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by Ronald Brown o
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The notion of aimplicial T-complex was found by M.K. Dakin in 1975, and
was written up iIn his Ph.D. .thesis [D2]. The cubical version of T-complex '
was taken up by R. Brown and P.J. Higgins in the period 1975-1979, and in
particular.was found to be an essential feature of their proof of a higher
dimensional form of the Seifert-van Kampen theorem [B-H 2,3]. Meanwhile,
the simplicial T-complex techniques were developed by N.K. Ashley in his
Ph.D. thesis [As];his major result is that conjectured in [D2], the equivalence
between the category of simplicial T-complexes and the category of crossed
complexes. '

While the details of the theory and applications‘of cubical T-complexes
have been published [B-H 2,3,4], no details are generally available on the
simplicial case. It is a pleasure therefore to thank Mme. Andrée Charles
Ehresmann for this opportunity to present the Ph.D. Theses of Dakin and Ashley
in this issue of Esquisses Mathématiques. I hope it will also prove useful
to give in this introduction an account of how the notion of T-complex arose,
to summarise the results and methods of the two theses, and finally to place
this work in the context of algebraic topology, and work on multiple groupoids

and higher dimensional forms of the Seifert-van Kampen theorem.

1. Kan éomplexes

A simplicial T-complex is a special kind of Kan simplicial set, i.e. of
simplicial set K satisfying Kan's extension eondition. This condition on
K is very well known in simplicial theory, and is often expressed as:

every horn in K has a filler. It will prove useful to give the definitiom.

Let K be a simplicial set, andlet n21 ,0sksn. An (n, k)-horn
in K is a collection (xi) of elements x;, of K _, satisfying
8ixj = aj_,xi
element x of Kn such that aix = X; for 1 =2k .

for all i<j and i, j =k . A filler of this horn is an

Alternatively, let A" denote the simplicial set of the standard n-simplex
(i.e. A" is the free simplicial set on one generator cn of dimension n ).
Lef A; denote the k-horn of A" , that is, A: is th; subsimplicial set
generated by all faces aicn of ¢® for i #k . Then a horn (xi) in K
can equally be described as a simplicial map h : A; + K (with h(aicn) =X
i #k) and a filler x of (xi) can be described as an extension f : A" + K
of h (with f(cn) = X) .



The extension condition was formulated by Kan initially in a cubical
context [Kl, 2], and shown to be a sufficient condition for doing homotopy
theory in a cubical complex K . The reason for this is that ‘the extension
condition on K ensures that the relation of homotopy, on maps L + K of
cubical complexes, is an equivalence relation. In later work of Kan [K3, 4],
and of many others (see for.example (Ma, La, G-2] and the survey article [C]),
this condition was given in the simplicial context (as above) and again shown
to be sufficient for homotopy theory of simplicial sets. Indeed, attention
has since focussed almost completely on simplicial theory, and many aréas of
cubical theory have not been developed. For example, there is no complete
and widely available account of realisations of cubical sets (the only
references I know on this are [Fe, Hin]). From now on, then, by Kan complex

we mean Kan simplicial set.

There are three main examples of Kan complexes.

(1.1) The singular complex

The first, and most intuitive example, is the (simplicial) singular complex
SX of a space X ., Let us write IAnI ’ IA;' for the standard geometric
n-simplex and its k-horn, respectively. Then SnX consists of the continuous

maps lAnI + X , and the fact that SX is a Kan complex is an immediate
?|

consequence of the fact that ]AEI is a retract of |A

(1.2) Simplicial groups

Simplicial groups were proved to be Kan complexes by J.C. Moore [Mol.
For a proof, see [Ma, §17]. This result has been useful because many
constructions lead from spaces or simplicial sets to simplicial groups, and
the latter, being Kan complexes, have a convenient homotopy theory.
(1.3) ExK

The functor - Ex from simplicial sets to Kan complexes was introduced

in [K5]). It has an interesting relation to the notion of subdivision.

A curious fact about these examples, is that the fillers in each case satisfy

a naturality condition.

In the case of the singular complex SX , the fillers are defined by
retractions on the models ]An] ; so they may be chosen on the models once
and for all, and the fillers in SX then become natural with respect to

maps of X .

In the case of a simplicial group G , a filler x is constructed from

a horn (xi) by the use of the face, degeneracy and group operations of G ,



applied to (xi) . So the filler is natural with respect to maps of simplicial

groups.

In the case of Ex K , the fillers are natural with resﬁéét to maps of
K (cf. Lemma 3.2 of [K5]).

The first two examples lead the writer to consider Kan complexes with
canonical fillers. But such an idea presented three problems.
(1.4) Problem

What relations, if any, should there be between canonical fillers; or in

forming successive filling processes?

An awkward feature here is that in the example of the singular complex
SX , although the fillers come from retractions |A"| + ]A:l » such retractions
are not unique. However, they are unique up to homotopy.
(1.5) Problem

Can one form a canonical quotient, say oX , of SX so as to obtain a
Kan complex in which all fillers coming from retractions on the models have

been identified?

Given a solution of (1.5), it would then be more reasonable to look for
an answer to (l.4) by using a model category.
(1.6) Problem

Is it possible to define 'Kan complexes with canonical fillers' as
contravariant set-valued functors on some model category defined in a

combinatorial way?

It is not clear how old these problems are. In any case, by 1975 another
line of enquiry had become firmly established. It used cubical theory up to

dimension two.

2. The Seifert-van Kampen theorem

In 1965 I had found that the fundamental groupoid could be used to
generalise the form of the Seifert-van Kampen theorem given by Crowell in [Cr]
from connected to non-connected spaces [B3]. The resulting theorem allowed
one to compute the fundamental group of the circle, and many other cases not
easily recoverable from the group case, including examples stated in van Kampen's
paper [vK]. This discovery led to an extensive use of groupoids in the
presentation of the elements of homotopy theory given in [B4]. All this was

strongly influenced by work of P.J. Higgins [HI1, 2].

