ∧ (vk = v′k) =⇒ (wx = w′
x)

where x ranges through the elements of P . A Σ-algebra satisfies
these implications iff it satisfies the given quasi-equation (u, u′).

2.7. Example Let
K = Gra

be the category of graphs, that is, sets with a binary relation R.

(i) Antisymmetry

R(x, y) ∧R(y, x) ⇒ (x = y)

gives rise to a quasi-equation: it is given by the obvious pair

•

• ¨¨•

•GGu //

u′
//•
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(ii) All graphs without loops, with the terminal object added, form
the quasi-equational subcategory given by the formula

R(x, x) ⇒ (x = y)

or by the obvious parallel pair

•
•©

u //

u′
//•

(iii) More generally, every formula of the form

R(xi1 , xi′1) ∧ ... ∧R(xik , xi′k) ⇒ (xj = xj′)

in variables x1, ..., xn gives rise to a quasi-equation u, u′ : P ⇒ Q
where the graph of Q has vertices x1, ..., xn and edges xit

// xi′t
for t = 1, 2, ...k.

(iv) Conversely, every quasi-equation can be expressed by implications
of the above form. Note that properties such as reflexivity

(x = x) ⇒ R(x, x)

do not correspond to any quasi-equation . The fact that this sub-
category is not quasi-equational will be clear from the Corollary
2.17, since the morphism • // •ª is a monomorphism in Gra. In
general, universal Horn sentences as above with relation symbols
on the right of the connector “⇒" do not define quasi-identities.

2.8. Example The smallest quasi-equational subcategory of K consists
of precisely all subterminal objects, i.e., those A’s for which there is at
most one morphism X // A for each object X. In fact, these objects
will satisfy all quasi-equations. Conversely, if A is not subterminal,
we can find a quasi-equation that A does not satisfy: choose distinct
morphisms u, u′ : K ⇒ A. The functor category K⇒ is finitely accessible
and we can express (u, u′) as a filtered colimit of finitary parallel pairs
(ui, u

′
i). Then A does not satisfy the quasi-equation (ui, u

′
i) for some i

since u 6= u′.
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2.9. Remark As mentioned in the introduction, equations in General
Algebra are precisely the parallel pairs of morphisms in Lawvere theo-
ries. How does this relate to our concept of quasi-equations ?

By the Gabriel-Ulmer duality (see Section 3 below) every locally
finitely presentable category K has a theory, that is, a small category T
with finite limits, such that K is equivalent to the category of models:

Lex T = all lex (i.e., finite limit preserving) functors from T op to Set.

The same is true for finitely accessible categories: just drop the require-
ment of finite limits in T and instead of lex functors use flat ones (i.e.,
filtered colimits of representables). Analogously to General Algebra, we
can now consider parallel pairs in T as quasi-equations and say that a
model M : T op //Set satisfies the quasi-equation (u, u′) iff Mu = Mu′.

The Gabriel-Ulmer theory T of a locally finitely presentable category
K is unique up to equivalence, and it is dual to the aboveKfp (considered
as a full subcategory of K). Thus, parallel pairs in Kfp, as in Definition
2.5, are just parallel pairs in the theory - with the arrows reverted.
Every object A of A is represented by the model

K(−, A) : T // Set for T = Kop
fp

and then the definition of satisfaction in 2.5 is precisely Mu = Mu′ for
M = K(−, A).

2.10. Remarks

(1) Recall that an object K is orthogonal to a morphism c if K(−, K)
turns c into an isomorphism. If K has coequalizers, then satisfac-
tion of a quasi-equation u, u′ : P ⇒ Q is equivalent to orthogonal-
ity to the coequalizer c : Q // R of u and u′.

(2) Observe that the coequalizer of a finitary pair is a finitary regular
epimorphism. The converse is less obvious, but is true in our
context, as was shown in [6] (Theorem 1.3). Actually, their proof
can be used to show more:
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2.11. Proposition If K has coequalizers, then the finitely presentable
regular epimorphisms are precisely the coequalizers of pairs of mor-
phisms with finitely presentable domain. In particular, finitary regu-
lar epimorphisms are precisely the coequalizers of pairs of finitary mor-
phisms.

Proof. The second statement follows from the first by 2.4.
That the coequalizer of a pair of morphisms with finitely presentable

domain is necessarily a finitely presentable morphism is a straightfor-
ward verification.

The proof of the converse follows the line of the proof for the finitary
case in [6]. Given a finitely presentable morphism c : X // Y which is
a coequalizer of f, g : A ⇒ X, consider a colimit (ai : Ai

// A)i∈I of a
filtered diagram, with the Ai’s finitely presentable. Let fi = fai and
gi = gai, and let ci : X // Yi be the coequalizer of fi, gi for each i. This
induces, in the slice category X ↓ K, morphisms ri : ci

// c:

Ai

A

ai
²²

Ai

X

fi

% %LLLLLLLLLLAi

X

gi

% %LLLLLLLLLL

X

Yi
ci

99 9 9rrrrrrrrrr
A X

f //A X
g

// X Yc
// //

Yi

Y

ri
² ²

as well as a filtered diagram (rij : ci
// cj)i≤j. It is straightforward to

show that (ri)i∈I is a colimit of (rij)i≤j in X ↓ K. But the fact that c
is finitely presentable implies that there exist i ∈ I and s : c // ci such
that ri · s = 1c. Since c is epi, this implies that ri is an isomorphism.
Consequently, c is a coequalizer of fi and gi, as required.

2.12. Corollary If K has coequalizers, then its quasi-equational subcat-
egories are precisely the orthogonality classes H⊥ of sets H of finitary
regular epimorphisms. Here H⊥ denotes the full subcategory of all ob-
jects orthogonal to members of H.

2.13. Theorem If K has coequalizers and is cowellpowered, then a full
subcategory of K is quasi-equational iff it is closed under filtered colimits
and monocones.

Remark. That a subcategory is closed under monocones means that
for every collectively monic cone with all codomains in the subcategory,
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the domain also lies there. The theorem follows, whenever K has regular
factorizations of sources, from Proposition 2 in [5].

Proof. It is clear that every quasi-equational subcategory is closed under
monocones and filtered colimits. Conversely, let A be closed under
monocones and filtered colimits in K.

(1) A is a reflective subcategory of K. In order to construct a reflec-
tion of an object K we define a transfinite chain kij : Ki

// Kj (i ≤
j ∈ Ord) as follows:

First step: K0 = K.
Isolated step: if Ki ∈ A then Ki+1 = Ki and ki,i+1 = id. Else choose

a parallel pair ui, u
′
i : Xi ⇒ Ki with ui 6= u′i merged by all morphisms

in Ki ↓ A (observing that the cone of all these morphisms cannot be a
monocone), and let ki,i+1 : Ki

// Ki+1 be the coequalizer of ui and u′i.
Limit step: form the colimit of the previously defined chain.
This chain is clearly formed by epimorphisms, and since K is cow-

ellpowered, there exists i such that ki,i+1 is an isomorphism (actually
the identity). This implies Ki ∈ A. We claim that k0,i : K // Ki is a
reflection of K in A. In fact, given a morphism f : K //A with A ∈ A,
we get a unique cocone fj : Kj

// A (j ∈ Ord) with f0 = f : the limit
steps are clear, and the isolated steps follow from fi · ui = fi · u′i. In
particular, f = fi · k0,i.

(2) The rest of the proof is completely analogous to the proof of
Proposition 2 in [5].