By 1967, it had seemed plausible that this theorem should have a

generalisation to dimension two. (An account of the argument for this is given



in [B5].) Progress on this problem was negligible until a visit to Bangor in
1972 by Chris Spencer, under S.E.R.C. support. Graeme Segal had mentioned to

me in 1971 that he had been told by Deligne that group objects ‘G in the
category of groupoids were classified by H3(n0G, G(e, e)) (where e 1is the
identity of the group Ob(G)). Following this hint, Chris and I proved that the
category of group objects in the category of groupoids was equivalent to the
category of crossed modules (a result in fact known to Verdier in 1965). We
then developed a notion of a kind of double groupoid which looked a reasonable
candidate for the algebraic gadgets appropriate to a two-dimensional form of

the Seifert~van Kampenvtheorem. This work was issued as a preprint in 1973,

and was finally published as [B-S 1,2].

In 1974, Philip Higgins visited Bangor for five months under S.E.R.C.
support. Towards the end of his stay, in July, we found the right geometric
functor p with the above mentioned double groupoids as values. The key
was the realisation that crossed modules were obviously relevant, and that they
occurred in homotopy theory as the second relative homotopy group nz(x, Y, z)
of a based pair, where this group has an operation of nl(Y, z) and a boundary
3 nz(X, Y, z) > ﬂl(Y, z) . This eventually suggested that p should be
defined for a based pair (X, Y, z) . The simplest idea seemed to be that
p should consist of :

(0) z in dimension O ,

(1) the group nl(Y, z) in dimension 1,

(2) the set of homotopy classes of maps

(Iza iz, :.[.2) — (X’ Y, Z)

in dimension 2 (where iz and EZ consist respectively

of the edges and vertices of 12).
Of course in dimension two, p does not have a group structure. However, it
does have two groupoid structures. In fact, p(X, Y, z) becomes a double
groupoid of the form suggested in [B-S 2] (a special double groupoid with
spectal connection), and the properties of these allowed a proof of a pushout
theorem for p . With the work of [B-S 2], this gave a pushout theorem for
the second relative homotopy group nz(x, Y, z) , considered as a crossed
nl(Y, z)-module. .

Later, the functor p was generalised to the case of triples (X, Y, Z2)

such that each loop in Zis contractible in Y , and the pushout version (when
X 1is the union of two open sets) was generalised to the case of arbitrary

open covers. In 1975, these results were circulated as preprints, and were



reported on at Oberwolfach. The preprint influenced work of J. Huebschmann

on the cohomology of groups [Hul.

These two-dimensional results were published in [B-H 1], but without the
motivation and pictures of the preprint. A recent exposition of the key ideas

is given in [B5].

Thus in 1975 the two-dimensional situation was well sorted-out. The

problems were about the extension of these results to higher dimensions.

It was clear that the based pairs used to define nz(x, Y, z) and the

first version of p , should be replaced by a filtered space

g_(:{z}cXIC...cxncanC...cX.

For such an X , a generalisation of the crossed n](Y, z)-module
nz(x, Y, z) had been considered by Blakers [BZ] (under the name 'group
system'), and by J.H.C. Whitehead [W] (under the name 'homotopy system', though
with extra freeness assumptions since he was considering the skeletal filtrations
of CW-complexes). Eventually, influenced by Huebschmann's 'crossed resolutions'
(Hul, we agreed on the name crossed complex for this algebraic gadget which
formalised the properties of the relative homotopy groups nn(xn, xn-l’ z) ,
n 2 2, together with the fundamental group "l(xl’ z) ; the operations of this

group on the relative homotopy groups; and the boundary maps

](X X 99 z) for nz3

§ s Trn(xn’ xn—l’ z) — n-1’ "n-

™
-
and § : wz(XZ, Xl’ z) —> "I(Xl’ z) . This structure 7X we called the

homotopy crossed complex of the filtered space X .

Later it became convenient to let the base point 2z vary in a subset
XO of Xl » usually with X, discrete or with noxo = X0 . Then n]§ became
the fundamental groupoid nl(xl, Xo) , and for n 2 2 , nn§ became the family
of groups ﬂn(Xn, Xn-l’ z), z € X0 . This led to the following definition
(B-H 41.

A crossed complex C 1is a sequence

5 §°
--.—*Cn‘—'*cn_l > o e ;Cz 'Lcl l_> CO
s
satisfying the following axioms. .

(2.1) C, is a groupoid with Cy as its set of vertices and 60, 61 as

its initial and final maps.
We write Cl(p’ q) for the set of arrows from p to q(p, q € CO) and
Cl(p) for the group Cl(p, P) .



(2.2) For n =2, Cn is a family of groups {Cn(p)} for p € C0 and
for n 2 3 the groups Cn(p) are abelian.

(2.3) The groupoid C1

action denoted (x, a) H* x2 . Here if x € Cn(p) and a € CI(P’ q) then
a

x° € Cn(q) .

operates on the right of each Cn(n'é 2) by an

We use additive notation for all groups Cn(p) and for the groupoid
C, » and we use the same sumbol O for all their identity elements.
(2.4) For n=22, 8 : Cn > Cn—l is a morphism of groupoids over CO and
preserves the action of C, , where C, acts on the groups CI(P) by
conjugation : x*=-a+x+a.
(2.5 68=0:C »C_, for n23 (and %! = §ls C, > Cy) .

(2.6) If c ¢ C2 , then 6c acts trivially on C, for n 2 3 and operates

on C, as conjugation by c¢ , that is ch =-c+x+c(x,ce Cz(p)).

In the case when C0 is a point we call C a reduced crossed complex.

(Non-reduced crossed complexes were not considered till 1977.)

The question in 1975 was whether (reduced) crossed complexes were
appropriate for a generalised Seifert-van Kampen theorem. The formulation
and proof of such a theorem required a generalisation pX of the double
groupoid p(X, Y, z) It was not clear that the structure possessed by

PX would be such as to give a category equivalent to that of crossed

complexes.

Remark

The use of (reduced) crossed complexes for interpreting all the cohomology
groups Hn(G; A) of a group G with coefficients in a G-module A was found
by various writers, notably Huebschmann, in his 1977 dissertation (cf. [Hul),
Holt [Hol] and Hill [(Hig](see the historical note by MacLane [MacL]). A different
approach to this result is given by Loday in [Lo], together with a related
interpretation of Ayper-relative groups. The relation with non-abelian

cohomology is described in [B-H 8].

Related results in the context of varieties of algebras (thus generalising
the theory for groups) were shown by Lue (cf. [L]) but the relation with the
classical theory was not made explicit. His work has recently been extended
to categories of interest (in the sense of Orzech [0]) by Cegarra and Grandjean
{C-G 1,2] and Garcia [G].

Thus the notion of crossed complex is seen to have wide significance.

It would be interesting to see its use in other areas of mathematics, for



example, as suggested by Brown and Porter (unpublished), in the theory of
deformations of structures, and, generally, for notions of higher homotopies

(i.e. homotopies of homotopies, etc.).

An important step forward would be to find a use of crossed modules in

a differential geometry setting.

3. T-complexes

The problem I suggested to Keith Dakin in 1975 (and so dragging him away
from interesting work on topological groupoids and fibre bundles [Dl]) was to
find a simplicial version of double groupoids, and so in the process generalise
double groupoids to all dimensions. Such a simplicial version seemed necessary
because of

(i) the importance of simplicial methods in algebraic topology,

and (ii) their well-established literature.

By contrast, as said above, many of the corresponding cubical techniques

were unavailable, and apparently unknown.

It must be confessed that there were not many clues available. Two
relevant ideas seemed to be
(i) the nerve NG of a groupoid G , as defined by Segal [S],

(i1) the idea of Kan complexes with canonical fillers.

One easy point was that if a simplicial set K has canonical fillers of

horns, then K, admits a partial multiplication. The product ab is

1
defined when 3ga = Blb , and is given by ab = Blt , where t fills the horn

given by the solid lines in the following diagram.

Dakin noticed that to obtain associativity of this multiplication, a further

condition on the canonical fillers is necessary, as shown by the diagram




in which t; , ty , ty are canonical fillers, given in that order. If ¢
fills this horn, then to obtain (ab)c = a(bc) we must require that the face

82t of t 1is the canonical filler of the horn, shown as:

0. 3

1
Dakin proposed a generalisation of this idea to all dimensions, as follows.

Let K be a simplicial set, and for n 2 0 let H®™ be the set of all
horns in K ; that is, H" is the set of all maps AE +K forall 0<k<n.
Note that if x € K > then the collection of faces of x except the k'th
defines a horn A; ~ K , which we call the k-%orn of x . Suppose given the
additional structure of a function F" : H® » Kn assigning to each horn
ho: A >
CF1) If x <s the canonical filler of one of its horns, then it is the

K a canonical filler F%(h) e K, + The axioms shall be the following:

canonical filler of any of its horns.

CF2) A degenerate element is a canonical filler of any of its horms.

CF3) If x s a canonical filler, and all its faces 9;x , except possibly
8, x , are canonical fillers, then 9, % also is a canonical filler.

Dakin proved that these axioms imply that the induced multiplication on

K, 1is a groupoid structure.

1
He lectured on this material at Bangor in September, 1975. Philip Higgins,

who was then visiting Bangor, proposed a reformulation of the axioms in terms

of the subsets of K consisting of the canonical fillers. Later, we agreed

to call these fillers thin elements, the motivation being that canonical fillers

in the singular cpmplex SX come from a retraction

%retract \/ I

-

and so such fillers, while not necessarily degenerate, are certainly not

'thick'. The axioms for this structure then became as follows.
Definition (K. Dakin)

A T-complex consists of a simplicial set K together with subsets

T <K ,n21, of elements called thin, and satisfying the following axioms



(T1) All degenerate elements are thin.
(T2) Any horn in K has a unique thin filler.
(I3) If all faces but one of a thin element are thin, so also is the

remaining face.

These marvellous axioms suggested immediately that T-complexes ought to
be an appropriate simplicial model of double groupoids. Further, the axioms
are easily given in a cubical context, and such cubical T-complexes seemed
a possible generalisation to all dimensions of double groupoids. In any case,

it was clearly essential to analyse the consequences of the axioms.

Remark 1.

The first form of Dakin's axioms might be more appropriate for setting up
theories of T-complexes in other categories than that of sets. For such a
category, one would need to have the object H; of k;horns of Kn defined,
and then require that FE : HE > Kn (which gives the canonical fillers)

should be a morphism in the category. More work is needed in this direction.

Remark 2.

There are related ideas in Duskin's Memoir [Dul] and in the subsequent
thesis of his student Paul Glenn [GR]. Paragraph two on p.4 of [Dul looks
to be a precursor of the crossed complex interpretation of group or Lie
algebra cohomology (cf. the Remark in §2 above) and also a step towards the
equivalence of crossed complexes and T-complexes. The notion of canonical
fillers in a simplicial objects in a category with finite limits is discussed
in [G4] in relation to the notion of Aypergroupoid, and in talks by Duskin
at various category theory conferences. In a talk at Gummersbach (July, 1981)
(cf. [K-P-T]), Duskin explained how simplicial T-complexes were equivalent to
filtered systems of hypergroupoids; he also gave his own account of the
equivalence between crossed complexes and simplicial T-complexes, using an
intermediate category of simplicial groups in which each horn has a unique

filler which is a product of degenerate elements. (See also [Du2].)

4. K. Dakin's thesis

The immediate problems posed by the notion of a T-complex were two.

-

Problem 1

Give a good geometric example of a T-complex, analogous to the double

groupoid p(X, Y, z) of a triple.
Problem 2

Find a more convenient algebraic presentation of T-complexes, analogous
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to the equivalence between double groupoids and crossed modules.