2.14. Open Problem Does 2.13 generalize to the locally finitely mul-
tipresentable categories of Y. Diers [7]?

2.15. Example of a finitely accessible category and its full subcategory
which is closed under filtered colimits and monocones, but is not quasi-
equational.
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Let K be the category given by the graph

A B0
u //A B0
u′

//

A0

B0

v′0

OO

A0

B0

v0

OOB0

Ā0

a0

¾ ¾7
77

77
77

7B0

C

c0

: :ttttttttttttt
B0 B1

b0 // B1

C

c1

OO

A1

B1

v′1

OO

A1

B1

v1

OOB1

Ā1

a1

¾ ¾7
77

77
77

7B1 B2
b1 / / B2

C

c2

ddJJJJJJJJJJJJJ

A2

B2

v′2

OO

A2

B2

v2

OOB2

Ā2

a2

¾ ¾7
77

77
77

7B2 ...
b2

/ / ...

C

c3

jjTTTTTTTTTTTTTTTTTTTTTTTTTTTT

...

...

and the identities

cn = cn+1 · bn, an · vn = an · v′n, and bn · vn = bn · v′n
for all n ∈ N. This category is finitely accessible with Kfp = K − {C}
since the only non-trivial filtered colimit is C = Colimn∈N(bn). The full
subcategory A on the objects

{A} ∪ {An}n∈N ∪ {Ān}n∈N

is closed under filtered colimits (trivially) and under monocones: in
fact, for Bn, the cone (Bn

// Āi)i≥n of all objects in Bn ↓ A is not a
monocone, due to vn 6= v′n; and for C, consider c0 · u 6= c0 · u′.

However, A is not quasi-equational: if a quasi-equation in Kfp is
satisfied by all objects of A, then it cannot factorize through (u, u′),
from which it follows that C also satisfies that quasi-equation (from
bn · vn = bn · v′n we have cn · vn = cn · v′n).
2.16. Example The category Pos of posets has precisely three quasi-
equational subcategories: the smallest one (formed by the posets with at
most one element), itself, and the subcategory Set (represented by the
discrete orderings). In fact, observe that if K is not discretely ordered,
then for every finite poset P the cone Pos(P, K) is a monocone. Thus,
whenever a quasi-equational class contains a non-discrete poset, it is all
of Pos.

2.17. Corollary Quasi-equational subcategories of locally finitely pre-
sentable categories are precisely those closed under

ADAMEK & HEBERT - QUASI-EQUATIONS IN LOCALLY PRESENTABLE CATEGORIES

- 283 -



(i) products,

(ii) subobjects, and

(iii) filtered colimits.

Proof. Since a locally finitely presentable category is cocomplete and
cowellpowered, we only need to verify that (i) and (ii) imply closedness
under monocones. Let (ai : B // Ai)i∈I be a monocone with the Ai’s
in A. Then there exists a (small) set I ′ ⊆ I such that (ai : B // Ai)i∈I′

is a monocone. In fact, because the finitely presentable objects form
a generator, one sees easily that (ai : B // Ai)i∈J with J ⊆ I, is a
monocone iff for all f, g : B′ ⇒ B with B′ ∈ Kfp we have that aif = aig
for all i ∈ J implies f = g. Then consider all parallel pairs ft, gt : Bt ⇒
B, t ∈ T , with Bt ∈ Kfp such that there exists i = i(t) with aift 6= aigt.
Choose one such i(t) for each pair t, and take I ′ = {i(t) | t ∈ T}.

But then < ai >i∈I′ : B //
∏

i∈I′ Ai is a monomorphism, and hence
B ∈ A.

2.18. Remark This last corollary and Proposition 2.11 imply that in
locally finitely presentable categories there is no difference between or-
thogonality classes with respect to

(a) finitary strong epimorphisms,

(b) finitary regular epimorphisms, and

(c) coequalizers of finitary parallel pairs.

In fact, from (a), the closure properties (i)-(iii) above easily follow, from
which we derive (c). Here is an explanation of this phenomenon, which
seems to be of independent interest:

2.19. Proposition In a locally finitely presentable category every
finitely presentable strong epimorphism is a composite of finitely many
finitely presentable regular epimorphisms..

Proof. The class E of all composites of finitely many finitely presentable
regular epimorphisms in a locally finitely presentable category K is
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closed under composition and under pushouts (see [11]). Given a finitely
presentable strong epimorphism f : A // B, we prove f ∈ E .

Let D be the full subcategory of A ↓ K with objects all the mor-
phisms ei : A // Xi (i ∈ I) in E through which f factors: f = fi · ei

for some (necessarily unique) fi : Xi
// B. Note that D is small, since

A ↓ K is locally finitely presentable. As a diagram in K, D is filtered:

(a) Given objects Xi and Xi′ of D, there is a cospan in D. In fact,
form the pushout:

Xi Y
h

//

A

Xi

ei

² ²

A Xi′
ei′ // Xi′

Y

h′

² ²

Xi′

B

fi′
Ä ÄÄ

Ä

Xi

B
fi

??Ä
Ä

Ä
Y

B
k

__?
?

?

Then h, h′ ∈ E . Since fiei = f = fi′ei′ , there exists k : Y // B
with fi = kh and fi′ = kh′. Consequently, hei is a member of E
through which f factorizes: f = khei. Then there exists j ∈ I
with ej = hei and Xj = Y , and we have the connecting morphisms

h : Xi
// Xj and h′ : Xi′ // Xj

of D.

(b) There is no parallel pair of (distinct) connecting morphisms h, k :
Xi ⇒ Xi′ in D, as those necessarily satisfy hei = ei′ = kei, hence
h = k.

Moreover, the morphisms fi : Xi
// B (i ∈ I) form a colimit of D.

In fact, consider the colimit (gi : Xi
// Z)i∈I of D. The cocone of the

fi’s is compatible with D: from hei = ej, it follows that fjh = fi, since
ei is epi. The factorizing morphism m : Z // B with mgi = fi (i ∈ I)
is a monomorphism: given

mu1 = mu2 for u1, u2 : Y ⇒ Z,

we prove u1 = u2; without loss of generality, we may assume that Y is
finitely presentable (since Kfp is a generator). Since Z = ColimXi is a
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filtered colimit, the pair u1, u2 factorizes through the colimit morphism
gi for some i ∈ I:

A B
f //A

Xi

ei Â Â?
??

??
?

Xi

B
fi

??ÄÄÄÄÄÄ
Xi

Z

gi

Â Â?
??

??
?Xi Xj

c //

Y

Xi
u′1

? ?ÄÄÄÄÄÄ
Y

Xi

u′2

? ?ÄÄÄÄÄÄ
Y Z

u1 //Y Z
u2

//

Xj

B

fj

OO Â
Â
Â

Xj

Z

gj
² ² Â
Â

Z

B

m

]]

From Proposition 2.11, the coequalizer c of u′1, u
′
2 is a finitely pre-

sentable regular epimorphism, therefore,

cei ∈ E .

From

fi · u′1 = m · gi · u′1 = m · u1 = m · u2 = m · gi · u′2 = fi · u′2
we conclude that fi factorizes through c, thus, f factorizes through cei.
This implies that

cei = ej for some j ∈ I.

We get, from gi = gjc, that

u1 = gi · u′1 = gj · c · u′1 = gj · c · u′2 = gi · u′2 = u2,

as requested.
Choose any i ∈ I and observe that since m is a monomorphism and

f is a strong epimorphism with

f = fi · ei = m · (gi · ei),

m is an isomorphism. This proves

B = Colimi∈IXi

as claimed.
Now, seeing D = (ei

//ej)I as a diagram in A ↓ K, it is also filtered,
and it is easily seen that (fi : ei

// f)I is its colimit. Since f is finitely
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presentable, the morphism idf : f // Colimi∈Iei factorizes through the
colimit morphism fi for some i ∈ I. That is, there exists

r : f // ei with fir = idf .

In particular, rf = ei, so r is epi. But also, fir = idB, so r is a split
mono, hence an isomorphism. Therefore, f = r−1ei belongs to E , since
ei does.

2.20. Corollary In a locally finitely presentable category, every fini-
tary strong epimorphism is a composite of finitely many finitary regular
epimorphisms.

In fact, this follows from Proposition 2.19 and Remark 2.4.

2.21. Remark

(i) John Isbell proved in [13] that in a suitably complete category,
every strong epimorphism is a chain-composite of regular epimor-
phisms. Later, John MacDonald and Arthur Stone [17] demon-
strated that the minimum length of this chain can be an arbitrary
cardinal. Thus, the main message of Proposition 2.19 is that this
cardinal is finite in case of finitary (or even finitely presentable)
strong epimorphisms in locally finitely presentable categories.

(ii) Note that if a composite of finitely many regular epimorphisms is
finitary, this does not imply that each one is; however the proposi-
tion says that there must be a finite path for the composite, made
of finitary regular epimorphisms.

2.22. Corollary For a full subcategory A of a locally finitely presentable
category the following conditions are equivalent:

(i) A is quasi-equational

(ii) A is strongly epireflective and closed under filtered colimits

(iii) A is closed under products, subobjects and filtered colimits

(iv) A is the orthogonality class with respect to a set of finitary regular
epimorphisms
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(v) A is the orthogonality class with respect to a set of finitary strong
epimorphisms.

2.23. Remark Following W. Hatcher [10], call identity a parallel pair
of (arbitrary) morphisms, and quasiprimitive a full subcategory A of K
defined by any class of identities: i.e., there exists a family E of identities
such that the objects of A are precisely the objects of K which satisfy
(in the sense of Definition 2.5) all identities in E. In order to compare
with Corollary 2.22, we mention:

For a full subcategory A of a locally finitely presentable category the
following conditions are equivalent:

(i)′ A is quasiprimitive

(ii)′ A is strongly epireflective

(iii)′ A is closed under products and subobjects

(iv)′ A is the orthogonality class with respect to a class of finitely pre-
sentable regular epimorphisms

(v)′ A is the orthogonality class with respect to a class of finitely pre-
sentable strong epimorphisms

Moreover, “finitely presentable" can be left out in (iv)′ and (v)′.

In fact, the possibility of deleting "finitely presentable" is clear from
the fact that every strong epimorphism is a filtered colimit of finitely
presentable strong epimorphisms (proved as Corollary 2.10(1) of [1]).
See [10] for the equivalence of (i)′ and (iii)′. The rest follows easily.

3 Strong Quotient Functors
In the present section we give the corresponding characterization of
quasi-equations on the level of theories.

3.1. Assumption Throughout this section K denotes a locally finitely
presentable category.
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3.2. Remark Recall from [8] the Gabriel-Ulmer duality between the
2-category

LFP

of locally finitely presentable categories with

1-cells: right-adjoints preserving filtered colimits, and

2-cells: natural transformations,

and the 2-category
LEX

of (Gabriel-Ulmer) theories, that is, small categories with finite limits,
with

1-cells: lex-functors, and

2-cells: natural transformations.

We have a biequivalence

Lex : LEXop // LFP

assigning to every theory T the category Lex T of all lex functors from
T to Set. To every 1-cell Q : T // S it assigns the functor

LexQ : LexS // Lex T , H 7−→ H ·Q.

In the opposite direction the biequivalence

GU : LFP // LEXop

assigns to every locally finitely presentable category K its Gabriel-Ulmer
theory GU(K) ∼= Kop

fp.

3.3. Example Every quasi-equational subcategory A of the locally
finitely presentable category K = Lex T is strongly epireflective and
closed under filtered colimits in K (see 2.22). Consequently, A is locally
finitely presentable by 1.46 in [4] and the embedding A ↪→ K is a mor-
phism of LFP, and as such has, up to natural isomorphism, the form
Lex Q for a lex functor

Q : GU(K) // GU(A).
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3.4. Convention We call Q : GU(K) // GU(A) the theory mor-
phism induced by the quasi-equational subcategory A. It is determined
uniquely up to equivalence in the sense that given equivalence functors
E : T //

GU(K) and E ′ : GU(A) // S, then also the composite

T E // GU(K)
Q // GU(A) E′ // S

is induced by A (and conversely, every induced theory morphism is of
the form E ′ ·Q · E).

3.5. Remarks As mentioned in the Introduction, in case of Lawvere
algebraic theories, the theory morphisms

Q : L(K) // L(A)

corresponding to equational subcategories (varieties) A are precisely the
surjective functors which are the identity on objects. This does not work
for Gabriel-Ulmer theories:

3.6. Example Consider the trivial signature Σ of two nullary symbols
u, u′ and let A be the quasi-equational class of all algebras A with
uA = u′A. Here, GU(A) is the dual of the category of finite pointed sets,
and GU(K) is the dual of the category of finite bipointed sets. The
induced functor Q just merges the two distinguished points to one.

Observe that Q is not surjective on hom-sets: if 1 denotes the ter-
minal object of GU(K) and 2 the initial one, then id : Q(1) //Q(2) has
no preimage in GU(K).

3.7. Definition A lex functor Q : T // S is called a strong quotient
provided that

(i) every object of S is isomorphic to QT for an object T of T ,
and

(ii) every morphism f : QT1
// QT2 of S has the form

QT1

(Qm)−1

² ²

f // QT2

QT ′
1

Qg

7 7ooooooooooooo
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for some strong monomorphism m : T ′
1

// T1 and some morphism
g : T ′

1
// T2 of T .

3.8. Remark This definition is just a variation on the concept of quo-
tient functor introduced by M. Makkai [16], see Introduction.

3.9. Theorem The theory morphisms induced by quasi-equational sub-
categories are precisely the strong quotient functors.

3.10. Remark The proof of the theorem will be a variation of the
analogous result concerning orthogonality in [12]. Let us recall this
result first:

(1) Given a set H of finitary morphisms in K, the full subcategory
A = H⊥ is called an ω-orthogonality class. It is locally finitely pre-
sentable and the theory morphisms induced by the embeddings A ↪→ K
of ω-orthogonality classes are precisely the quotient functors Q : GU(K)

// S.
(2) The following connection to the categories of fractions of Gabriel

and Zisman [9] was made explicit:
Recall that a set H of morphisms in a category K is said to admit a

left calculus of fractions provided that

(i) H contains all isomorphisms and is closed under composition,

(ii) for every span · f←− · h−→ · with h ∈ H there exists a commutative
square

.

.

f

ÄÄÄÄ
ÄÄ

ÄÄ
.

.

h

Â Â?
??

??
?

.

.h̄ Â Â?
??

??
? .

. f̄ÄÄÄÄ
ÄÄ

ÄÄ

with h̄ ∈ H,

and

(iii) for every parallel pair equalized by a member of H there exists a
member of H coequalizing this pair.
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Recall further that given a set H of morphisms in a category C, the
category of fractions of H is a category C[H−1] together with a functor

QH : C // C[H−1]

which takes the members of H to isomorphisms, and is universal for this
property: every functor C // C ′ taking members of H to isomorphisms
factors uniquely through QH.