By this time, the expectations for geometric examples had changed
crucially from those suggested by Problems (1.2)-(1.3) of §l; It was now
clear that one should look for relative rather than absolute situations.
This in itself was curious, since initially the good thing about the
fundamental groupoid seemed to be that it enabled one to get rid of base
points. Only gradually did it emerge that it was useful, not to get rid of
base points, but to allow more flexibility by choosing a set XO of base

points, and so defining a fundamental groupoid ﬂl(X, XO)

Thus in the present case, when structure in all dimensions is considered,
it was natural to generalise the 2-dimensional situation by considering a
filtered space
X : XO < Xl € 4as © Xn € 4.0 X
and the relative singular complex RA§ c SX of all filtered maps f : A" + X,
where Qn has its filtration by r-skeletons A™ T , S0 that f 1is required

to satisfy £™7T) < Xr s ¥ 20 . Then Rﬁ§ may be given the compact-open

topology and one can set pﬁg = noRﬁ§ . (In order to distinguish the simplicial
functor p defined in [As] from the cubical functor p defined in [B-H 5] we

d

write these respectively as pA and p~ .) Clearly pA§ inherits the structure

of simplicial set from SX and RA§ . Define an element of pﬁg to be thin if

A

it has a representative f : én + X such that f(An) cX Is then p°X ,

n-1 °
with this structure,a T-complex, assuming that each loop in XO is contractible

in X, ?
1 |

This problem proved very hard., In the cubical case, it was solved affirm-
atively in the summer of 1976 by Brown and Higgins, but required a new set of

techniques, involving the use of collapsings of subcomplexes of I" .

Dakin's main work is on the algebraic problem. The candidate available for
an algebraic structure equivalent to that of T-complex was that of crossed

complexes, and it was in this direction his results tend.

Define a T-complex K to be of rank <n if all elements of Km are

(n)

thin for m > n ., Let K denote the smallest sub-T-complex of K confaining

Ko, Kiy ooy Kn . Then the K(n) are of rank <n and define a filtration
(n) N

K of K . Since each K is a T-complex, it is also a Kan complex.

Dakin, in Ch.4 of [D2], refines standard simplicial work to show that,

(l) k@)

as in the topological case, the fundamental groupoid = (K and

relative homotopy groups = (K(n) (n ]), p) ,n22,pc¢ Ko » fit together



(n)

to form the homotopy crossed complex 7K . He also proves that ﬂi(K », p) =0

for i >n (cf. p.47). (This fact uses only Axioms Tl and T2.)

This filtration is thus quite remarkable, and Loday has suggested for it
the name ''inverse Postnikov system'. The point here is that the usual
construction from a Kan complex X of a complex X(n) with wi(x(“)) =0
for i > n is that of a fibration X - X(n) , and not of a subcomplex of X .

In Ch.2 of [D2], Dakin shows that the nerve of a groupoid gives an
equivalence between the category of groupoids and the category of T-complexes

of rank 1.

In Ch.3 of [D2], he explores the algebraicstructures in dimensions >l
implied by the T-complex axioms. He shows that Kn admits a groupoid

9.

i-1 and s,

structure + with initial, final maps and identity maps -1

7 ¢
respectivel; for 1 <i<n. ’

This area is one which clearly requires more work. For example the
interchange law is not discussed. Ideally, one would like a list of such
algebraic structures, with possibly some extra structure, which would imply
the T-complex axioms. This would be analogous to the cubical case, in which
there is an isomorphism of categories between cubical T-complexes and

w-groupoids [B~H 3,5].

However, Ch.3 does show important features of T-complexes. A philosophical
point is that in T-complexes both algebraic operations and rules on algebraic
operations are determined by particular simplices. Thus for the operation i
in dimension n , there is for each a ¢ Kn a simplex Ia € Kn+1 one face of
which is a , another face is 12 and another face is siaia , in such
a way that Ia gives the rule a 12~ siaia . This idea is of course implicit
in traditional work on Kan complexes; it is just that T~complexes have a more

algebraic character.
Ch.4 of[D2] has been discussed above.

In Ch.5 of [D2], Dakin shows that the functor K 71K from T-complexes
to crossed complexes gives an equivalence between T-complexes of rank < 2
and crossed modules. This shows that T-complexes do give a simplicial version
of double groupoids. His methods, though, are diagrammatic and do not directly

generalise to higher dimensions.

5. Progress on w-groupoids

By October 1976, Brown and Higgins had made progress in the cubical version

say pD§ , of the above homotopy functor on filtered spaces, and had shown that
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this has the structure of cubical T-complex if X 1is a Jo-filtered space
(i.e. if each loop in XO is contractible in Xl). The proofs of all the
steps in the colimit theorem for pD§ and for wX were completed by July,
1977, and the results were announced in [B-H 2,3]. The main steps in the
proof were (cf. [B-H 4,5]):

(5.1)  The definition of a category of w-groupoids, and the proof that png

is an example of such an w-groupoid.

(5.2) The proof of the equivalence of categories of w-groupoids and crossed
complexes.

Here if G 1is an w-groupoid, then it contains a crossed complex YG and

for n 2 2 there is a folding operation ¢ : G, > (YG)n with convenient
algebraic properties. Also G can be recovered from yG (by "unfolding"
inductively). Further G has the structure of cubical T-complex, the "thin"

elements of G being precisely those which fold to zero in YG .

This T-complex structure, which is established by means of a purely
algebraic version of the cubical homotopy addition lemma, is a key step in
the proof of the colimit theorem. The reason is as follows. It is required
to prove that the comstruction of an element Fa of an w-groupoid G from
amap o« : I" +~ X is independent of the choices made. Different choices
lead to elements F6 , F6' , but 6 and 6' are related by a homotopy
H: 8
K: ¢

6' which may itself be deformed in a nice way to a 'good' homotopy

¢' where FO = F$, F6' = F¢' . The homotopy K is 'good' because

it determines an element x of G ! x = F¢' . The
n+l n+l 0

proof is completed by showing x 1is degenerate of the form x = €n+lan+lx .