The connection to ω-orthogonality classes established in [12] is this:
Let H ⊆ mor Kfp admit a calculus of left fractions in Kfp. Then

QH : Kfp
//Kfp[H−1]

is the dual of the theory morphism induced by the embedding of the
ω-orthogonality class H⊥ ↪→ K.

Proof of Theorem 3.9

(I) We first prove that every strong quotient Q : GU(K) // S is
induced by a quasi-equational subcategory of K (with theory S).

Let then
Q : GU(K) // S

be a strong quotient. Due to [12], for the category A = LexS, the
functor LexQ : A // K is the embedding of the ω-orthogonality class
A. It is easy to verify that the set

H = {h ∈ Kfp | Q(h) is an isomorphism}

admits a left calculus of fractions in Kfp and that it fulfills

A = H⊥ and Sop ∼= Kfp[H−1].

IfH0 denotes the set of all strong epimorphisms (of K) inH, then the
fact that Q is a strong quotient implies that every morphism h : QT1

//

QT2 of S has the form h = Qg · (Qm)−1 for m ∈ H0 (in S, thus in Kfp).
Hence every morphism in Kfp[H−1] is actually a morphism in Kfp[H−1

0 ],
so that

Kfp[H−1
0 ] = Kfp[H−1].
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By (2) in Remark 3.8, we have

A = H⊥
0 ,

and therefore A is the orthogonality class of strong epimorphisms. It
follows from Corollary 2.22 that A is a quasi-equational subcategory.

(II) We now show that for every quasi-equational subcategory A ↪→
K, the induced theory morphism Q : GU(K) // GU(A) is a strong
quotient.

Let A be a quasi-equational subcategory of K. By Remark 2.10, we
have a set H of finitary regular epimorphisms in K with

A = H⊥.

The closure H̄ of H under isomorphism, composition and pushout in
Kfp is a set of finitary strong epimorphisms with

A = H̄⊥.

Moreover, H̄ clearly admits a left calculus of fractions in Kfp. By (1)
in Remark 3.10 the induced theory morphism

Q : GU(K) // GU(A)

is a quotient functor. More detailed: the following was shown in the
last part of the proof of V.2 in [12]: (i) Let

R : K //A

be a reflector of A with reflection morphisms ηK : K // RK chosen
so that RηK = idRK for all K ∈ K. We have a domain-codomain
restriction

R0 : Kfp
//Afp

and we can assume R0 = Qop. (ii) Given a morphism

f : R0L // R0L̄ (L, L̄ ∈ Kfp)
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there exist morphisms g : L //Ch, h : L̄ //Ch in H̄ and ch : Ch
//R0L̄

(Ch ∈ Kfp) such that f = R(ch · g) and ch · h = ηL̄. This last equation
yields Rch ·Rh = idR0L̄, thus, Rh = R0h is invertible and

f = (R0h)−1 · (R0g).

This proves that Q = Rop
0 is a strong quotient: for every morphism

f : QL̄ //QL we have f = Qg ·(Qh)−1 and h is a strong monomorphism
in GU(K) = Kop

fp.

3.11. Remark Theorem 3.9 characterizes theory morphisms induced
by strongly epireflective subcategories closed under filtered colimits (see
2.22). Let us mention a related result of M. Makkai and A. Pitts [16]
characterizing theory morphisms induced by all full reflective subcate-
gories of K closed under filtered colimits. These are precisely the lex
functors Q : S // T such that

(i) every object of S is isomorphic to QT for an object T of T ,

and

(ii) every morphism f : QT1
// QT2 of S has the form

QT1

s
² ²

f // QT2

QT ′
1

Qg

7 7ooooooooooooo

for some morphism g : T ′
1

// T2 of T and some morphism
s : QT1

//

QT ′
1 having a splitting in S:

r · s = idQT1

with Qg = f · r.
3.12. Conclusions For locally finitely presentable categories the con-
cept of equation which naturally corresponds to the classical equations
of General Algebra is that of a parallel pair of morphisms in the Gabriel-
Ulmer theory. This was studied by W. Hatcher [10] and B.Banascheski
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and H.Herrlich [5] more than 30 years ago. (In the latter work the more
general case of locally λ-presentable categories was considered, where
the equations are parallel pairs of λ-presentable morphisms.) We call
such parallel pairs quasi-equations.

In our paper we derived from the above earlier work that the quasi-
equational subcategories of a locally finitely presentable category are
precisely those closed under products, subobjects, and filtered colim-
its. We just used slightly less restrictive assumptions. And we charac-
terized the theory morphisms between the Gabriel-Ulmer theories that
precisely correspond to the quasi-equational classes. A generalization to
locally λ-presentable categories is straightforward: the quasi-equational
classes are those full subcategories that are closed under products, sub-
objects, and λ-filtered colimits. The concept of a quotient functor of
M.Makkai and A. Pitts in [16] is also clearly definable in this infini-
tary setting; again, the theory morphisms corresponding to the quasi-
equational classes are precisely the strong quotients. The proof is com-
pletely analogous to the proof of Theorem 3.9, one just works with the
theory given by the dual of the category of all λ-presentable objects.
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Abstract

La méthodede traductionpermettantde passerdes«term con-
ditions» au sensde l’algèbreuniverselleà desconditionspurement
cat́egoriques,qui a ét́e présent́eedansle premierarticledecettesérie,
estrevisitéeici dansunenouvelle perspective,qui estbaśeesurl’id ée
deconsid́ererlesopérationsapproch́ees,introduiteparD. Bournetpar
l’auteur du présentarticle. Dansun certainsens,cesopérationsap-
proch́eesapparaissentcommedescontrepartiescat́egoriquesdester-
mesd’unethéoriealgébriqued’unevariét́e.

Themethodof translatinguniversal-algebraictermconditionsinto
purely categorical conditions,which waspresentedin the first paper
from this series,is now revisited with a new insight that is basedon
theideaof consideringsocalledapproximateoperations, whichis due
to D. Bournandthepresentauthor. In somesense,theseapproximate
operationsariseascategorical counterpartsof termsof an algebraic
theoryof avariety.

Intr oduction

In [9] we saw that classes of categories, such as Mal’tsev, unital, strongly
unital and subtractive categories, all can be obtained from the correspond-
ing classes of varieties of universal algebras, using the same general method
of extending classes of varieties, that are defined by suitableterm conditions
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(i.e.aspecialkind of conditionsonthetermsof thealgebraictheoryof avari-
ety), to classesof categories.Theseclassesof categoriesarethendefinedby
socalledclosednesspropertiesof internal relations. Theaim of thepresent
paperis to show thatin fact,thecategoricalsettingalsoadmitsthepresence
of a specialkind of “terms” — socalledapproximateoperations. This idea
wasfirst put forward in [3], whereonly the specialcaseof Mal’ tsev cate-
gorieswastreated(but it waspointedout in [3] that the theorytransfersto
thegeneralcase).Thenin [4] (seealso[5]) thecaseof subtractivecategories
wasconsideredin detail (whereapproximatesubtractionswereusedin the
constructionof the abelianizationfunctor for regular subtractive categories
with binary coproducts).In this paperwe presentthe generaltheory (see
theIntroductionin [3] for a summaryof this theoryin thecaseof Mal’ tsev
categories).

1 Categorieswith M-closedrelations

In thissectionwerecallthenecessarymaterialfrom[9] (omittingtheproofs).

Preliminaries

By AlgTh wedenotethecategoryof (one-sortedandfinitary) algebraicthe-
ories(see[12]). Let T beanobjectin thiscategoryandlet E beanalgebraic
theoryobtainedfrom T by addingto it anm-aryoperatorp andtheaxioms

p(t11, ..., t1m) = u1,
...
p(tn1, ..., tnm) = un,

(1)

whereti j andui arecertaintermsin T , having thesamefixedarity k. Then
wehaveacanonicalmorphisme : T → E of theories.

Throughoutthepaperweassumen > 1, m> 0 andk > 0.
Thesystemof equations(1) givesriseto theextendedmatrix

M =

 t11 · · · t1m u1
...

...
...

tn1 · · · tnm un
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which uniquelydeterminesit. A specialinstanceof this processis whenin
LinearAlgebrawe associateanextendedmatrix to a systemof linearequa-
tions (see[9]). Similarly, the role of M in our muchmoregeneralsetting,
is to determineif (1) is solvable in T , i.e. whetherthe morphismT → E
is a split monomorphism(which meansthat T containsan m-ary term p
suchthat the equationsin (1) aretheoremsin T ). More generally, we are
interestedin theexistenceof a factorization

E // K

T

__????????

??~~~~~~~

for a given theorymorphismT → K . Note that oncea theorymorphism
T →K is given,(1) becomesasystemof termequationsin K , andwhenthe
above factorizationexistswecansaythat(1) is solvablein K . In particular,
we studythis problemin thecasewhenT → K is a centralmorphism[13],
i.e.everyk-arytermq from T commuteswith every l -arytermr in K (where
k andl arearbitrarynaturalnumbers)in thesensethattheidentity

q(r(x11, ...,x1l ), ..., r(xk1, ...,xkl )) = r(q(x11, ...,xk1), ...,q(x1l , ...,xkl ))

is a theoremin K . Then,it turnsout thatM givesriseto a conditionon the
category AlgK of K -algebras,which is equivalentto solvability of (1) in K
(seeTheorem1.2below). To formulatethis categoricalcondition,it is more
convenientto work with the transposeof M, which we denoteby thesame
letter

M =


t11 · · · tn1
...

...
t1m · · · tnm

u1 · · · un

 .

Inter nal M-closedrelations

By an internal T -algebra A in a category C we meanan object A in C
equippedwith an ordinaryinternalT -algebrastructureon Y(A) in the cat-
egory SetC

op
, whereY denotestheYonedaembeddingY : C → SetC

op
. We

usestandardnotation: For eachk-ary term v in T , we write vA to denote
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correspondingk-ary operationvA : Y(A)k →Y(A) of Y(A). We usuallyomit
subscriptswhenwe write thecomponentsvA

X : hom(X,A)k → hom(X,A) of
thenaturaltransformationvA. Sometimeswe evenomit thesuperscriptand
simply write v insteadof vA.

Let r = (ri : R→ Ai)i∈{1,...,n} ands= (si : S→ Ai)i∈{1,...,n} betwo spans
in C. We say that the spans factorsthroughthe spanr, if thereexists a
morphismf : S→ Rsuchthatri f = si for eachi ∈ {1, ...,n}.

By aninternaln-ary relationr in C wemeanaspan

r = (ri : R→ Ai)i∈{1,...,n}

whoseprojectionsr1, ..., rn arejointly monomorphic.
SupposeA is an internalT -algebrain C. We saythatan internaln-ary

relation r = (ri : R→ A)i∈{1,...,n} in C is M-closedwhenfor any objectX
in C andfor any morphismsx1, ...,xk : X → A, if for each j ∈ {1, ...,m} the
span(ti j(x1, ...,xk) : X → A)i∈{1,...,n} factorsthroughthe relationr, thenso
doesthespan(ui(x1, ...,xk) : X →A)i∈{1,...,n}. Thelatterpropertyof x1, ...,xk

canbeexpressedin shortby sayingthat r is compatiblewith the following
matrix: 

t11(x1, ...,xk) · · · tn1(x1, ...,xk)
...

...
t1m(x1, ...,xk) · · · tnm(x1, ...,xk)
u1(x1, ...,xk) · · · un(x1, ...,xk)


Thusin general,givenanextendedmatrix

f11 · · · fn1
...

...
f1m · · · fnm

g1 · · · gn


whoseeachi-th columnconsistsof morphismsX →Ci in C, whereX is a
fixedobjectin C, wesaythata relationr = (ri : R→Ci)i∈{1,...,n} is compat-
ible with this matrix if whenever thetop rows in theabove matrix, regarded
asspans,factorthroughr, sodoesthebottomrow.

Now considera relationr = (ri : R→ Ai)i∈{1,...,n} betweenpossiblydif-
ferentinternalT -algebrasA1, ...,An in C. We saythatr is strictly M-closed
if for any objectX in C andfor any family of morphisms

(xii ′ : X → Ai)i∈{1,...,n},i′∈{1,...,k},
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therelationr is compatiblewith respectto thefollowing matrix:
t11(x11, ...,x1k) · · · tn1(xn1, ...,xnk)

...
...

t1m(x11, ...,x1k) · · · tnm(xn1, ...,xnk)
u1(x11, ...,x1k) · · · un(xn1, ...,xnk)


The categoricalcondition determinedby M

By a T -enrichmentof a category C we meana left inverseof the forgetful
functor

AlgT C→ C,

whereAlgT denotesthecategory of internalT -algebrasin C (see[7], [9]).
Thus,a T -enrichmentequipseachobjectC in C with aninternalT -algebra
structurein C, in sucha way that every morphism f : C → D becomesan
internalhomomorphismof internalT -algebras.A T -enrichedcategory is
a category C given with a fixed T -enrichment. A T -enrichmentcan be
also equivalently definedas a natural T -algebrastructureon the functor
homC, i.e. an internalT -algebrastructureon homC in the functorcategory
SetC

op×C. Whenwe talk about a T -enrichedcategory C, we will automat-
ically regard the functor homC asthe correspondinginternalT -algebrain
SetC

op×C.
An internaln-ary relationr = (ri : R→C)i∈{1,...,n} in a T -enrichedcat-

egory C is said to be M-closedif r is M-closedwhenC is regardedasan
internalT -algebrain C whoseT -algebrastructureis theonethat is associ-
atedwith C by theT -enrichment(asimilarconventionalsoappliesto “strict
M-closedness”).

Theorem1.1([9]) Let C bea finitely completeT -enrichedcategory. Then
thefollowingconditionsareequivalentto each other:

(a) Everyinternal relationR→Cn in C is M-closed.

(b) Everyinternal relationR→C1× ...×Cn in C is strictly M-closed.

We saythat a (finitely complete)T -enrichedcategory C hasM-closed
relationsif it satisfies the equivalent conditions (a) and (b) in Theorem 1.1.
SupposeC = AlgK . ThenT -enrichments ofC are in one-to-one correspon-
dence with central morphismsT → K (see [7]).
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Theorem1.2([9]) LetT →K bea central morphismof theories.Thenthe
T -enrichedcategory AlgK hasM-closedrelationsif andonly if thesystem
of equations(1) correspondingto M is solvablein K .

By T -CatfcM we denotetheclassof all finitely completeT -enrichedcat-
egoriesC thathave M-closedrelations.In [9] it wasshown thattheclassof
Mal’ tsev categories,aswell asseveralothercloselyrelatedclassesof cate-
gories(seeTable1), areof theform T -CatfcM for suitableT ’s andM’s.

It turnsoutthatundercertainrestrictionsonT andM theclassesT -CatfcM
themselvescanbe characterizedvia a generalizedform of “solvability” of
(1). This wasfirst shown in the caseof the classof Mal’ tsev categoriesin
[3], whereit wasalsoobservedthat thesamecouldbedonemoregenerally
for theclassesof theform T -CatfcM. Thepurposeof this paperis to outline
thismoregeneralunifiedtheory.