This uses a characterisation of degenerate elements in terms of thin elements

. 0
with 8n+lx =F¢ , 9

(B-H 5; Proposition 4.4] whose proof uses the axioms T1 and T2 for the above

thin elements. That x 1is degenerate implies F¢ = F¢'

(5.3) The fibration theorem. This says that if X is a Jo-filtered space,
0
X

consists of all filtered maps Ln + X ), then the projection RDK > pD§ is

and is the cubical relative singular complex of X (which in dimension n

a Kan fibration of cubical complexes. This theorem allows for a crucial
characterisation of thin elements in pD§ ,» and helps to establish the

connection between pD§ and 17X . -

Given these results, the proof of the colimit theorem for pD§ (and
hence for nX ) is a direct generalisation of the proof of the l-dimensional
Seifert-van Kampen theorem (see [B5] for a sketch of the ideas).

In the next section we show how Ashley established simplicial analogues

of (5.1), (5.2) and (5.3). However we note that a direct proof of the colimit
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theorem for pA§ is still not available, as simplicial methods lack the

multiple compositions of cubical theory.

6. Ashley's Thesis

Nicholas Ashley came to Bangor in October, 1976, as S.R.C. Research
Student, having previously completed an M.Sc. in algebraic topology at
Manchester, with a dissertation on differential structures on products of
spheres. I gave him the problem of characterising simplicial T~complexes,
and he set about it in his own quiet and completely independent way. He

lectured on his solution at Bangor in October, 1977,

Chapter | of [As], of 45 pages, is devoted to proving the equivalence
of the categories of simplicial T-complexes and of crossed complexes. Let

us denote these categories by ST and XC respectively.

His functor D : XC -+ ST which is given in Ch.1, §11, generalises a
functor K to simplicial sets given by Blakers [BR] for the case of reduced
crossed complexes. (The only other reference I have found on this functor is

(Anl.)

In the next section, I will give an alternative formulation of this functor,
and a proof, using the colimit theorem for homotopy crossed complexes, that

its values are T-complexes,

Ashley's construction of a functor N : ST - XC is quite complex, and
in particular he eschews Dakin's methods, based on Lamotke's exposition of
simplicial theory [Lal. Instead he makes a refined analysis of some of the

rich algebraic structure of T-complexes.

In 1.1 he reworks part of Dakin's results on the groupoid structures on
a T-complex K , and gives the groupoid structure ; on Kn » which he writes
as (x, y) » xy.. This groupoid structure has a family K: of vertex groups
for all veK _, . InCh.l §2 he constructs an isomorphism £[v] : K: -+ K:,

where v' = d,v and this gives an isomorphism vl - K: + ng where Bv

s
n-2 0
is the vertex dg lv of v . From this is obtained an isomorphism

h(u, v] : Kﬁ > K: for any u, v € K _ with Bu = Bv (Theorem 2.1).

Sections 3-7 construct the crossed complex N(K, T) of a T-complex K
with thin elements T . If we call this crossed complex C , then C0 = K0 .
C, =K, with the groupoid structure mentioned above. If a € Ky » and n2 1,
then Kz denotes the group K3 where v = sg-]a . Then C, is the family
of groups Ki » 8¢ Ky . For n2 3, Cn is the family of subgroups KZ(A)
of K: consisting of those x ¢ KZ such that dix = sg-la for i >0.

For technical reasons he also considers groups KZ(B) for n 2 2 , defined
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2 n _ n ., n-1 . -
3 Ka(B) = {x ¢ Ka P dix e K, (B) for 0 £is<sn-2}
His main results in §3 are that KZ(A) . KZ(B) are both in the centre of

Kn
a

inductively by Ki(B) = K

for n2 2, and KZ is the product group KZ(A) x (Tn n KZ) .

§4 defines a boundary ¢ : KZ - Kz_l « 85 constructs a groupoid action

¢ of Kl on the family KZ s, 1 22 ., §6 relates the isomorphisms ¢ and

h . These results are used in §7 to prove C = N(K, T) 1is a crossed complex.

§8 uses the groupoid structure to define a function kn i S Kn with
properties set out in 8.3. (For a T-complex J in §9, the corresponding
function is written jn') This function is used in §9 to show that for a
T-complexes J, K , any morphism £ : N(J) +» N(K) of crossed complexes extends
uniquely to a morphism J > K of T-complexes. §10 proves the "homotopy
addition lemma" in T-complexes, using crucially a function Mo Kn > Kn

which corresponds to the folding map ¢ of w-groupoids.

§11 defines a functor from crossed complexes to T-complexes which is an
inverse equivalence to the functor N described above. This functor is
written D by Ashley, and is in fact the same for reduced crossed complexes
as a functor K , from reduced crossed complexes to simplicial sets, described
by Blakers in [BL]. Of course Blakers does not have the notion of T-complex.
The definition of thin elements in DC is easy, but the verification of the
axioms is a tricky technical exercise. (A different proof is given in our

next section.)

The proof that D is an inverse equivalence of N 1is given in §12

(using much of the material of previous sections).

Chapter 2 gives a simplicial and generalised version of the Brown-Higgins
functor pD§ of a Jo-filtered space X . Ashley considers increasing sequences
K:K cklc...ck®c...

of Kan complexes such that K is I (i.e. each simplicial map &(2) - K0

extends to a simplicial map A(2) -+ Kl) and such that for n 2 |

d.xd ekl for 0<isnsj .
in n-~1

He then sets (R&)n = Kz » 0 20, and finds RK inherits the structure of Kan
complex. He also sets Tlg to be Kﬁ—l in dimension; then Tlg is a graded
subset of RK . He gives a notion = of filter homotopy between elements of
(ng)n » and finds that the quotient pK = (RK)/= 1is a simplicial set. The
image of Tlg in pK is written TK , and the elements of TK are called

the thin elements of pK . As in the cubical case, a key result is that the



..]5_

projection RK + pK is a Kan fibration (Theorem 2.10) and this allows for a

proof that (pK, TK) 1is a T-complex (Theorem 2.13).