Observation 1.3 Belowwe describetwo proceduresof producingfrom M
anotherextendedmatrixM′ of termsin T . It is easyto seethat in bothcases
wehaveT -CatfcM ⊆ T -CatfcM′.

“Change of variables”: Let k′ be a natural numberand supposethe
entriesin

M′ =


t ′11 · · · t ′n1
...

...
t ′1m · · · t ′nm
u′1 · · · u′n


are k′-ary terms. Supposefurther there exist maps f1, ..., fn : {1, ...,k} →
{1, ...,k′} such that for everyi ∈ {1, ...,n} theequations

t ′i1(x1, ...,xk′) = ti1(xfi(1), ...,xfi(k)),
...
t ′im(x1, ...,xk′) = tim(xfi(1), ...,xfi(k)),
u′i(x1, ...,xk′) = ui(xfi(1), ...,xfi(k)),

are theorems inT . Then we say that M′ is obtained from M by change of
variables.
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Table 1: Examples of classes of categories determined by matrices

T = M = C ∈ T -CatfcM iff C is a

Th[sets]


x y
y y
y x
x x

 Mal’tsev category [6]

Th[pointed sets]


x y
0 y
0 x
x x

 Strongly unital category [2]

Th[pointed sets]

 x 0
0 x
x x

 Unital category [2]

Th[pointed sets]

 x x
0 x
x 0

 Subtractive category [8]
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“Changeof columns”: Letn′ bea natural numbern′ > 1 andsuppose

M′ =


t ′11 · · · t ′n′1
...

...
t ′1m · · · t ′n′m
u′1 · · · u′n′

 .

Supposefurther there existsa map f : {1, ...,n′} → {1, ...,n} such that for
everyi ∈ {1, ...,n′} wehave:

t ′i1 = t f (i),1,
...
t ′im = t f (i),m,
u′i = uf (i).

ThenwesaythatM′ is obtainedfromM bychangeof columns.

2 Approximateoperations

Approximate solutionsof the systemof term equationscor-
respondingto M

For an extendedterm matrix M, we usethe sameletter M to refer to the
systemof termequationscorrespondingto this matrix. Let A beaninternal
T -algebrain a category C with finite products. An approximatesolution
in A, of a systemof term equationsM, is a morphismp : Am → B in C
(an “approximateoperation”)suchthat thereexists a morphismd : A→ B
makingthediagram

Am p // B

Ak

(ti1,...,tim)

OO

ui
// A

d

OO

commutefor eachi ∈ {1, ...,n}. Themorphismd is calledanapproximation
of the approximatesolution p. The morphismp in the initial object in the
categoryof all diagrams

Am p // B A
doo
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with A fixed,will becalledtheinitial approximatesolutionof M in A, andthe
morphismd in thesamediagramwill becalleda canonicalapproximation
of p. WhenC hasfinite colimits, theinitial approximatesolutionof M in A,
togetherwith its canonicalapproximationd, canbeobtainedvia thepushout

Am p // B

n(Ak)

 t11 · · · t1m

...
...

tn1 · · · tnm


OO

 u1
...

un


// A

d

OO

(2)

By a solutionof M in A we meananapproximatesolutionof M in A which
hasanapproximationthatis anidentitymorphism.Solutionsof M in A arein
one-to-onecorrespondencewith left inversesof thecanonicalapproximation
d of the initial approximatesolutionof M in A (whenthe latterexists),and
so,M is solvablein A if andonly if d is a split monomorphism.This leads
usto thefollowing

Lemma 2.1 For an internal T -algebra A in Set, whoseunderlyingset is
non-empty, thefollowingconditionsareequivalent:

(a) M is solvablein A.

(b) Thecanonicalapproximationof theinitial approximatesolutionof M
in A is an injectivemap.

(c) For all i, i′ ∈ {1, ...,n} anda1, ...,ak,b1, ...,bk ∈ A wehave[
∀ j∈{1,...,m}ti j(a1, ...,ak) = ti′ j(b1, ...,bk)

]
=⇒ ui(a1, ...,ak) = ui′(b1, ...,bk).

If A is emptythen(b) and (c) are alwayssatisfied(so in this casewe still
have(b)⇔(c)), and(a) is satisfiedif andonly if m 6= 0.
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Proof. Wealreadyknow (a)⇔(b).
(b)⇒(c): Let p betheinitial approximatesolutionof M in A andlet d be

its canonicalapproximation.Suppose

∀ j∈{1,...,m} ti j(a1, ...,ak) = ti′ j(b1, ...,bk).

Then
d(ui(a1, ...,ak)) = p(ti1(a1, ...,ak), ..., tim(a1, ...,ak)) =

= p(ti′1(b1, ...,bk), ..., ti′m(b1, ...,bk)) = d(ui′(b1, ...,bk)).

Sinced is injective,ui(a1, ...,ak) = ui′(b1, ...,bk).
(c)⇒(a): Thecondition(c) insuresthatthefollowingmapiswell-defined:

p : Am→A, p(a1, ...,am)=
{

ui(b1, ...,bk) if ∀ j∈{1,...,m}aj = ti j(b1, ...,bk),
a1 otherwise.

Fromthedefinitionof p it is clearthat p is asolutionof M in A.
Thelaststatementof theLemmais essentiallyobvious. �

Uniquenessof the approximation

Proposition2.2 For anyT andM, thefollowingconditionsareequivalent:

(a) Each approximatesolutionof M hasexactlyoneapproximation.

(b) There existso ∈ {1, ...,n} and there exist unary termsv1, ...,vk in T
such thatuo(v1(x), ...,vk(x)) = x is a theoremin T .

Moreover, when(b) is satisfied,for anyapproximationd of an approximate
solutionp of M (in an internal T -algebra A in a categoryC), wehave

d = p◦ (tA
o1, ..., t

A
om)◦ (vA

1, ...,vA
k )

whereo,v1, ...,vk are thesameasin (b).

Proof.(a)⇒(b): LetA be the freeT -algebra inSetover a one-element set
{x}. Consider the pushout (2). Ifx is the only element ofA, then this means
that for any unary termw in T we havew(x) = x, and so (b) is trivially
satisfied. SupposeA has at least two elements. The condition (b) states
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nothingotherthanthatx belongsto theimageof thebottomhorizontalmap
in (2). If this is not satisfied,thenB mustalsohave at leasttwo elements.
But thisallows to defineanotherapproximationd′ of p,

d′(a) =
{

d(a) if a 6= x,
b if a = x,

whereb is any elementof B suchthatb 6= d(x).
(b)⇒(a) is a consequenceof the last part of the proposition,which is

easyto prove: take o,v1, ...,vk asin (b); then1A = uA
0 ◦ (vA

1, ...,vA
k ), which

givesd = d◦uA
0 ◦ (vA

1, ...,vA
k ) = p◦ (tA

o1, ..., t
A
om)◦ (vA

1, ...,vA
k ). �

Condition2.2(b) is satisfiedfor eachof the casesdisplayedin Table1
(in fact, in eachcasewe cantake o = 1 andall v’s to be the identity term
v(x) = x).

Whentheequivalentconditionsof Proposition2.2 aresatisfied,p is an
approximatesolutionof M in aninternalT -algebraA if andonly if for each
i ∈ {1, ...,n} wehave

p◦ (tA
i1, ..., t

A
im) = p◦ (tA

o1, ..., t
A
om)◦ (vA

1, ...,vA
k )◦uA

i

i.e. p coequalizesthemorphisms

Ak
(ti1,...,tim) //

(to1,...,tom)◦(v1,...,vk)◦ui

// Am

whereo,v1, ...,vk arethesameasin 2.2(c). In particular, this allows to con-
struct the initial approximatesolutionof M in A asa joint coequalizerof
pairsof morphismsof theabove form (seee.g.Table2).