Chapter 3 relates T-complex theory to that of simplicial'groups. If G
is a simplicial group, a product of degenerate elements in G is called slim.
The slim elements form a graded subset D of G . Any horn in G has a slim
filler (this is Moore's result referred to earlier). In general, though,
(G, D) 1is not a T-complex (1.3, 1.4 and 1.9), although it is if G is abelian
(1.5). 82 of Chapter 3 defines, using simplicial groups, a category equivalent

to that of T-complexes.
Chapter 4 contains a miscellany of small results.

After discussions with Duskin in 1979, Ashley has found another account of
the main result of Ch.] for reduced crossed complexes. If G 1is a simplicial
group, let M'G denote its Moore chain complex [Ma, p;68], reindexed so that
M;G is the intersection of Ker(ai ¢t G -+ Gn) for i > 0 , and setting

n+l
M6G = 0 . Then Ashley shows M'G has the structure of crossed complex (with
some canonical actions) if and only if in G any horm has a unique slim filler.
He also shows that G has this last property if and only if WG , with a

canonical thin structure, is a T-complex.

7. The classifying space of a crossed complex

In this section we denote the category of crossed complexes by XC , of
simplicial sets by S and of simplicial T-complexes by ST . Also, to conform
with other usage, we write M for the functor ST + XC (as this is thought of
as a kind of Moore chain complex) and the functor XC -+ ST is written N and
called the nerve (as it is a direct generalisation of the nerve of a groupoid,

as defined in [Sel).

The two theses by Dakin and Ashley accept the problem of simplicial

T-complexes on its own terms.

The idea of T-complex seems interesting, and the algebra
that these deceptively simple axioms imply has considerable fascination.
Ashley's result (that Blakers' functor from crossed complexes to simplicial sets
in fact determines an equivalence N between the categories of crossed complexes
and of simplicial T-complexes) is an impressive technical achievement.
However, the definition of this functor N seems very technical, and no
application is given of the fact that if C 1is a crossed complex, then N(C) is

not just a simplicial set, but also has the structure of T—complex.

The object of this section is to give some idea of known and of possible

applications of these results.
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One point should be dealt with first. Ashley claims (p.(ii)) that the
equivalence between ST and XC generalises the theorem of Dpld-Kan giving an
equivalence between the categories of simplicial abelian groups' and of chain
complexes. However, this fact is never made explicit, and we first explain

this, describing results of [B-H 9].

Let C denote the category of chain complexes. If L is a chain complex,
then a crossed complex B = i(L) 1is defined as follows. In dimension O , B,
is the set L0 ; in dimension 1 , the groupoid B, has set of arrows Ly X L1
with initial and final maps, respectively (x, a) b x , (x, a) b x + 3a ,

and groupoid structure
(x, a) + (x + 9a, b) = (x, a +D) ;

in dimensions n 2 2, B is the family Ly x L~ of abelian groups {x} x L

indexed by x € Ly . The operation of B, on B is given by

n
(x, a) _
(x, b) = (x + 2a, b) X € L0 , & € Ll , b e Ln .

The boundary & : B > B _, (n 2 2) 1is induced by 93 : L>L.- The
axioms for a crossed complex are easily verified. Clearly L b i(L) extends

to a functor i : C -+ XC . (Compare §6 of [Grl.)

(7.1) Theorem [B~H 9] The functor i : C -+ XC has a left adjoint r . Also,
if X <s a simplicial set, and |X| <s the geometric realisation of X with
ites filtration by skeletons, then xm|X| <8 naturally isomorphic to CN(X) R
the chain complex of normalised chains of X .

Let S denote the category of simplicial set. Then there is a forgetful

functor U : ST + S . We need the following result.
(7.2) Theorem The forgetful functor U : ST + S has left adjoint the functor

S — ST

A
X p— o"|x| .
This result says that p°|X| is the free T-complex on the simplicial set X .

There is a corresponding cubical result which is not stated in [B-H 5] =
all that is stated (in §9) is that pD(Ln) is the free w-groupoid on one
generator c® of dimenmsion n . However, the methods given there are easily
extended to prove the more general result, and all these methods carry over easily

to the simplicial case. In a similar manner to (9.5) of [B-H 5] we obtain:
(7.3) Corollary: The functor N : XC + ST <8 equivalent to the functor N'
given by

N!C = XC(n[a"], © ,
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with simplicial operators given by maps on A" .

(7.4) Remark. It is easy to see from the homotopy addition lemma that the

functor N' defined in (7.3) is a reformulation of Blakers functor K in [Bfl],
and used by Ashley [As]. Define a morphism £ : n]Qn] > C to be thin if £(8™) =0
where 6" is a generator of. wn(lén[) . It is interesting to give a proof that
this thin structure makes N'(C) a T-complex by using a colimit theorem ((5.2)
Corollary) from [B-H 5]. The key point is to prove N'(C) a Kan complex. Let

(xi) be an (n, k)~horn in N'(C) . Let 6?
generated by aian . The (xi) can be taken as maps nﬂaiénl + C which agree

. n . . e s sviieamn
on the images of nlaia.a l (i<j,1i, 3=%k) . By C?rollary (5.2) of [B-H 51,

denote the subcomplex of A"

the coequaliser of the pair of morphisms of crossed complexes
n n
L] nla.0,8% ——= [ ]3.67|
I<] e iFk e
i,j=k
is just "lﬁ;l . Hence, giving an (n, k)-horn in N'(C) is equivalent to
giving a morphism nlgzl + C . Since IAEI is a retract of |[A"| , and any
such retraction kills wnlén[ , we find any horn in N'C has a thin filler f .
This filler is unique because the value of f on the element of nn_llénl
determined by Bkdn is given by the homotopy addition lemma (since f kills

nnlénl). Finally, Axiom T3 again follows from the homotopy addition lemma.