3 The characterization theorems

The first characterization theorem

Let C be aT -enriched category. Consider the following condition on a
natural transformationd : homC →D, wheren′ is any natural numbern′ > 1:
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Table 2: Coequalizer constructions of some initial approximate solutions

T = M =

Th[sets]


x y
y y
y x
x x

 A2
(π1,π2,π2) //

(π2,π2,π1)
//(π1,π1,π1) // A3

p // B

Th[pointed sets]


x y
0 y
0 x
x x

 A2
(π1,0,0) //

(π2,π2,π1)
// A3

p // B

Th[pointed sets]

 x 0
0 x
x x

 A
(1A,0) //

(0,1A)
// A2

p // B

Th[pointed sets]

 x x
0 x
x 0

 A
(1A,1A) //

(0,0)
// A2

p // B

Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

- 309 -



(Cn′) Let r = (ri : R→ Ai)i∈{1,...,n′} ands= (si : S→ Ai)i∈{1,...,n′} be arbi-
trary internaln′-ary relationandspan,respectively, betweenarbitrary
objectsA1, ...,An′ in C. If thereexistsanelementx∈D(S,R) suchthat

D(1S, ri)(x) = d(S,Ai)(si) for every i ∈ {1, ...,n′},

thenthereexistsamorphismy : S→ Rsuchthat

riy = si for every i ∈ {1, ...,n′}.

This conditionturns out to becloselyrelatedto thefollowing condition,
which is determinedby M andanaturalnumbern′ > 1:

(DM
n′ ) Any internal relation r = (ri : R→ Ai)i∈{1,...,n′} in C is strictly M′-

closed,whereM′ isany extendedmatrix(of termsin T ) with n′ columns,
obtainedfrom M by changeof columnsandvariables.

It is easyto seethat if (Cn′) is satisfied,then(Cn′′) is satisfiedfor any
n′′ ∈ {1, ...,n′}. A similar factis alsotruefor thecondition(DM

n′ ).

Theorem3.1 Let C be a T -enriched category. For any natural number
n′ > 2 thefollowingconditionsareequivalentto each other:

(a) thecanonicalapproximationd of theinitial approximatesolutionp of
M in homC satisfies(Cn′);

(b) there existsan approximatesolution p of M in homC which hasan
approximationd satisfying(Cn′);

(c) C satisfies(DM
n′ ).

Moreover, if theaboveconditionsare satisfied,thend in (a) necessarilyhas
injectivecomponents.

Proof. (a)⇒(b) is obvious. (b)⇒(a) follows from thefactthatif thecon-
dition (Cn′) is satisfiedfor acompositecd thenit is alsosatisfiedfor d.

(b)⇒(c): Suppose(b) is satisfied.Let X beanobjectand

r = (r i : R→ Ai)i∈{1,...,n′}
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aninternaln′-ary relationin C. We mustshow thatr is compatiblewith the
matrix 

t f (1)1(x11, ...,x1k) · · · t f (n′)1(xn′1, ...,xn′k)
...

...
t f (1)m(x11, ...,x1k) · · · t f (n′)m(xn′1, ...,xn′k)
uf (1)(x11, ...,x1k) · · · uf (n′)(xn′1, ...,xn′k)


for any map f : {1, ...,n′} → {1, ...,n}, whereeachxi j is an arbitrarymor-
phism

xi j : X → Ai .

Supposeeachupper j-th row, regardedasaspan,factorsthroughtherelation
r via a morphismzj : X → R. Considertheelementx = p(X,R)(z1, ...,zm) ∈
D(X,R). For eachi ∈ {1, ...,n′} wehave

D(1X, ri)(x) = D(1X, ri)(p(X,R)(z1, ...,zm))

= p(X,Ai)(riz1, ..., rizm) = p(X,Ai)(t f (i)1(xi1, ...,xik), ..., t f (i)m(xi1, ...,xik))

= d(X,Ai)(uf (i)(xi1, ...,xik)).

Now, applying(Cn′) wegetthatthelastrow of theabovematrixalsofactors
throughr.

Beforeproving (c)⇒(a)first weprovethat(c) impliesthatthed in (a)has
injectivecomponents.Let X andY beany two objectsin C. Let p betheini-
tial approximatesolutionof M in homC(X,Y) with canonicalapproximation
d. Accordingto Lemma2.1, to show that d is an injective map,it suffices
to show that the condition 2.1(c) is satisfiedfor A = homC(X,Y), which
is the sameasto show that for all i, i′ ∈ {1, ...,n} anda1, ...,ak,b1, ...,bk ∈
homC(X,Y) therelation

Y Y
1Yoo 1Y // Y

is compatiblewith thematrix
ti1(a1, ...,ak) ti′1(b1, ...,bk)

...
...

tim(a1, ...,ak) ti′m(b1, ...,bk)
ui(a1, ...,ak) ui′(b1, ...,bk)

 .
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But this is indeedsowhen(c) is satisfied,sincetheabove matrix canbeob-
tainedfrom M by changeof columnsandvariables,andbecausethenumber
of columnsis lessthanor equalto n′ (this is wherewe usetheassumption
n′ > 2).

(c)⇒(a): Suppose(c) is satisfied.Let

r = (ri : R→ Ai)i∈{1,...,n′} and s= (si : S→ Ai)i∈{1,...,n′}

beanarbitraryinternaln′-ary relationanda span,respectively, betweenar-
bitrary objectsA1, ...,An′ in C. Supposethereexistsanelementx∈ D(S,R)
suchthat

D(1S, ri)(x) = d(S,Ai)(si) for every i ∈ {1, ...,n′}.

Themapsp(S,R),d(S,R) arejointly surjective(sincep(S,R) is aninitial approx-
imatesolutionof M in homC(S,R) with d(S,R) asits canonicalapproxima-
tion). Thismeansthatx fallseitherin theimageof d(S,R), or of p(S,R). In the
first casewe getx = d(S,R)(y) for a morphismy : S→ R, andthennaturality
of d yieldsthat

d(S,Ai)(riy) = d(S,Ai)(si)

for every i ∈ {1, ...,n′}, which impliesriy = si for every i ∈ {1, ...,n′} (since
eachd(S,Ai) is aninjective map).Supposenow x falls in theimageof p(S,R),
i.e.thereexistmorphismsz1, ...,zm : S→R in C suchthatx= p(S,R)(z1, ...,zm).
Then,for eachi ∈ {1, ...,n′} wehave

d(S,Ai)(si) = D(1S, ri)(x)

= D(1S, ri)(p(S,R)(z1, ...,zm)) = p(S,Ai)(riz1, ..., rizm).

Sincein thepushout

hom(S,Ai)m
p(S,Ai ) // D(S,Ai)

n(hom(S,Ai)k)  u1
...

un


//

 t11 · · · t1m

...
...

tn1 · · · tnm


OO

hom(S,Ai)

d(S,Ai )

OO
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d(S,Ai) is aninjectivemap,theequality

d(S,Ai)(si) = p(S,Ai)(riz1, ..., rizm)

impliestheexistenceof anelement

ei ∈ n(hom(S,Ai)k)

suchthat(
u1
...

un

)
(ei) = si and

(
t11 · · · t1m

...
...

tn1 · · · tnm

)
(ei) = (riz1, ..., rizm).