(7.5) Corollary: If L <g a chain complex, then Ni(L) <s naturally

tgomorphic to the simplicial abelian group given in dimension n by

n
C(CN(A ), L) .

n

Proof.  Ni(L)_ ¥ XC(w|p"|, iL)

C(rr|A™|, L) by adjointness in (7.1)

1

iR

ce ™, 1) by (7.1). O

The functor from chain complexes to simplicial abelian groups given in (7.4)
is called the Dold-Kan functor [Do, K6]. We write it K . It gives an

equivalence between these categories.

The purpose of giving this last result is to show how (7.2) enables methods
in simplicial abelian groups to be generalised, by the use of crossed complexes,

to non—abelian twisted cases.

Recall first of all that the Dold-Kan functor K generalises the construction
of Eilenberg-MacLane spaces, since if A 1is an abelian group, and s"A is the
chain complex which is A in dimension n and zero elsewhere, then K(s™A)

is isomorphic to Eilenberg-MacLane's construction of K(4, n) .
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Let SA denote the category of simplicial abelian groups. The forgetful
functor U : SA+> S has a left-adjoint C , where (CX)n is the free abelian
group on X . Note that the inverse equivalence of K : C +'SA is the
normalised chain complex M , and MC(X) = CN(X) , the complex of normalised
chains of X . So we have that if L is a chain complex.

~

S(X, UKL) = SA(CX, KL)

"

C(CN(X), L) .
This bijection passes to homotopy classes:
[X, UKL] = [Cy(X), L1,

and the latter abelian group is (cf. [Bl1]) HO(X; L) , the cohomology of X
with coefficients in L . 1In particular, if L = s"A , where A is an abelian

group, we obtain the classical bijection
(X, K(A, n)] = H™(X; 4) .

These methods are exploited in [B2] to give information on Postnikov invariants

of function spaces.

Now let C be a crossed complex, and X a simplicial set. Then we have

"

ST(e®|x/|, NC)
XC(r|x|, ©) .

S(X,UNC)

n

In the cubical case, it has been checked that this bijection carries over to

homotopy classes. Presumably, the same applies to the simplicial case. So we have
[X, UNC] # [n[X], C] . (7.6)

The latter set can be interpreted as HO(X, C) , the cohomology of X with
coefficients in the crossed complex C .

A particular ccase of a crossed complex is slG ,where G 1is a group.
(That 1is, slG is G in dimension | and zero elsewhere.) Then N(slG) is
just the classical K(G, 1) , and (7.6) determines [X, K(G, 1)] in terms of
non-abelian cohomology. More generally, let G be a group and A a G-module,
For n22, let C=C(n, G, A) be the crossed complex with Cl =G, Cn = A
(with the given G-action) and all other Ci and all boundaries zero. Then
the set HO(X, C(n, G, A)) can be interpreted as the n'th cohomology of X for
all local systems on X via G , since the classification is over all morphisms
nllxl + G . Alternatively, we can fix a morphism 6 : nl|X| + G and consider
only morphisms nlxl + C which induce 6 ; this gives us Hg(X; A) , the
cohomology with coefficients in the local system A determined by © . More

generally, the group G may be replaced by a groupoid (for example the groupoid
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nllxl); we can consider crossed modules, instead of modules; or it may be

convenient to consider the most general case, as in (7.6).

It is proved in [B~H 9] that nY is a homotopy invariahf of Y (for a
suitable definition of homotopy). Let us write BC for the geometrical
realisation |NC| of NC , when C 1is a crossed complex, and call BC the
clagsifying space of C . Let ,X be the skeletal filtration of a CW-complex

Y . We deduce from (7.5) and homotopy invariance that
(Y, BC] # [n}, C] , (7.7)
and again we interpret the latter set as HO(Y; c .

As an example, suppose we wish to compute H = ﬁ](K(G, l)Y, f) for a group G,
reduced CW-complex Y and map f : Y - K(G, 1) (as has been done in [Go] ,
(Hal). We can equate H with [Y x I, K(G, 1); ul, the group of homotopy
classes rel u of maps Y x I - K(G, 1) , where u 1is the composite of the
projection Y x fT+Y and £ :Y > K(G, 1) . By a relative version of (7.6),

this set is bijective with
[n(Y x I), s'G; mul .

Now wl(x x I) 1is the free product of the free group n](Y], y) (where

Y0 = {y}) and the groupoid w](I, 1) » which is free on one generator 1 .

The 2-cells of Y x I are ei x {0} , ef x {1} and e; x 1T for all 2-cells
ei and J-cells el of Y .
H
e; x 1
(y, 1) > (y, D
y x It ty x 1
(y, 0) g (y, 0)
e, X 0

Let a : w(Y x I) > slG be a map of crossed complexes extending
mu ¢ w(Y x i) -~ sle » and let a(1) = 2z € G . The commutativity of the

diagram

and the fact that o extends wu , implies zf*(el) = f*(e:)z for all yu ,
and hence z belongs to the centraliser of f*(nl(Y, y)) in G . Conversely,

any such z determines an o extending mu . All homotopies rel mu are
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in this case constant, and we deduce Gottlieb's result that n](K(G, I)Y, f) 1is

isomorphic to the centraliser of f*(nl(Y, y)) in G .

One can go further than (7.7) to a more computational result. According
to [B-H 9] there is a functor A : XC + GC , where the latter category is that
of chain complexes with groupoids as operators. If Y 1is the skeletal filtration
of a reduced CW-complex Y , then AnY 1is the chain complex C*(f) of
cellular chains of the universal cover Y of Y , with the fundamental group
of Y as group of operators on C*(Q) . In [B~H 9] we extend results of [W]

to obtain a bijection
(7Y, €1 T [C (Y), AC]

for a suitable definition of the latter set of homotopy classes. Putting this
together with (7.6) and using the homotopy invariance of 7Y (so that we do

not need to assume Y = |X| for a simplicial set X ) we obtain a bijection
[Y, BC1 = [C,(Y), AC] . (7.8)

The proof of the bijection (7.8), and its applications, illustrate a

remark of Whitehead in the Introduction to [W], which reads in our terminology:

The crossed complex 7Y appears to be more useful than the chain complex
C*(Q) in problems concerning geometrical realisability. On the other hand,

the chain complex C*(?) 18 conventent in studying concrete problems.