Thuswe obtain that for eachi ∈ {1, ...,n′} thereexists i∗ ∈ {1, ...,n} and
fi1, ..., fik : S→ Ai suchthat

ui∗( fi1, ..., fik) = si

and
ti∗ j( fi1, ..., fik) = rizj for every j ∈ {1, ...,m}.

Now, considertheextendedmatrix
t1∗1( f11, ..., f1k) · · · tn′∗1( fn′1, ..., fn′k)

...
...

t1∗m( f11, ..., f1k) · · · tn′∗m( fn′1, ..., fn′k)
u1∗( f11, ..., f1k) · · · un′∗( fn′1, ..., fn′k)

 .

The top rows of this matrix, consideredasspansbetweenA1, ...,An, factor
throughthe relationr (each j-th row factorsthroughr via zj ). This matrix
is obtainedfrom M by changeof columnsandchangeof variables.Hence,
(c) implies that the relation r is compatiblewith the above matrix, andso
its bottomrow alsofactorsthroughr, i.e. thereexistsa morphismy : S→ R
suchthatriy = si for every i ∈ {1, ...,n′}. �

Remark 3.2 In thecasewhenn′ = 2andM is thematrixfromTable1,which
correspondsto thenotionof a Mal’tsev category, Theorem3.1becomesThe-
orem3.2of [3].

Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

- 313 -



Remark 3.3 Supposen′ = 1. Then,in Theorem3.1,westill have(a)⇒(b)⇒(c),
which is evident from the proof of Theorem3.1. Thequestionwhetherwe
alsohave(c)⇒(a) or not remainsopen.However, if eitherT = Th[sets] or
T = Th[pointedsets], thenit is easyto showthat wedo have(c)⇒(a) (but
thend in (a) doesnotnecessarilyhaveinjectivecomponents).

Recallthatn denotesthenumberof columnsof M. Remark3.3, Theo-
rem3.1andObservation1.3togetherimply:

Theorem3.4 For a finitely completeT -enrichedcategory C the following
conditionsareequivalent:

(a) thecanonicalapproximationd of theinitial approximatesolutionp of
M in homC satisfies(Cn);

(b) there existsan approximatesolution p of M in homC which hasan
approximationd satisfying(Cn);

(c) C hasM-closedrelations.

Moreover, if the above conditionsare satisfiedthen 3.1(a) and 3.1(b) are
satisfiedfor anynatural numbern′ > 1.

The secondcharacterization theorem

Let C bea T -enrichedcategorywith finite coproducts.TheneveryobjectX
in C hasaninternalT -coalgebrastructure;for eachk-ary termt in T theco-
operationtX : X→ kX of X is givenby tX = t(ι1, ..., ιk), whereι1, ..., ιk denote
thecoproductinjectionsX → kX. Further, this way theT -enrichmentof C
givesriseto aninternalT -coalgebrastructureon 1C in thefunctorcategory
CC.

Theorem3.5 A finitelycompleteT -enrichedcategoryC with finitecoprod-
uctshasM-closedrelationsif andonly if for everyobjectX in C, everyn-ary
internal relationr : R→ (kX)n in C is compatiblewith

MX =


(t11)X · · · (tn1)X

...
...

(t1m)X · · · (tnm)X

(u1)X · · · (un)X

 .
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Proof. The“only if ” part is obvious. Theproof of the“if ” partrelieson
the observation that for any morphismsf1, ..., fk : X →C, composingeach
entryof MX with themorphism f1

...
fk

 : kX→C

yieldsthematrix
t11( f1, ..., fk) · · · tn1( f1, ..., fk)

...
...

t1m( f1, ..., fk) · · · tnm( f1, ..., fk)
u1( f1, ..., fk) · · · un( f1, ..., fk)

 .

It is asimpleobservationthateachrow of thismatrix factorsthroughr : R→
Cn if andonly if thecorrespondingrow of MX factorsthroughthepullback
of r alongthemorphism f1

...
fk


n

: (kX)n →Cn.

Soevery n-ary relationonC is M-closedwhenevery n-ary relationon kX is
compatiblewith MX. �

If C is a regularcategory [1], thenfor eachobjectX in C the following
conditionsareequivalentto eachother:

• every relationr : R→ (kX)n in C is compatiblewith MX;

• thereexistsanapproximateco-solutionp : W→mX of M in X whose
approximationd : W → X is a regularepimorphism;

• theapproximationof the terminalapproximateco-solutionof M in X
is a regularepimorphism.
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The equivalenceof thesethreeconditionsfollows from the fact that in a
regularcategory, for apair of morphisms

Y
g

��
X

f
// C

thefollowing conditionsareequivalentto eachother:

• f factorsthrougheverymonomorphismthroughwhichg factors;

• theabovediagramcanbefilled up to acommutativesquare

W

g′

��

// Y
g

��
X

f
// C

whereg′ is a regularepimorphism;

• thepullbackof g along f is a regularepimorphism(that is to say, we
cantake theabovesquareto beapullback).

Sofrom Theorem3.5wededuce:

Theorem3.6 For a regular T -enrichedcategory C with finite coproducts,
thefollowingconditionsareequivalentto each other:

(a) C hasM-closedrelations.

(b) For everyobjectX in C there existsan approximateco-solutionof M
in X havinganapproximationthat is a regular epimorphism.

(c) For everyobjectX in C thecanonicalapproximationof the terminal
approximateco-solutionof M in X is a regular epimorphism.

Remark 3.7 There is a close connection between the condition on the ap-
proximation considered in Theorem 3.1 and the condition on the approxima-
tion considered in Theorem 3.6 — see [3].

Z. JANELIDZE - CLOSEDNESS PROPERTIES OF INTERNAL RELATIONS

- 316 -



Remark 3.8 Theorems3.4 and 3.6 were obtainedin the specialcasesof
Mal’tsev and subtractivecategoriesin [3] and [4], respectively. As it was
emphasizedin [4] and in [5] (seealso [11]), Theorem3.6 providesa con-
venienttool for working in a category C with M-closedrelations,sincethe
behaviorof approximateco-solutionsof M mimic up to a great degreethe
behaviorof termsolutionsof M in varietieswith M-closedrelations;in par-
ticular, this allows in manycasesto translatea universal-algebraic argu-
mentinvolving termsinto a purely categorical argument— thus giving a
straightforward methodof lifting certain resultsfromUniversal Algebra to
CategoryTheory(seee.g. [4] and[11]).

4 Final remarks

A naturalnext stepis to try to extendtheresultsof this paperto thecaseof
themoregeneraltypeof matricesconsideredin [10] (whichallow to replace
the systemof term equations(1) in Theorem1.2 with a moregeneralkind
of systemof termequations).However, beforethatoneshouldfirst proba-
bly try to understandTheorem3.4 better, which perhapsleadsto trying to
obtainananalogousresultwherein 3.4(a)andin 3.4(b),thenaturaltransfor-
mationd : homC →D, insteadof beinganapproximationof anapproximate
solutionof M in homC, would have the following strongerproperty: D is
equippedwith an internalT -algebrastructurewhereM is solvable,andd
is a homomorphismof internalT -algebras.For instance,it is easyto show
that a finitely completepointedcategory C is unital if andonly if thereis
an internalmagmaD in SetC

op×C anda homomorphismd : homC → D of
internalpointedsets,whichsatisfies(C2) (andspecifically, wecantakeD to
be the free internalmagmaover homC, with unit the basepoint of homC).
By the way, the sameresultremainsto be true whenwe replace“magma”
with “monoid” or “commutativemonoid”.
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