One of Whitehead's illustrations of the last sentence is his discussion
in §15 of [W] of the homotopy type of lens spaces. An application to maps

of surfaces is given in [B6].

It is also interesting that the proof of (7.8) uses the category of
simplicial T-complexes, which is itself one of a family of categories
equivalent to crossed complexes. The study of these categories has a basic

motivation:
Determine an algebraic operation inverse to subdivision.

Subdivision is of course an old technique in topology. The idea is to
study a space by cutting it up into small, manageable bits. Intuitively,
one then studies cycles and boundaries as certain "composites" of these bits.
Eventually, it was found convenient to treat these '"composites'" as formal
sums, and this is the formulation of homology theory that we know today. It
is, indeed,difficult to know how one can "really compose' all the bits of the
following subdivision of the triangle ABC in order to form the big triangle

ABC. Simplicial theory lacks suitable composition operations.
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B C
By contrast, in cubical theory, such compositions are easy to manage, since

in a diagram such as

one composes rows first and then columms, and this is a well-defined operation.
The interchange law allows one to carry out these operations in the other order,

or by computing blocks in a partitioned matrix,

A theory of general compositions, including simplicial, cubical, or polyhedral

"pieces" or "bits'", has to do three things:

Composition 1. Define the "bits" and the circumstances under which they

are 'composable'".

Composition 2. Given "composable bits", define their "composite".

Composition 3. Give all relations among various "compositions".

It seems likely that all three of these requirements are met by the theory of
poly-T-complexes [J]. Thus the notion of T-complex looks as if it will continue

to have wide ramifications.
8. Problems

(8.1) Using the notion of simplicial object with canonical fillers, ome can
define a T-complex object in any category with finite limits, so that an object
of horns is well defined, as in [GL]. Is the equivalence between T-complexes and
crossed complexes valid in any category with finite limits, or does one need the

categories of interest of fol, (c-6¢ 1,23, {Gal?
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(8.2) It is proved in [B-H 9] that the equivalence between w-groupoids and
crossed complexes can be extended to an equivalence between categories with
homotopy (i.e. between 2-categories). At present, the corresponding notions of

homotopy have not been worked out for simplicial T-complexes.

(8.3) It is known that crossed complexes form a cartesian closed category
[How]. It follows that simplicial T-complexes form a cartesian closed category.

It would be interesting to write down explicitly this structure on ST .

(8.4) The cartesian closed structure on XC mentioned in (8.3) does not
give the internal hom functor one would like. The right structure should be a
monoidal closed structure with @ and hom in which hom(C, D)n is the

homotopies of level n of morphisms C > D .

(8.5) It is known from [As] that simplicial abelian groups are special cases
of T~complexes. The corresponding cubical notions have not been worked out.
Is the category of chain complexes equivalent to the abelian group objects in

the category of cubical sets with connection (for which, see [B-H 4])?

(8.6) Some of the techniques of w-groupoids and cubical T-complexes are
tantalisingly reminiscent of the theory of infinite loop spaces, particularly
May's "little cube operad" [Ma 2], [Ad]. Is there some synthesis of the two
theories? A start might be to replace the pointed spaces used in infinite loop
space theory, by ftltered spaces.

(8.7) Can crossed complexes be used in discussing duality in manifolds?
An obstacle here is that cup or cap products in the usual homology and
cohomology require a diagonal map at the chain level; for crossed complexes, an

appropriate tensor product is at present lacking.

(8.8) 1In view of the utility of crossed complexes in the cohomology of
groups and in homotopy theory, one would expect crossed complexes to be useful
in other areas of mathematics using cohomological techniques. Possibilities are
algebraic geometry, differential topology (e.g. deformation theory) and in
differential geometry. Is there a 'crossed" version of differential forms?

At present, crossed modules have found no applications in differential geometry.

(8.9) The classifying space BC of a crossed complex C generalises the
classifying space BG of a groupoid G . But topological groupoids, and their
classifying space, have also been found useful, for example in the theory of
foliations [Law]l. Are there similar uses of BC for C a topological crossed
complex? Here again, it seems of interest to investigate simplicial T-objects

in a category with finite limits.
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(8.10) The notion of crossed complex has been given in a wide algebraic
context [L]. Is there a corresponding simplicial T-complex notion in this
general context? At the moment, T-complexes seem relevant only to group (or

groupoid) cohomology.

(8.11) The definition of singular homology uses formal sums, and so leads
to an abelian homology theory. The major methods of homological algebra, and
their applications in diverse fields, are also abelian. Now Grothendieck has
suggested (letters to L. Breen in 1975) that algebraic geometry requires a
non-abelian cohomology, based on notions of n-groupoids which seem to be
'tax' or 'up-to-homotopy' versions of the n-groupoids of [B-H7]. (See also
the remarks on 'n-catégories de Picard' on p.41 of fo].) The bijections (7.7),
(7.8) and the results of [B-H8] show that crossed complexes and simplicial
T-complexes are relevant to non-abelian cohomology in the usual situations of
algebraic topology. What relevance do they have to algebraic geometry?

(8.12) After the above was written, it turned out that the amswer to
(8.5) is: yes. (A cubical abelian group with connection defines an
w-groupoid in which

a I b=a- eiaia +b.)
This gives rise to cubical versions of Eilenberg-MacLane objects, something
which was looked for in [Brl.

(8.13) It would be interesting to have a notion of (simplicial) T-fibration
generalising T~complexes in the same way that Kan fibrations generalise Kan
complexes. The test of such a definition would be to obtain appropriate
generalisations of Ashley's theorems. Such results could be useful in non-
abelian versions of obstruction theory for the existence of sections. It
might, though, be easier to think first of 'w-groupoids over B' where B

-

is a cubical complex with connection.
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